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Kurzfassung1

Bauwerke sind während ihrer Lebensdauer unterschiedlichen Einwirkungen und Umweltein-2
flüssen ausgesetzt, die das Bauwerk schädigen können. Die Akkumulation und Ausbreitung3
der Schäden können im schlimmsten Fall zum Einsturz eines Bauwerks führen. Auch lokal be-4
grenzte Schäden können zum Versagen von Bauteilen oder Strukturkomponenten oder zum Ver-5
lust der Gebrauchstauglichkeit führen. Dabei versagt die Struktur in der Regel aufgrund einer6
vorangegangenen Schädigung des verwendeten Baustoffs. Deshalb sollten die Bemessungsvor-7
schriften für die Dimensionierung von Bauwerken das nichtlineare Verformungsverhalten der8
Baustoffe sowie deren Schadensentwicklung berücksichtigen.9

Eine Alternative zu aufwändigen experimentellen Untersuchungen der Baustoffe sind Ansätze10
auf Grundlage der Kontinuumsmechanik. Dabei werden fallabhängig phänomenologische Mo-11
delle zur Beschreibung der Schädigung der Baustoffe eingesetzt. In der vorliegenden Arbeit12
wird das Verformungsverhalten von Beton mit makroskopisch phänomenologischen Modellen13
beschrieben. Bei komplexen Belastungen wie beispielsweise Erdbeben sind zyklische und dy-14
namische Effekte zu berücksichtigen, die mit einer Geschichtsvariablen erfasst werden können.15
Zu diesem Zweck werden die Modellgleichungen mit einer Vergleichsdehnung, die von den16
Invarianten des Spannungstensors abhängt, formuliert. Das Versagen von Beton unter Zug und17
Druck ist im Nachbruchbereich als Entfestigung beschrieben. Bei zyklischer Belastung werden18
Geschichtsvariablen verwendet, um die Rissöffnung und das Rissschließen effektiv beschreiben19
zu können. Die implizite Gradientenmethode wird für die Beschreibung der Bruchprozesszo-20
ne gewählt. Die nichtlokale Vergleichsdehnung und die Geschichtsvariablen werden mit einem21
Schadenskriterium verknüpft. Die Beschreibung der inelastischen Dehnungen erfolgt mit einer22
Bruchfläche analog zur Fließregel der Plastizitätstheorie. Die gewählten Modelle mit und ohne23
Berücksichtigung von inelastischen Dehnungen stimmen qualitativ und quantitativ sehr gut mit24
experimentellen Ergebnissen aus der Literatur überein. Verschiedene Anwendungen verdeutli-25
chen die Qualität des Modells für die Vorhersage von Bruchphänomenen sowie Rissinitiierung26
und Rissausbreitung.27
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Abstract1

Any structure in the fields of engineering is prone to various kinds of loading conditions and2
unfavorable environmental impact during its lifespan. Consequently, damages are introduced to3
the structure. Further accumulation and propagation of the damage may eventually lead to com-4
plete failure. Thus, unpredictable failures of structures or structural components lead to serious5
economic consequences. Any structural failure is caused by the failure of materials used in con-6
struction. Therefore, the design rules of structures must incorporate the nonlinear deformation7
behavior of materials such as initiation of damage/crack and its propagation. In the presence8
of expensive experimental approaches, modeling approaches based on continuum damage me-9
chanics have been serving as alternative and efficient computational tools to describe the failure10
mechanisms of diverse materials. Several damage models have been developed to simulate11
the monotonic deformation behavior of concrete. If complex loadings such as earthquakes or12
impacts are considered, cyclic and dynamic aspects of loading must be additionally taken into13
account. For this purpose, a 3D continuum damage model is formulated using a unified equiva-14
lent strain, which depends on invariants of elastically predicted stresses. The failure of concrete15
in tension and compression is characterized by softening behavior. Two history deformation16
variables are introduced to describe the unilateral behavior (i.e., crack opening and closure)17
effectively. The implicit-gradient method is also incorporated for regularizing the boundary18
value problem. The nonlocal equivalent strain and the history parameter are combined by a19
single damage loading function. To capture the irreversible permanent strains, a failure surface20
is included and also enabled for crack opening/closure. The proposed models with and without21
the incorporation of inelastic strains show qualitatively and quantitatively very good agreement22
with experimental results from the literature. Applications of the model are finally presented to23
demonstrate the ability and effectiveness of the model in predicting fracture phenomena such24
as crack initiation and propagation.25
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1 Introduction

1 Introduction1

All the structures, which are in the fields of Civil, Mechanical and Aerospace engineering, are2
subjected to various kinds of loading conditions, unfavorable conditions of surrounding envi-3
ronments and natural calamities such as earthquakes, tsunamis, cyclones and floods, etc., during4
their service life. As a result, damages are introduced into the structures, which in turn gradually5
reduce the strength, stability and serviceability of the structures. Moreover, these damages are6
accumulated and distributed in the vicinity over a certain period up to which the loads are acting7
on the structures and may eventually lead to failure. In the present day, unpredictable failures of8
structures or structural components occurring in the industries/fields lead to serious economic9
consequences. Any structural failure is caused by failure of the materials used in construction.10
Hence, each and every individual structural component of the structures must be designed in11
such a way that it can resist the induced forces due to the application of external loading during12
its service. In order to ensure the safety in the applications and to prevent the worst conse-13
quences, nonlinear deformation behavior of the materials such as the initiation of damages or14
cracks and the propagation of cracks have to be properly investigated and incorporated in the15
existing design philosophies.16

1.1 Motivation17

In the case of civil engineering structures that are strongly exposed to earthquake excitation,18
a large amount of kinetic energy is transferred into the structures, which could lead to high19
amplitude oscillations and related stress states. If elastic behavior of the material is assumed,20
the proof of safety against material failure generally leads to an unrealistic and very inefficient21
design. In order to reduce the material effort, the design has to take into account the ductility22
of the material and/or structures, which is able to dissipate the encountered kinetic energy. The23
ductile behavior of steel leads to a proper earthquake resistance of the structures if the limit24
load philosophy is taken into account. Nonetheless, steel may be too expensive in many cases.25
On the other hand, the most important and common material used in the field of civil engi-26
neering structures is reinforced concrete. But it needs a different design philosophy to achieve27
earthquake resistance [9]. Since concrete is a brittle material, the failure and the post-failure28
behavior depend strongly on the rotation capacity of failure regions, which leads to additional29
design limits. Experimental approaches based on expensive testing of the real models in labora-30
tories are mainly applied to investigate the failure of reinforced concrete structures. Hence, the31
developed design rules, which are used to predict the useful life or failure of materials, mostly32
deal with empirical estimations of the ductility and limit load capacity [37].33

By contrast, continuous research developments in the understanding of continuum solid me-34
chanics and their gaining acceptance lead to the introduction of Continuum Damage Mechanics35
(CDM), which has been employed in an extensive range of materials to describe the mecha-36
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nism of progressive internal damages (evolution of the internal damages) experienced by the1
mechanical properties of materials, causing the initiation of macro-cracks/failures. The fast2
growing techniques in the field has made the use of computational mechanical tools to carry out3
life/failure prediction a realistic alternative, which can be successfully adopted in many designs4
and damage assessment situations.5

Although the past few decades of various research have contributed towards the development6
of continuum damage models to understand the behavior and fracture mechanisms of different7
materials, the numerical investigations of reinforced concrete structures under earthquake ex-8
citation lead to very sophisticated approaches, if highly nonlinear behavior and damage to the9
material are taken into account. In the case of complex loads such as earthquakes and impacts,10
cyclic and dynamic aspects must be additionally taken into account in the modeling of concrete.11

1.2 Structure of the thesis12

This section presents how the thesis chapters are organized. In order to provide enough fun-13
damentals and basic concepts to the reader, the chapters discuss a brief review of literature,14
concepts of material and local/nonlocal damage modeling in addition to the continuum damage15
models developed in this research work and their implementation into in-house finite element16
codes called codeBlue. The thesis consists of twelve chapters as follows:17

Chapter 2 provides a detailed review of the presently available literature proposing various18
continuum damage models developed for concrete material and provides a strong basis for the19
present research work. Models based on linear and nonlinear fracture mechanics, models based20
on local and nonlocal damage theories, and models based on discrete element methods are21
discussed. The regularized models are also included. At the end, the objectives of the present22
work are defined.23

Chapter 3 gives a brief introduction to material modeling and basic equations of continuum24
mechanics. A concise description of kinematic relations and thermodynamic conservation laws25
are also added.26

Chapter 4 describes the local approach of damage modeling in detail. The physical meaning27
of the damage variable to evolution of the damage variable are discussed. Frequently used28
damage evolution laws for concrete and their description are also described. How the damage29
variables are adopted in literature in view of describing the distinct behavior of concrete are30
also explained with respective equations.31

Chapter 5 investigates the influence of various history deformation parameters used in literature32
for modeling the softening behavior of concrete using selected damage evolution laws. Based33
on the obtained results, a suitable damage evolution law is also proposed.34

Chapter 6 deals with the fundamental issues of localization of deformation related to finite35
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element implementation and the significance of nonlocal phenomena by incorporating an inter-1
nal length. It also discusses how regularization methods can be used to enhance local damage2
models. Additionally, a brief comparison of gradient-enhanced damage models and phase-field3
models has also been provided.4

Chapter 7 elaborates an elastic-damage model proposed in this work for deformation behavior5
of concrete material. It also discusses how this model is enabled for describing the unilateral6
behavior of concrete using a single loading surface and single damage variable.7

Chapter 8 deals with the incorporation of inelastic deformation behavior into the previously8
developed unilateral isotropic damage model in order to capture the irreversible or permanent9
strains in the concrete. The coupling strategy and numerical integration scheme of the coupled10
model are described.11

Chapter 9 discusses the numerical implementation of damage models into the finite element12
codes. The governing equations of an initial-boundary value problem are briefly given and finite13
element discretization is provided. This is followed by weak formulations, development of finite14
element model, assembly of finite elements, and linearization. Finally, a solving procedure is15
also outlined.16

Chapter 10 illustrates the validations of the isotropic damage models. The results obtained17
from numerical analyses are compared with that of experimental results available from literature18
under various types of loading.19

Chapter 11 demonstrates the capabilities of the proposed damage models in describing the20
fracture processes with the help of simulating selected concrete fracture problems available in21
the literature by means of numerical analyses.22

Chapter 12 summarizes the developments and important features of damage models along with23
concluding remarks. Possible future research directions are also outlined at the end.24
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2 Literature Review1

In the framework of continuum mechanics, non-linear models for the description of elastic2
structures are state of art. In the past several decades, a number of models have been developed3
in the framework of continuous media to understand the deformation behavior of concrete.4
Although the plastic behavior of concrete is not fully understood, research has been performed5
and models developed that used plasticity theory to simulate concrete behavior [8,23,117,148].6
However, a negative stiffness degradation in the case of strain-softening of the material in the7
post-peak regime is not well described by these plasticity models. In this chapter, several models8
within the framework of continuum mechanics available from the literature are reviewed to9
understand their abilities and the limitations of their applications. It will provide a strong basis10
for the research work being carried out and helps to identify problems or difficulties and come11
up with interesting ideas and discussions for the advancement of the existing models.12

2.1 Linear and non-linear fracture mechanics13

There are some numerical approaches based on fracture mechanics such as: the stress intensity14
factor approach based on the stresses near crack tip exceeding yield stress, the energy balance15
approach based on the concept of strain energy released exceeding the absorbed energy, the16
Dugdale model (Strip-yield model) and the Barenblatt model (Cohesive force model). The17
stress intensity factor approach requires a very fine Finite Element (FE) mesh close to the crack18
tip to explain crack propagation, whereas the energy balance approach requires coarser mesh19
for the same. Dugdale’s model, which is based on a plastic zone near the crack tip within which20
a stress equal to the yield strength acting across the crack, is developed for modeling cracks of21
ductile materials [7,57,65]. On the other hand, a Barenblatt model similar to Dugadale’s model22
based on the forces (cohesive forces) of interaction between the opposite sides of the crack sur-23
faces is developed for modeling of purely brittle materials by imposing the stress variation with24
the deformation [10, 11]. Nonetheless, these models could not be applied without initial crack.25
Moreover, the conventional linear-elastic fracture mechanics (LEFM) based on the prediction26
of infinite stresses and strains at a crack tip always yields to unrealistic conclusions.27

Earlier in most cases, concrete was considered as a homogeneous material while dealing with28
fractures on the macro level. But, in reality, concrete is a heterogeneous material and hence, the29
linear elastic fracture mechanics (LEFM) is not sufficient to describe the fracture processes of30
normal concrete structures [7, 85] for the following reasons.31

• LEFM is only valid for homogeneous material like steel or any non-linear material whose32
deformation confined to a small region surrounding the crack tip in ductile fracture.33

• The failure of concrete due to its heterogeneity, because of the large size of aggregates34
occurs by the distributed cracking or damage in a progressively fractured process zone,35
and thus the damage zone becomes larger than that of elastic materials or metals. That is36
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why the material exhibits a complex non-linear mechanical behavior.1

• The aforementioned models of LEFM are not able to describe the formation of cracks2
when implemented in Finite Element Analyses.3

Therefore, an alternative model is required to capture the fracture process zone of concrete and4
can be easily implemented in Finite Element Analyses without having further difficulties.5

In order to overcome these issues, Non-linear fracture mechanics is introduced for studying6
the fracture of concrete structures at the macro level by considering concrete as an equivalent7
homogeneous continuum. The need of a feasible method using FEM became the base for the8
development of a model as the Fictitious crack model or the Cohesive crack model. This is the9
first model proposed by Hillerborg in 1976 to analyze the fracture of concrete, as a non-linear10
fracture mechanics representation based on two parameters namely the strength and fracture11
energy. This model characterizes the line of damage or a crack by a stress-displacement (σ−w)12
rather than stress-strain (σ − ε) relation, since the shape of the (σ − w)-curve (for the same13
fracture energy) might greatly influence the fracture behavior [74, 77]. The model is applied14
to micro-cracking, non-yielding materials (such as concrete) with an approximation of linear15
stress-strain relation up to peak stress. The model has also been successfully applied to some16
types of fiber-reinforced concrete and plastics as well as to wood. It could be applied to all types17
of tensile fracture if only the material properties were known and adequate tools were available18
for the numerical analyses [75, 76].19

2.2 Local and nonlocal continuum models20

The first continuum damage model in which a scalar internal variable was defined by the ef-21
fective stress concept was introduced by Kachanov [81, 83] to characterize the creep failure of22
metals under uniaxial loads. Later, a considerable amount of research has been devoted to the23
formulation of constitutive models to describe internal degradation of solids with the framework24
of continuum mechanics. It includes the continuum damage theories to model fatigue, creep,25
creep-fatigue interaction and ductile plastic damage [51].26

Nevertheless, concrete as a heterogeneous material neither yields nor fails when maximum27
stress is reached, instead showing decrease in stress with increasing deformation (strain). This28
behavior is called Strain-softening. This softening response is accompanied by a reduction of29
the unloading stiffness of concrete, and irreversible (permanent) deformations, which are lo-30
calized in narrow zones often called cracks or shear bands. It is understood that, as soon as31
strain-softening begins, any elastic or elastic-plastic material loses stability when the matrix of32
its tangent moduli ceases to be positive definite. On the strain-softening (declining) branch,33
the tangent Young’s modulus is negative, which means that the matrix of tangent moduli is34
not positive-definite anymore. Thus, the characterization of strain-softening in terms of stress,35
strain, state variables of continuum medium causes instability. This could be avoided by de-36
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scribing the strain-softening by a stress-displacement (σ − w) rather than stress-strain (σ − ε)1
as in the case of the Hillerborg model. In spite of that, the strain-softening damage tends to2
localize within a zone or vanishing volume (a line or short segment or surface). Therefore,3
the strain localization, which is a mode of instability due to strain softening, eventually causes4
the strong spurious mesh sensitivity in FE solutions [12]. In addition, the line crack models5
like the Fictitious crack model have disadvantages such as: the possibility of destruction of the6
stiffness matrix leading to complications in programming due to the split of a node into two7
nodes and renumbering of nodes and direction of propagation as unknown. These drawbacks8
facilitated for the advancement of the line crack model to a smeared crack model or Crack Band9
model characterized by three parameters namely the tensile strength, the fracture energy and the10
cracking front width. In this model, the gradual strain-softening, which is a gradual decrease of11
stress to zero with increasing strain, is characterized by imposing a lower limit on the element12
size and by adopting the energy dissipation (fracture energy) due to localized cracking per unit13
length of fracture as a material property (mesh independent). Thereby, the strain localization14
to a vanishing volume and the associated sensitivity of mesh, and the effect of micro-cracking15
in the crack band are avoided. The crack is modeled by changing the isotropic elastic moduli16
matrix to an orthotropic one, reducing the material stiffness in the direction normal to the cracks17
in the band. A mode I crack following a curved path or propagating in an arbitrary direction18
with respect to the mesh lines is modeled as a zigzag crack band whose overall direction in the19
mesh approximates the actual crack direction. This model is treated as local continuum with a20
minimum size of localization region [19].21

The works of Bažant [13–15] address the issues related with the theory of strain-softening22
behavior in classical (local) and nonlocal continuum. The distributed cracking in brittle and23
heterogeneous materials like concrete could be macroscopically described as strain-softening.24
Strain-softening in a local continuum can be mathematically correct but not exactly representing25
the strain-softening behavior of materials like concrete or geomaterials. Because experimental26
investigations show that those materials consume finite energy and exhibit finite size of the27
deformation localization during the strain-softening process. Hence, the micro-cracking pattern28
that occurs during the strain-softening of concrete is first studied using a classical nonlocal29
continuum theory, which is inspired by the introduction of a nonlocal continuum approach30
during the 1960s. It is found that the width of the strain localization region and the energy31
consumed by strain-softening failure converged to zero as the element size is decreased to zero,32
and the response exhibited extreme noise due to the instability of the continuum. Then, an33
imbricate nonlocal continuum is developed by adding a characteristic length scale as an integral34
form to prevent the vanishing mesh size. It means that a finite element system containing a35
mesh of imbricated (regularly overlapping) elements of fixed characteristic length is used. The36
numerical studies of imbricate nonlocal continuum confirmed that it is feasible in FEM and37
renders convergence in solutions because the mesh dependency as well as stability issues are38
avoided unlike in local continuum [17].39
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In spite of the fact that the imbricate nonlocal continuum insured the proper convergence and1
eliminated spurious mesh sensitivity, it is later identified that unnecessary computational com-2
plications are raised due to the consideration of all response (strains and stresses obtained from3
strains) as nonlocal and zero-energy spurious modes of instability are encountered. As a result,4
non local damage theory is updated by treating only the variables controlling strain softening5
as nonlocal and the elastic part of the strain as local to prevent such localization [126]. And it6
is shown that the key attribute of nonlocal formulation of strain softening is to define the elastic7
behavior of strain (kinematic variable) including unloading and reloading as local, which leads8
to better convergence of nonlocal damage solutions, since the minimum size of the localization9
region acts as a localization limiter. Furthermore, this nonlocal approach based on the introduc-10
tion of characteristic length scale captures strain and damage localization for a model, since the11
width of the localization band is proportional to the internal length introduced in the constitutive12
description through the weight function. This approach requires no imbrication of elements and13
no overlay with the local continuum as in [15, 20]. In the nonlocal continuum formulations,14
the characteristic length of a heterogeneous material such as concrete represented as a material15
property governs the minimum possible width of strain-softening zone. The measurement of16
this length as a ratio of the fracture energy (energy dissipated per unit area) to the energy dis-17
sipated per unit volume is experimentally determined roughly as 2.7 times the maximum size18
of aggregate [21]. The nonlocal model discussed so far is based on the single variable, the19
damage controlling the strain-softening such that the damage energy release rate is averaged20
over the representative volume of the material and also based on the constitutive relations de-21
rived within the framework of thermodynamics irreversible processes. It is also shown that the22
spatial averaging alternatively worked well.23

By contrast, another model has been developed using effective stress concepts by incorporat-24
ing a damage parameter in the constitutive equations, postulating a damage criterion describing25
large difference between tension and compression strength, and supplying a power law as a26
kinetic damage evolution law (hardening/softening) for softening of brittle materials. An equiv-27
alent damage strain is proposed in terms of principal stresses instead of principal strains in a28
similar way without any omission of parameters responsible for the distinction between tension29
and compression. The elaboration of the work is performed with FEM [28]. In a similar fashion,30
a unified local approach has also been developed by establishing the stress-strain relation and31
the damage evolution (power law) with a criterion for damage growth, which makes the distinc-32
tion between brittle damage (variable damage surface under given loading) and fatigue damage33
(invariable damage surface). Mesh sensitivity is reduced by using the concept of elementary34
cell as a characteristic scale in the mesh [118].35

However, the solutions of local continuum approaches suffer with severe lack of mesh objec-36
tivity, whereas the nonlocal solutions converge after mesh refinement [52]. Furthermore, the37
aforementioned models are developed based on the consideration of isotropic damage for sake38
of simplicity in most cases.39
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In spite of the success of various fracture based models or continuum based models in solving1
many engineering problems, their usage is limited due to the specific applications only under2
particular load cases. However, the lack of equilibrium at the crack tip if more cracks are3
formed, and the problem of localization into a vanishing volume and mesh-sensitive solutions4
are solved by several other nonlocal/gradient dependent models. Nonetheless, the difficulties in5
modeling due to opening and closure of micro-cracks (unilateral effects) under cyclic/reverse6
loading and the combined effect of cracking and plasticity at the damaged points still remain7
challenging. It is well-known that concrete or geomaterials actually show strain-softening, lead-8
ing to complete loss of strength. Specifically speaking, this kind of strain-softening occurs not9
only in tension but also in compression. As the qualitative behavior of concrete is considered10
as cohesive soils (frictional materials with cohesion), the loss of strength can be assumed as11
vanishing of cohesion. This is understood that any model (plasticity) should be considered with12
yield criterion, the flow rule, and the hardening rule accounting for hardening as well as soft-13
ening with evolution of internal variables in the yield function. Therefore, Lubliner et. al [98]14
at first developed such a constitutive model based on an internal variable-formulation of plas-15
ticity theory for non-linear analysis of concrete by using a modified version of Mohr-Columb16
criterion to fit the experimental data.17

When dealing with cyclic loading, which is a particular case of earthquakes, the cracking be-18
havior of concrete under tension or crushing under compression is essential. The reversal of19
external loading also causes changes in stiffness, thus ensuring its non-linearity. In order to20
cope with this kind of unilateral effects, most of the coupled plastic-damage or elastic-damage21
models introduce two independent internal damage variables to represent the distinct behavior22
of concrete in tension as well as in compression. The evolution of these two damage variables is23
related to a damage loading surface [104] or sometimes total damage could be a weighted sum24
of these damages in tension and compression related to two different loading surfaces, expressed25
in terms of positive and negative damage energy release rates respectively [107]. Occasionally,26
the total damage could also be estimated from two damage variables using a multiplicative rela-27
tion [42, 94] to consider elastic stiffness recovery during loading/unloading processes. Besides28
the use of the additive and multiplicative relations, the spectral decomposition is also sometimes29
used to obtain the positive (tension) and negative (compression) parts of effective stresses that30
are linked to these damage variables [35, 149]. An effective damage could also be considered31
as a function of two independent history deformation variables associated with two different32
loading surfaces [105, 106]. These history variables are related to damage equivalent strains in33
tension and compression respectively.34

A thermodynamically consistent constitutive model, which is a generalization of classical plas-35
ticity theory and isotropic damage theory of Kachanov, is proposed [99]. Coupling between36
plasticity and damage is achieved through a simultaneous solution of the plastic and the dam-37
age problem. The Euler Backward method of numerical scheme is adopted for the integration38
of the resulting constitutive equations to solve plane stress non-linear problems using FEM.39

8



2 Literature Review

In similar fashion, another constitutive damage model [62] is formulated based on an effec-1
tive stress tensor by introducing two scalar damage variables as internal variables, as well as a2
plastic-strain tensor, for massive concrete, merely for the seismic analysis of gravity and arch3
dams. Afterwards, the model is also extended to account for concrete strain-rate dependency,4
suitable for seismic analysis of large scale structures, by introducing independent viscous reg-5
ularization (with the addition of fluidity parameters and flow functions as in a classic Perzyna6
regularization) into the respective rate-independent evolution laws of damage. Quite refined7
approaches defined from damage mechanics are presently available and some approaches have8
also been developed by considering tensorial damage variables and conditions of material or-9
thotropy or anisotropy. Nonetheless, for the sake of simplicity and to account for easily man-10
ageable design purposes, and to minimize the number of parameters involved to describe for11
concrete material, the plastic viscous-damage model [62] is upgraded to a model [63] where12
the contributions from plastic deformations and viscous effects due to strain-rate dependency13
were discarded. In spite of its final intuitive format, the dissimilar behavior under tension14
and compression, the stiffness recovery upon load reversal, the strength enhancement under15
two-dimensional (2D) or three-dimensional (3D) compression could be easily predicted by the16
model. These features are accomplished by performing a split over the stress tensor obtained17
elastically, which includes the model in the so-called strain-driven category, since the elastic18
stress tensor is computed explicitly on the basis of the strain tensor. Concerning the reinforce-19
ment, rebars were reproduced with a FE mesh constituted by 2-nodded truss elements. The20
non-linear performance of each rebar is reproduced with the Giuffrè-Menegotto Pinto cyclic21
model, which is also explicit in terms of the rebar strains. The reinforcement FE mesh overlaps22
the one for concrete counterpart, and perfect bond between both materials is assumed. The23
efficiency of the global model is illustrated with two applications, namely a 3D-plain concrete24
arch dam, and a six-floor 2D-reinforced concrete wall tested on a large-scale shaking table.25

On the other hand, the inelastic behavior of concrete could also be modeled using a thermody-26
namically well-founded elastic-plastic damage model [149] constructed by combination of the27
general formulation of free energy potential with a tensile-compressive double hardening plas-28
ticity theory and two-parameter damage expression, for inelastic behavior of concrete. Herein,29
the concept of effective plastic energy storage rates is proposed, which are conjugate forces of30
hardening variables in an undamaged configuration. The proposed free energy potential could31
serve as a thermodynamic link between plastic and damage evolution. An analogy between the32
evolution of hardening variables and that of a plastic strain is used to postulate the formulation33
of plastic free energy. This approach is validated by a series of tests in plane stress condition.34

In the case of heterogeneous materials or quasi-brittle materials such as concrete, which is35
generally a mixture of coarse aggregate, sand, and hydrated cement paste, the transition zone in36
between the coarse aggregate particles or the interface between the stiff grains and the cement37
matrix is weaker than the rest of the cement matrix/paste, because of the physical boundary38
between the different materials. Therefore, it exhibits a micro-cracking pattern that occurs at39

9



the weaker zone, being different in tensile and in compressive loading, i.e., orthogonal to the1
loading direction in tension and parallel to it in compression. Consequently, the nucleation,2
growth and coalescence of these micro-cracks under progressive loading result in macroscopic3
crack patterns, which leads to loss of overall stiffness. Thus, the internal change of a material4
depending on the direction of applied loading is essentially an anisotropic phenomenon. In5
such cases, each load causes micro-cracks to grow in one preferential direction, affecting the6
material response to subsequent loads in different directions. And a scalar damage variable as in7
the case of isotropic damage has limitation in describing the actual state of damage and hence,8
this kind of induced anisotropy responsible for the large dis-symmetry in tension/compression9
of concrete behavior must be incorporated in constitutive modeling. Therefore, damage in10
concrete should be considered as anisotropic for a more reliable representation of damage. This11
results in the development of various models describing the distributed state of the anisotropic12
damage in terms of the damage variables as vectors or higher rank tensors [3, 31, 34] and using13
micro-plane theories [16, 88, 89] in spite of their complications. Nevertheless, the second order14
symmetric tensors are commonly considered as the effective way of representing the state of15
anisotropic elastic damage as they could be mathematically simpler in computations than the16
higher rank tensors and are more convenient for practical applications, which is clear from the17
references [34, 53, 54, 112] and therein.18

In addition to the description of anisotropic damage, the Cauchy stress tensor (nominal or ef-19
fective) is sometimes split-up into tensile and compressive components using the spectral de-20
composition [24, 51] in order to clearly distinguish stress contributions due to tension or to21
compression. Consequently, independent non-linear mechanisms of concrete degradation can22
be produced. By means of which, all the shear components are vanishing, except normal com-23
ponents of the stress tensor. The concept of split-up of Cauchy or effective stress tensors into24
tensile and compressive components has been also performed with the description of isotropic25
damage [30, 62, 149].26

To model the anisotropic damage behavior of elastic-brittle materials under multi-axial state of27
stress, by employing a second rank symmetric damage tensor, an irreversible thermodynamic28
theory of the constitutive and the damage evolution equations is developed. The Helmholtz free29
energy is expressed as a function of simultaneous invariants of the elastic strain tensor and the30
damage tensor by taking account of the unilateral behavior [104] of the material. The developed31
constitutive equations were applied to describe the anisotropic elastic damage behavior of high-32
strength concrete under various loading histories [112].33

Simple one-dimensional localization problems were analyzed nonlocal (integral) constitutive34
models used in simulations of damage and fracture processes of quasi-brittle materials. It is35
shown that certain nonlocal approaches are incapable of reproducing the entire material degra-36
dation process up to complete failure(leading to residual stresses) and the formulations are not37
capable of modeling a complete macroscopic crack. Moreover, the load-displacement diagrams38
obtained with the nonlocal model using the linear local softening law were not realistic, whereas39
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nonlocal models with exponential local softening law showed a more reasonable response [79].1
On the other hand, a cohesive finite element method is developed based on incorporating seg-2
ments of cohesive surfaces into continuum finite elements that is applicable when crack growth3
is discontinuous. The crack is modeled as a collection of overlapping cohesive segments, which4
are added as displacement jumps by using the partition-of-unity property of finite element shape5
functions, instead of considering the single entity of a crack and that propagating. A combina-6
tion of overlapping crack segments could behave as a continuous crack. In addition, the method7
allowed for complex crack patterns including the simulation of crack nucleation at multiple8
locations, growth, coalescence and branching, since crack segments were added at arbitrary9
positions and with arbitrary orientations, where attention is restricted to a small deformation10
formulation [131].11

Indeed, discrete or smeared crack approaches have their domain of applications. Discrete crack12
models are appropriate for modeling one or more dominant cracks, whereas smeared crack13
models could simulate the diffuse cracking patterns arising due to heterogeneity (of concrete14
and presence of reinforcement). Even the smeared crack model could not properly capture the15
crack initiation, growth, coalescence and branching. By means of cohesive segments as a bridge16
between the traditional discrete and smeared crack models through exploitation of the partition-17
of-unity property of finite element shape functions, the simulation of the initiation and growth18
of a dominant crack is enabled even without predefinition [47, 48].19

A nonlocal model in which nonlocal displacements, obtained as the nonlocal Average of local20
displacements, were considered to derive the evolution of damage and the resulting model ex-21
hibited a satisfactory behavior and is attractive from the computational point of view, especially22
regarding the computation of the consistent tangent matrix [132]. Nevertheless, the linearization23
of nonlocal integral equations is still not straightforward [122].24

2.3 Gradient dependent models25

On the other hand, by utilizing methods developed in the theory of fluid interfaces, the behavior26
of localization of deformation for the case of hyper-elastic materials is examined by incorporat-27
ing the gradient dependent term in the expression for strain energy density in order to avoid the28
loss of ellipticity of the governing equilibrium equations [143]. The approach overcame one of29
the major shortcomings in constitutive equations for solids admitting localization of deforma-30
tion at finite strains, i.e., their inability to provide physically acceptable solutions to boundary31
value problems in the post-localization range due to loss of ellipticity of the governing equa-32
tions. Thus, the modified strain energy function leading to equilibrium equations, which always33
remain elliptic, suggested not only the direction but also the width of the deformation bands pro-34
viding for the first time a predictive unifying method for the study of pre- and post-localization35
behavior.36

A nonlocal constitutive equation based on the limit/yield stress as a function of strain and strain37
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gradient is introduced for simulating softening phenomena with a proper localization in one-1
dimensional problems [134, 135]. A second-order gradient dependent plasticity theory in the2
finite element context [45] in which the yield strength or yield function not only depends on an3
equivalent strain measure but also a Laplacian operator is developed. Moreover, a plastic multi-4
plier is also discretized in order to properly solve the resulting non-linear differential equations.5
But the dependency imposed higher-order (C1) continuity requirements on the discretization6
of plastic multiplier, while the discretization of the displacement field requires C0-continuous7
interpolation functions. A gradient-enhanced damage is also formulated in which the Lapla-8
cian of the internal variable, which memorizes the damage, enters the damage loading function9
in addition to the conventional dependence on this internal variable itself. And the damage is10
embedded into thermodynamics by defining a nonlocal damage variable as a function of the11
nonlocal history variable and also by considering the existence of a linear relation between the12
damage variable and history parameter that measures the maximum damage experienced by the13
material [44].14

It is shown that the cracking and the fracture of quasi-brittle materials like concrete could be15
modeled realistically even with a relatively simple, isotropic model when the deformation mea-16
sure of the model governs the growth of damage and the objectivity with respect to mesh ori-17
entation could only be assessed in two- or three-dimensional setting with the gradient enhance-18
ment by incorporating higher order deformation gradients [120,121]. Viscous, thermal or other19
non-mechanical effects were not taken into account, and further small strains and rotations20
were assumed. This approach is validated by examining the problems having Mode-I fracture21
mechanism and friction/aggregate interlock not playing a role (no anisotropy), and the failure22
dominated by tensional stresses (no unilateral effect) [123]. It is also found that the enhanced23
models allow for the propagation of waves having dispersive nature in the softening zone under24
quasi-static loading conditions. The gradient damage model seems to be both conceptually and25
computationally simpler than the gradient plasticity model, since C0-continuity of the interpo-26
lation suffices for implicit models rendering stable and efficient numerical solution algorithm,27
thereby leading to more localized deformation than the nonlocal model [122, 124].28

From the review of constitutive models, namely gradient-enhanced isotropic damage and gradient-29
enhanced plasticity models, it seems that the algorithm for the damage model is simpler than30
that for the gradient plasticity model. This is related to the issue of the additional boundary31
conditions that emerge in such higher-order continuum theories for the purpose of modeling32
localization phenomena in quasi-brittle and frictional materials as large-scale finite element33
simulations [46].34

The development of phenomenological nonlocal approaches based on implicit gradient-enhanced35
damage necessitates to identify the models, which are capable to describe the damage process36
in quasi-brittle materials. Hence, five mutually different implementations of implicit gradient-37
enhanced damage constitutive models were examined with respect to their ability to describe38
crack initiation and crack propagation. The results of one-dimensional crack analysis showed39
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that models based on a nonlocal equivalent strain with a constant length parameter and a power-1
law damage evolution lead to well-defined crack opening, but models with a decreasing length2
parameter upon increasing damage, a nonlocal damage variable or a model of nonlocal history3
parameter yield zero crack opening. If the exponential damage evolution laws are used, then the4
nonlocal equivalent strain model and the nonlocal history parameter model, both with a constant5
length scale lead to an infinite crack opening. But, regardless of the evolution law, such large6
crack openings could be obtained by a nonlocal equivalent strain model with a length parame-7
ter increasing with strain. Also, during crack propagation analysis revealed the inability of the8
damage models with a decreasing length parameter upon increasing damage to describe the real9
processes due to a mesh dependency. On the other hand, the nonlocal equivalent strain model10
and the nonlocal history parameter model with a constant length scale, and the nonlocal equiv-11
alent strain model with a length parameter increasing with strain are well capable of describing12
the crack propagation phenomena [69].13

Having different approaches in practice, it is also found that the nonlocal and implicit gra-14
dient formulations are largely equivalent and the responses of both models in wave propa-15
gation, localization and at cracks are remarkably and qualitatively good in agreement, when16
compared to explicit gradient formulations. When well-defined spatial interactions exist in a17
material, the nonlocal approach may be preferred because it could model the nonlocality in18
a more transparent way. However, the interactions near notches and cracks are questionable.19
This issue is not present for the gradient approach, where the treatment of boundaries is much20
better defined from a mathematical view-point. Since the nonlocality is introduced on a phe-21
nomenological basis in most practical cases and the nonlocal gradient equations can be effi-22
ciently linearized by introducing an additional equation containing gradient terms conveniently23
in weak form [22,116,123], the implicit gradient formulation is preferred rather than the integral24
model [125]. Therefore, implicit gradient formulations have been successfully implemented for25
intended results under various loading environments such as high-temperature loading [116] or26
chemical loading [42] and earthquake loading [86, 145].27

On the contrary, anisotropic continuum damage models were developed by incorporating the28
higher-order strain gradients to simulate the localized mode I as well as mixed mode failures29
of quasi-brittle materials up to the complete loss of load carrying capacity. The governing30
equations remained local in a finite element sense and could be solved by introducing an ad-31
ditional field for the gradient term. Consequently, the loss of well-posedness of the boundary32
value problem is avoided. The anisotropic description adopted here is based on micro-plane33
theory [88, 89].34

As discussed, since the direct introduction of gradient of the damage variable leads to the re-35
quirements of C1 interpolation of the displacements, another method [55] is proposed for the36
regularization of continuum damage models based on gradient enhancement of the free energy37
functional in which a new nonlocal variable field is introduced while preservingC0 interpolation38
and an isotropic scalar damage is considered. The strategy is formulated as a pure minimization39
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problem and examined with numerical examples of infinitely long pre-cracked or circular holed1
bricks subjected to tension. This method efficiently removed pathological mesh dependence2
together with the numerical difficulties connected with the calculation in the softening range of3
the materials.4

Additionally, a coupled damage-plasticity model based on gradient enhancement of the free-5
energy (Helmholtz) function is developed by restricting attention to a small strain quasi-static6
case and considering isotropic scalar damage [56]. The regularization, which is achieved by7
accounting for nonlocal interaction through an interaction potential, is performed on both the8
damage parameter and internal plastic variable, since both inelastic mechanisms include soft-9
ening. The behavior of the coupled model is demonstrated by the test problem of an infinitely10
long brick with a circular hole subjected tension and it is showed that this method efficiently11
removes the pathological mesh dependence together with the numerical difficulties in softening12
range.13

2.4 Phase-field models14

Another class of models based on continuum mechanics has been developed for modeling the15
brittle fracture of materials. A review on phase-field models given by [6] provides an overview16
of existing quasi-static and dynamic phase-field formulations developed among the scientific17
community of physics and mechanics. Generally, a phase-field approach incorporates a con-18
tinuous field variable (the field order parameter) having a smooth transition between multiple19
physical phases within a system. Yet, within the context of fracture mechanics, the order param-20
eters describe the smooth transition between the states (phases) of undamaged and fully dam-21
aged materials. Thus, the field used to approximate the sharp crack discontinuity by a smeared22
surface is referred to as the crack field. By defining a proper evolution of such field variables,23
this approach can be used to model the fracture processes of various materials. Moreover,24
phase-field modeling of fracture has recently been considered as an elegant way of simulat-25
ing complicated fracture processes, because of its ability to simulate such processes including26
crack, initiation, propagation, merging, and branching in all situations and applied to model27
brittle/ductile fracture of solids and shells [5, 6].28

The development of phase-field models in the field of fracture mechanics has originated from29
the pioneering work on the variational formulation of brittle fracture by using a minimization30
of the energy functional to overcome the Griffth theory of brittle fracture [64] and later this31
minimization problem was regularized in order to improve its efficiency in numerical calcula-32
tions by introducing the crack field parameter and an internal length scale to control the width33
of the transition zone [27]. Subsequently, the thermodynamically consistent phase-field mod-34
els [108,109] for brittle fracture have also been developed based on the description of continuum35
damage mechanics.36

At this point, it is noteworthy to mention that the so-called crack field parameter and the internal37
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length adopted in the phase-field models are similar to the nonlocal variable (gradient enhanced1
local variable) and the characteristic internal length scale commonly adopted in the nonlocal2
damage models [18, 52, 126] or the gradient damage models [22, 44, 67, 115, 119]. Thus, the3
averaging equation of phase-field variables can be conceived as a special case of the nonlocal4
averaging equation of damage variable in the gradient-enhanced damage models. In order to5
have a better understanding of these approaches, a brief summary on the comparison of both6
gradient damage models and phase-field models based on the work [50] is therefore provided7
in Section 6.2.3.8

2.5 Peridynamic models9

The classical continuum mechanics theories are generally based on partial differential equa-10
tions. A separate law has to be introduced to simulate crack or damage evolution, since the11
partial derivatives do not exist on crack surfaces and other discontinuities. A continuum model12
does not distinguish between points in a body where a discontinuity in displacement or any of13
its spatial derivatives are located. The essential feature of the peridynamic models is the use14
of integration, rather than that of differentiation, for computing the force on a material par-15
ticle. Since the spatial derivatives are not used, the equations remain equally valid at points16
or surfaces of discontinuity. Therefore, the method of peridynamics falls into the category of17
nonlocal models because particles separated by a finite distance (called material horizon) could18
interact with each other [136]. This approach permits the solution of fracture problems in which19
the location of a crack is not known in advance using the same equations either on or off the20
crack surface or crack tip. This model assumes that Newton’s second law is valid on every21
infinitesimally small particle within the domain of analysis. A specified force density function,22
called the pairwise force function, (with units of force per unit volume) between each pair of23
infinitesimally small particles is postulated to act as if the particles are closer together than the24
material horizon. The pairwise force function may be assumed to be a function of the relative25
position and the relative displacement between the two particles. A detailed survey on impor-26
tant analytical and numerical results and applications of the peridynamic theory can be found27
in [59]. Thus, the major elasticity and damage aspects of concrete behavior could be modeled28
correctly in a qualitative sense by the peridynamic model, even using the very basic zeroth order29
peridynamic damage model described. However, the quantitative agreement between the peri-30
dynamic model and the observed material behavior in the compressive regime is poor. But a31
first-order micro elastic damage model (with modification to account for enhanced micro elastic32
strength in the compressive strain regime) could be a promising one for modeling concrete in33
compression. Also, one-dimensional models of discrete reinforcing bars could be easily added34
to two-dimensional plain concrete models, hence enabling the modeling of reinforced concrete35
structures [70]. Since the peridynamic model described being a central-force model, is limited36
to modeling materials with a Poisson’s ratio of 1/4, a generalized peridynamic model is de-37
veloped by adding pairwise peridynamic moments, in addition to pairwise forces, to simulate38
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linear elastic materials with varying Poisson’s ratios. The new model is called the ’micro-polar1
peridynamic model’. The micro-polar peridynamic model could be implemented within a finite2
element context to enable efficacious application of boundary conditions and efficient compu-3
tational solutions using an implicit, rather than an explicit solution algorithm, which is suitable4
for quasi-static simulation of damage and cracking in concrete structures. With this model, very5
simple tensile damage mechanisms at the micro structural (peridynamic) level, micro-cracking6
(damage) and fracture mechanics were observed in concrete structures [71]. This peridynamic7
FE model is much more efficient than discrete-based peridynamic models [70] as the number8
degrees of freedom could be reduced significantly from the discrete particle approach. This9
peridynamic model is sufficiently general to model any isotropic linear elastic continuum.10

2.6 Smooth Particle Hydrodynamic (SPH) models11

A mesh-less particle method known as the SPH method [146] has been investigated as a nonlo-12
cal regularization without any additional regularization measures for the solutions of instability13
due to strain-softening. A series of numerical experiments, using both SPH and FE solvers,14
demonstrated to show that the width of the strain-softening region is controlled by the smooth-15
ing length in SPH but in FE controlled by the element size. The smoothing length represents16
the damage-related length controlling the damage/strain softening localization. Thus, it is in-17
dependent of spatial discretization density, which ensured the inherent nonlocal properties of18
SPH method. Moreover, it is found that stress wave propagation continues in the presence of19
strain-softening and the waves continue to propagate within the localization zone. Neither the20
strain localization into a single element nor the spurious mesh sensitivity is observed.21
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3 Fundamentals of Material Modeling

3 Fundamentals of Material Modeling1

In the modeling of structures, several assumptions are made regarding geometry, kinematics2
and behavior of material. Such assumptions regarding the material behavior are usually based3
on experimental investigations. The modeling of material is called as Constitutive modeling.4
Hence, the constitutive modeling needs a proper understanding of its physical behavior includ-5
ing motion or deformation. Further, the theory of continuum mechanics postulates conserva-6
tion laws those have to be satisfied at every material point of a continuum under mechanical7
or thermodynamic system. This chapter deals with basic concepts, equations of continuum8
mechanics and related laws of conservation. The following contents are widely available in9
literature [51, 114, 140, 151].10

3.1 Constitutive relations11

3.1.1 Displacements12

Let us consider a body subjected to body forces and surface tractions. In order to study defor-
mation of the body, the displacement is generally defined throughout the volume of the body. It
is defined by a displacement vector field u of any material point belonging to the body. As the
displacement of any point is a function of its initial coordinates, the displacement field describes
how the body displaces or deforms. For a three-dimensional problem, the displacement field u
in Cartesian coordinates (x, y, z) is given by

u(x,y,z) =


u(x,y,z)

v(x,y,z)

w(x,y,z)

 . (3.1)

3.1.2 Stress and strain tensors13

Under the action of such external forces, the internally induced forces acting on any internal
surfaces keep each material point in equilibrium. Thus, the internal forces are mathematically
described as stresses. The state of stress at that point can be completely characterized by Cauchy
stress tensor σ. Since the stress and its conjugate strain tensors are symmetric, it is convenient
to represent the stress tensor σ and the strain tensor ε in column matrices form as

σ =
{
σx σy σz σyz σxz σxy

}T
, (3.2)

ε =
{
εx εy εz γyz γxz γxy

}T
, (3.3)

where {·}T denotes transpose of the vector.14
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3.1.3 Split of stress and strain tensor1

When the considered infinitesimal cubic element deforms, the changes may occur due to expan-
sion or contraction of the element and due to distortion. Thus, these mechanisms of deformation
lead to decomposition of strains in order to measure the respective deformation separately. Con-
sequently, the hydrostatic strain tensor εh measures the volumetric changes either expansion or
contraction and the deviatoric strain tensor εd measures the distortion. Both the decomposed
tensors are mathematically expressed as linearly dependent on ε as follows (in matrix form):

εh = Ih ε, (3.4)

εd = Id ε = ε− εh, (3.5)

where Ih, Id are hydrostatic and deviatoric projection matrices.

Ih =
1

3
mmT , (3.6)

Id = I − Ih, (3.7)

where I is identity matrix andm =
{

1 1 1 0 0 0
}T

. The mean strain εm is defined by

σm =
1

3
(εx + εy + εz) =

1

3
mT ε. (3.8)

Similarly, the stress tensor σ can also be split into its mean (hydrostatic) and deviatoric parts.
They are expressed as

σh = Ih σ, (3.9)

σd = Id σ = σ − σh. (3.10)

The mean stress σm is defined by

σm =
1

3
(σx + σy + σz) =

1

3
mT σ. (3.11)

3.1.4 Stress-strain relations2

Under the assumption of linear elastic deformation behavior of materials, the constitutive equa-
tion, which relates the stresses and strains, is most generally expressed as (in tensor form)

σ = H : ε, or ε = S : σ, (3.12)
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3 Fundamentals of Material Modeling

where H is the fourth-order elasticity tensor and S is the elastic compliance tensor. Thus,1
equation (3.12) describing the mechanical behavior of the given material is called as generalized2
Hooke’s law or constitutive law.3

3.2 Kinematic relations4

Let us consider that the system under body forces and traction undergoes infinitesimally small
deformation. Consequently, the displacement gradient becomes sufficiently small. Hence, the
higher order terms of the displacement gradient involved in the finite deformation theory are
neglected.
Thus, the infinitesimal strain tensor to measure strains under small deformations is approxi-
mated as linear functional of displacement field u, which is given by

ε = 5sym u =
1

2

[
∇u+ (∇u)T

]
, (3.13)

where ∇ is the differential operator, 5sym u is the symmetric gradient of the displacement
field. For the three-dimensional problem, the strain-displacement relations are given in matrix
representation as follows:

ε =



εx

εy

εz

γyz

γxz

γxy


=



∂
∂x

0 0

0 ∂
∂y

0

0 0 ∂
∂z

0 ∂
∂z

∂
∂y

∂
∂z

0 ∂
∂x

∂
∂y

∂
∂x

0




u

v

w

 . (3.14)

3.3 Basic laws of mechanics5

The forces acting on the body cause motion and deformation. In the case of deformable bodies,6
the system of forces should obey basic conservation laws at every point under the consideration7
of small deformation. Thus, the forces on the body are governed by following balance laws:8

1. Balance of mass9

2. Balance of linear momentum (Impulse)10

3. Balance of angular momentum11
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3.3.1 Balance of mass1

Let us consider the control volume V fixed in space. The density of the material of the body at
a spatial point P is denoted by ρ and n is the normal vector. Then, the mass balance states that∫

S

ρv · n dS +

∫
V

ρ̇ dV = 0. (3.15)

Using Gauss divergence theorem and rearrangement of terms, equation (3.15) is obtained as∫
V

{
∇ · (ρv) + ρ̇

}
dV = 0. (3.16)

That means that the balance law of mass at every point of continuum reads as

∇ · (ρv) + ρ̇ = 0. (3.17)

For constant density, ρ̇ = 0, equation (3.17) further reduces to

ρ∇ · v = 0. (3.18)

3.3.2 Balance of linear momentum (Impulse)2

If the body is subjected to body force b(x,t) and surface traction t(x,t) acting on the boundary
along the normal n to the surface, then the total forces acting on the body is balanced by the
rate of change of linear momentum in the fixed frame. Thus, the balance law reads as∫

V

b dV +

∫
S

t dS =

∫
V

ρü dV. (3.19)

Using Gauss divergence theorem and Cauchy’s formula t = σ ·n, equation (3.19) is rearranged
as follows:∫

V

{
b+∇ · σ − ρü

}
dV = 0. (3.20)

Thus, equation (3.20) reduces in local form as

∇ · σ + b− ρü = 0. (3.21)

This equation is called as Cauchy’s equation of motion, which describes the motion of any con-3
tinuum. Sometimes it is also known as the strong, local or point-wise equation of equilibrium.4

Additionally, appropriate boundary conditions may be used such as Dirichlet boundary and5
Neumann boundary condition on the boundary S to solve the partial differential equations (3.21).6
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3 Fundamentals of Material Modeling

3.3.3 Balance of angular momentum1

If ρ is the density of a material at a point P of an infinitesimal volume V and its velocity v, the
sum of moments of all forces about any point P ′ is balanced by the angular momentum. Thus,
the balance law is stated as∫

V

r × b dV +

∫
S

r × t dS =

∫
V

r × ρü dV, (3.22)

where r is the position vector of point P with respect to point P ′. After transformation and
rearrangement of terms, the balance law is obtained as∫

V

r ×
{
∇ · σ + b− ρü

}
dV +

∫
ei × σT ei dV = 0. (3.23)

This leads to symmetry condition of the stress tensor, i.e σ = σT .2

3.4 Basic laws of thermodynamics3

If a body is subjected to body forces and surface traction undergoing deformation, the changes4
in the state is called thermodynamic process, which may be reversible or irreversible and such5
system is called as a thermodynamic system. A certain set of specified quantities completely6
characterizes the state of changes (say, deformation) in the system. Such quantities specified in7
the current state of a system are called as thermodynamic state variables. The state variables8
may be external (observable) or internal (hidden), whether it can be observable from outside9
or not. When the thermodynamic state of a system does not change with time, the system is10
in thermodynamically equilibrium. These state variables are generally governed by thermody-11
namic laws, namely,12

1. First law of thermodynamics13

2. Second law of thermodynamics14

Nevertheless, the thermodynamic state of a continuum in general is a non-uniform and non-15
equilibrium state, and also the thermodynamic process is irreversible, since the strain or temper-16
ature may differ from a location to another in the continuum and may also vary with time [111].17

3.4.1 First law of thermodynamics18

The first law of thermodynamics states that the rate of internal energy plus that of kinetic energy
of a thermodynamic system is equal to the rate of external mechanical work plus the rate of heat
transferred to the system due to heat flux and heat source during the loading. It is also known
as law of energy conservation.
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The kinetic energy Eke and internal energy Eie are given by

Eke =

∫
V

1

2
ρv · v dV, (3.24)

Eie =

∫
V

ψ dV, (3.25)

where ψ is the internal energy per unit volume and v is the velocity of the material point. Hence,
the change in kinetic energy and that of internal energy of the continuum during time t1 to t2 is
given by

E1−2
ke =

∫ t2

t1

∫
V

1

2
ρ
dv

dt
· v dV dt, (3.26)

E1−2
ie =

∫ t2

t1

∫
V

ψ̇ dV dt. (3.27)

If rq is the rate of generation of heat per unit mass and q is the heat flux from the surface, then
the heat supplied to the system is obtained by

Q1−2 =

∫ t2

t1

∫
V

(ρ rq −∇ · q) dV dt. (3.28)

The external power of surface traction and body forces can be written as

Pext =

∫
S

t · v dS +

∫
V

b · v dV. (3.29)

Then, the mechanical power done, i.e., the rate of external mechanical work, by surface traction
and body forces during time t1 to t2 is given by

W 1−2
ext =

∫ t2

t1

Pext dt. (3.30)

Since the forces do not change their points of application during the interval of time, equa-
tion (3.30) reduces to

W 1−2
ext =

∫
S

∫
u

t du dS +

∫
V

∫
u

b du dV. (3.31)

Thus, the first law requires that

W 1−2
ext +Q1−2 = E1−2

ke + E1−2
ie . (3.32)

After substituting Cauchy’s formula and using Gauss divergence theorem, then rearrangement
of terms, equation (3.32) may lead to

dψ

dt
= σ : ε̇+ (ρ rq −∇ · q). (3.33)
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3 Fundamentals of Material Modeling

This equation (3.33) is valid under small strain assumptions. Further, under quasi-static loading
condition, i.e., Eke = 0, the first law of thermodynamics gives the definition of strain energy
density function ψ per unit volume as follows:

ψ =
1

2
ε : H : ε, (3.34)

when the following relations are valid,

σ =
∂ψ

∂ε
; dψ = σ : dε. (3.35)

3.4.2 Second law of thermodynamics1

The non-equilibrium thermodynamics of a continuum is described by the second law of thermo-2
dynamics. It states that the rate of increase in the entropy of a system is never less than the rate3
of increase in the entropy due to the heat source and the heat flux. It is also known as entropy4
inequality.5

If a system is considered under an absolute temperature T and an entropy per unit mass s due to
the heat transfer Q, the change in the entropy from state a to state b for the irreversible process
is defined as

∆s =

∫ b

a

dQ

T
. (3.36)

If the specific rate of the entropy increase is given by dη/dt, the change in the entropy of the
system can also be expressed as

∆s =

∫
V

∫
t

ρ
dη

dt
dt dV. (3.37)

According to the second law,∫
V

∫
t

ρ
dη

dt
dt dV ≥

∫ b

a

dQ

T
. (3.38)

Substituting Q and using Gauss divergence theorem, equation (3.38) is obtained as

ρ
dη

dt
− ρ rq

T
+
q

T
≥ 0. (3.39)

This equation (3.39) is known as Clausius-Duhem inequality and must be satisfied for every
possible process. Substitution of the first law of thermodynamics (3.33) into (3.39) leads to

ρ T
dη

dt
+ σ : ε̇− dψ

dt
+ q · ∇T

T
≥ 0. (3.40)

Thus, this inequality imposes restrictions on the constitutive relations and provides the back-6
ground of the thermodynamic constitutive theory for the dissipative process of a continuum.7
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4 Local Modeling of Damage1

This chapter discusses local approaches of continuum damage models. The damage equivalence2
principles in view of effective stress concepts are briefly described. The state of damage is3
characterized by introducing inner damage variables as scalar or tensor to discriminate isotropic4
and anisotropic behavior of damage respectively. Furthermore, damage criteria and various5
damage evolution laws that are specifically used for modeling damage of concrete are also6
explained.7

4.1 Damage variable8

Within the context of continuum damage mechanics, an internal damage variable is generally9
introduced to measure the deformation characteristics of a damaged material from elastic state10
to fracture. Such variables of different mathematical nature (scalars, vector or tensor quantities)11
have different physical meaning. CDM theories separate conveniently into micro mechanical12
and phenomenological models. In the former, the internal damage variable represents some13
average of the microscopic defects that characterize the state of internal deterioration (reduction14
of load bearing area or distribution of micro-cracks). In the latter, the damage variables are15
defined based on the influence of an internal degradation exerted on the macroscopic properties16
such as stiffness modulus, yield stress, and density of material [51].17

4.2 Damage equivalence principles18

It is assumed that the material properties of any damaged deformable body are in the undamaged19
state and the effective stress will be used to measure the change occurred due to the introduction20
of damage. The effective stress concept is particularly convenient and simple in view of the21
computational point [138]. Moreover, the damaged body is in the conventional or real stress22
state, and its material properties are determined by the effective material properties [100]. There23
are two hypotheses commonly available for the estimation of the effective properties of the24
material.25

4.2.1 Principle of strain equivalence26

According to this hypothesis [138], the strain associated with a damaged state of a material
under the applied stress σ, as shown in Figure 4.1b, is equivalent to the strain associated with
an undamaged state of the material under the effective stress σ̃, as shown in Figure 4.1a. In the
sense of an effective stress or a net stress introduced by Kachanov [82], damage is defined as a
macroscopic state variable that affects the macro-mechanical properties of the material. If the
isotropic damage is described by a scalar variableD and the anisotropic damage is characterized
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4 Local Modeling of Damage

H, F

ε̃

σ̃σ̃

(a) Undamaged material (H, F)

H̃, F̃

ε

σσ

(b) Damaged material (H̃, F̃)

Figure 4.1: Strain equivalence

by a fourth-rank damage effect tensor M = M(D), then the effective variables for anisotropic
damage are defined as follows:

ε̃(σ̃,0) = ε(σ,D); σ̃ = M : σ. (4.1)

For an isotropic damage, M(D) reduces to (1 − D)−1I and the effective variables are subse-
quently defined as follows:

ε̃(σ̃,0) = ε(σ,D); σ̃ =
σ

1−D. (4.2)

Though the principle of strain equivalence is clear and simple to be applied, the resulting com-1
pliance tensor from M(D) has inconvenience of its asymmetry [111]. A method of symmetriza-2
tion must be employed additionally to obviate this problem.3

4.2.2 Principle of energy equivalence4

The existence of a strain energy function and/or a complementary strain energy function neces-
sitates the symmetry of the elastic modulus and the compliance tensors. Hence, the hypothesis
of the energy equivalence, which satisfies the symmetry requirement for the elastic tensors, as
its intrinsic consequence was proposed [111]. It states that the total complementary elastic strain
energy Φel(σ,D) of a damaged state with the conventional stress σ, as shown in Figure 4.2b,
is equivalent to the total complementary elastic strain energy Φ̃el

0 (σ̃,0) of the conventional (un-
damaged, D = 0) state with the effective stress σ̃, as shown in Figure 4.2a. Accordingly, the
valid equations are given by

Φ̃el
0 (σ̃,0) = Φel(σ,D), (4.3)

Φ̃el
0 (σ̃,0) =

1

2
σT : F : σ, (4.4)

Φel(σ,D) = Φel(σ̃,0) =
1

2
σ̃T : F : σ̃ =

1

2
σT : F̃ : σ, (4.5)
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(b) Damaged material (H̃, F̃)

Figure 4.2: Complementary strain energy equivalence

where F(= H−1) refers to the fourth-order flexibility tensor of the undamaged material and the
effective flexibility tensor F̃ is obtained as F̃ = MT : F : M. Consequently, for an anisotropic
damage, the effective variables are defined as follows [39]:

σ̃ = M : σ; ε̃ = M−T : ε, (4.6)

and for an isotropic damage,

σ̃ =
σ

1−D ; ε̃ = (1−D)ε. (4.7)

Since the growth of micro-cracking of a material usually influences both the stress and strain1
distribution, the energy based damage equivalence is more realistic than the other equivalence2
principle in which the local stiffness drop results in a local stress decrease exclusively. Even3
though the strain equivalence works reasonably well for isotropic damage materials, it yields4
asymmetric stiffness matrices for anisotropic materials as the damage variable is defined as a5
tensor. Due to this non-symmetry of the resultant effective stress tensor in the case of anisotropic6
damage, the principle of total energy equivalence is applied in place of the strain equivalence7
concept [4,100,150]. Nevertheless, it is limited as it does not allow for the physically adequate8
description of phenomena other than damage coupled elasticity [141].9

4.3 Isotropic damage10

Material damage induced by micro-voids in isotropic distributions or by micro-cracks of ran-11
dom distributions is generally characterized by an isotropic damage, if their size and density12
are sufficiently small. According to the classical continuum damage mechanics approach, the13
stress-strain relationships can be written based on linear elastic behavior of the damaged mate-14
rial using the effective stress concepts as follows:15

1. Principle of strain equivalence [51, 82, 96, 119, 138, 139]

σse = (1−D)H : ε. (4.8)
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4 Local Modeling of Damage

2. Principle of energy equivalence [22, 36, 39, 42, 43, 80]

σee = (1−D)2H : ε, (4.9)

H =
νE

(1 + ν)(1− 2ν)

(
II +

1− 2ν

ν
I

)
, (4.10)

where σ represents the Cauchy stress tensor, ε the linear strain tensor, H the fourth-order elastic1
stiffness tensor, E the Young’s Modulus, ν the Poisson’s ratio, I and I the symmetric identity2
tensors of rank two and four respectively. The subscripts se or ee correspond to the strain or the3
energy equivalence principles. The scalar internal damage variableD denotes an isotropic dam-4
age that usually satisfies the condition (0 ≤ D ≤ 1). The damage variable D is a monotonically5
increasing quantity expressing the level of material degradation. D values zero for the initial6
or undamaged material and increases up to 1 for the completely damaged material showing full7
loss of stiffness and coherence at which the material is no longer able to transfer the stresses.8
Furthermore, it is assumed that there is no effect of damage on the Poisson’s ratio ν, but only9
the stiffness of the material or the elastic stiffness matrix is affected by damage.10

4.3.1 Thermodynamic consistency11

In the framework of thermodynamics, the elastic free energy Ψ0 of the undamaged material for
the linear elastic behavior is written as

Ψ0(ε) =
1

2
ε : H : ε. (4.11)

If the material degradation is considered as an irreversible process of thermodynamics as a
history dependent behavior, the so-called internal hidden variable D will contribute to the
Helmholtz free energy (per unit volume) Ψ(ε,D). Then, equation (4.8) or (4.9) can also be
written as [28, 103]

σ = σ(ε,D) =
∂Ψ

∂ε
. (4.12)

In the case of strain equivalence (4.8), the expression for Ψ reads as

Ψse = (1−D)Ψ0(ε). (4.13)

But, in the case of energy equivalence (4.9), the expression for Ψ reads as

Ψee = (1−D)2Ψ0(ε). (4.14)

The growth of damage leads to the dissipation of energy, as the damage comprises the creation
and propagation of cracks and voids. Taking time derivative of the Helmholtz free energy
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Ψ(ε,D) yields the energy dissipation rate of the damage process ϕ as follows:

ϕ = −dΨ
dt

= −∂Ψ

∂D

dD

dt
= Y Ḋ. (4.15)

Herein, the scalar quantity Y implies the release rate of the elastic strain energy caused by the
development of damage D. Since the damage-associated variable Y plays a similar role of the
strain energy release rate in fracture mechanics, it is called damage energy release rate or strain
energy density release rate [111]. In the case of strain equivalence (4.8), Y is defined as

Yse = −dΨse

dD
= −Ψ0, (4.16)

and in the case of energy equivalence (4.9), Y is defined as

Yee = −dΨee

dD
= 2(1−D)Ψ0. (4.17)

4.3.2 Spectral decomposition of the stress tensor1

Since concrete has distinct behaviors in tension and compression, the Cauchy stress tensor
(nominal and effective) is decomposed into two parts (+ve and -ve) using the spectral decom-
position technique as in [35, 87, 138, 139, 149], in order to adequately characterize the damage
in concrete. Hereafter, the superscripts ’+’ and ’-’ refer to tensile and compressive parts respec-
tively. Therefore, the decomposed tensors are written as follows:

σ = σ+ + σ−, σ̃ = σ̃+ + σ̃−, (4.18)

where σ+ and σ− are the tensile and compressive parts of the stress state respectively. These
can be related with the principal unit vectors of σ(~n1,~n2,~n3):

σ =
3∑
i=1

σi~ni ⊗ ~ni, (4.19)

σ+ =
3∑

i=1

H(σi)σi~ni ⊗ ~ni, σ− =
3∑
i=1

H(−σi)σi~ni ⊗ ~ni, (4.20)

where H(·) is a Heaviside step function.2

4.3.3 Damage criterion function3

The damage growth/evolution is governed by the deformation history parameter κ that is a scalar
variable representing the most severe deformation the material experienced. κ gets a threshold
value below which the damage development is considered as zero. Thus, the damage evolution
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4 Local Modeling of Damage

is fully described by a scalar function as follows:

D = D(κ). (4.21)

In the concept of local continuum damage mechanics, a damage criterion can be completely
described by the history parameter κ at time t. If the vector ~x characterizes the present position
of a point of consideration, and ~ξ the relative positions of the material points in a surrounding
volume V , then it can be written at time t as

D(~x,t) = D(κ(~x,t)), (4.22)

κ(~x,t) = Sup[κ0, ζ(~x,τ |τ ≤ t)], (4.23)

where κ0 is an initial threshold value set for κ. The value of the actual history parameter κ
can be determined by the evolution of certain local measure of deformation state ζ . Thus, the
increase of damage is only possible when the state variable ζ grows and equals an evolving
threshold value κ ≥ 0. If ζ is less than κ and if ζ does not increase, there is no growth of
damage, but the material has a constant damage. Thus, the evolution of damage at a point of
continuum could be described by the scalar function D(κ) on the basis of a limiting function or
a damage loading function f by

f = f(ζ,κ) = ζ − κ(ζ). (4.24)

Thus, the elasticity domain is defined by the criterion function f . For f < 0, there is no
damage growth and the response remains linear elastic. Moreover, the evolution of history
parameter κ can also be expressed mathematically by the Kuhn-Tucker loading and unloading
relations [28, 52, 67, 69, 125]

κ̇ ≥ 0, f ≤ 0, f κ̇ = 0, (4.25)

such that always f ≤ 0. The initial elastic domain is set by an initial threshold value of κ as
κ0. It is assumed that the damage growth is possible when f = 0 and this is the only dissipative
mechanism in the brittle failure of concrete if inelastic strains are not taken into account. During
this damage process, the consistency condition ḟ = 0 must be satisfied on the boundary of the
element considered. Thus, this condition exemplifies that the rate of change of the history
parameter depends on the rate of change of the local deformation state variable considered,
which reads as

κ̇ =
〈
ζ̇
〉
, (4.26)

where 〈·〉 is the McCauley bracket defined as〈
x
〉

=

{
x if x ≥ 0,

0 if x < 0.
(4.27)
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Herein, it can also be observed from equations (4.26, 4.27) that the history parameter κ can only1
increase monotonically during loading/unloading processes.2

4.3.4 Damage evolution laws - Single damage variable3

In order to obtain a realistic shape of the stress-strain diagram with a proper strain-softening
behavior of materials, various material damage models define damage evolution laws using
different functions by specifying the mechanical dissipation potential. The damage evolution
equation for the failure process can usually be written as follows [118, 119, 126]:

Ḋ =

{
g(D,κ)κ̇ if ζ = κ,

0 if ζ < κ.
(4.28)

It is usual practice that the damage evolution law, which is often defined by D(κ), can be4
obtained from equation (4.28) by integration and using the consistency relation ḟ = 0. But the5
evolution function g(D,κ) is obtained by differentiation of D with respect to κ. Among various6
definitions of the damage evolution law D(κ), few of them suitably applicable for materials7
showing quasi-brittle fracture are discussed here.8

In order to obtain a realistic shape of the stress-strain relation, Pijaudier-Cabot and Bažant [126]
defined the damage evolution as follows:

D(κ) = 1−
[

1

1 + b(κ− κ0)n

]
, (4.29)

where b, n and κ0 represent the material damage parameters in order to obtain the realistic9
curve, as shown in Figure 4.3.10

Linear softening laws11

Nevertheless, for theoretical developments, the damage evolution, which is often defined as a

ε

σ

Figure 4.3: Stress-strain relation [126]
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ε

σ

κcr

(a) Linear softening [46]

ε

σ

(b) Power softening [118]

ε

σ

(c) Exponential softening [123]

Figure 4.4: Typical stress-strain relations for various softening laws

linear approximation law, is expressed as [46, 119, 120, 125]

D(κ) =

{
κcr
κ

κ−κ0
κcr−κ0 if κ0 ≤ κ ≤ κcr,

1 if κ ≥ κcr,
(4.30)

or sometimes as [60]

D(κ) =

{
κ
κcr

if κ0 ≤ κ ≤ κcr,

1 if κ ≥ κcr.
(4.31)

Herein, equation (4.30) or (4.31) results in a linear softening stress-strain relation followed by1
the complete fracture of the material that occurs when κ becomes equal to κcr, as depicted in2
Figure 4.4a.3

Power softening laws4

However, the softening behavior of real materials is usually non-linear in which the stress de-
creases gradually for increasing strain after reaching the fracture strength. Therefore, in order
to capture the nonlinear post-peak behavior of the material, the damage evolution law, which
is sometimes assumed by adopting material dependent parameters such as γ and α′ as expo-
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nents [28, 118], is expressed by

D(κ) = 1− (1−D0)

[
κγcr − κγ
κγcr − κγ0

] 1
α′

, (4.32)

where D0 = D(κ = κ0) ≥ 0 corresponding to the initial state of damage, with a critical thresh-
old κcr at complete rupture (D = 1).
Besides the power softening law (4.32), the power law [66,69] can also be assumed as a gener-
alization of the linear law (4.30) as follows:

D(κ) = 1− κ0

κ

[
κcr − κ
κcr − κ0

]α′
. (4.33)

The exponent α′ is the decay parameter mainly influencing the slope of the stress decrease, i.e.,
it determines the final softening stage close to complete fracture.
By introducing an additional exponent β′ into (4.33), a modified expression of power law [66,
68, 119] is sometimes adopted as

D(κ) = 1−
[
κ0

κ

]β′[
κcr − κ
κcr − κ0

]α′
, (4.34)

where β′ influences mainly the initial rate of the damage growth to have more flexible form.1
Such power softening laws yield stress-strain curves as similar to the curve shown in Fig-2
ure 4.4b.3

Exponential softening laws4

On the other hand, an exponential form of softening preferred by several authors [29, 67, 123]
can be expressed as

D(κ) = 1− κ0

κ
(1− α)− ακ0

κ
e−β(κ−κ0). (4.35)

This law is a slightly modified version of law (4.40). The parameter α ensures the long tail in5
the stress-strain softening curve with residual stresses even if the damage variable approaches6
unity but never reaches the limit value D = 1. The parameter β determines the rate at which7
the damage grows. The higher value implies the faster growth of damage and results in a more8
brittle response [123]. Another simplified form of exponential law [69] can be obtained from9
equation (4.35) by setting α = 1. Such a typical exponential softening law provides stress-10
softening behavior, as depicted in Figure 4.4c.11

In a similar fashion, a more flexible form of the exponential law, which is characterized by the
parameters n1, n2, and β, can be expressed as follows [66]:

D(κ) = 1−
(

1− κ0

κ

)(
0. 01

κ0

κ

)n1

−
(

0. 01
κ0

κ

)n2

e−β(κ−κ0), (4.36)

Further, an another form of the exponential softening, which is based on the Weibull law of

32



4 Local Modeling of Damage

failure probability of microscopic defects [78, 97], is provided by

D(κ) =

{
0 if κ < κ0,

1− e−
[
κ−κ0
κd

]gd

if κ ≥ κ0,
(4.37)

where κd rules how fast D approaches 1 and gd = 2 is a shape parameter [78]. The exponential
damage law [60], which sometimes uses a single parameter β influencing the post-peak region
or the growth of damage, reads as simple as

D(κ) = 1− e−βκ. (4.38)

4.3.5 Damage evolution laws - Two damage variables1

Under the cyclic loading, as the strain increases, the mechanism of the stiffness degradation be-
comes complicated due to the opening and closing of micro-cracks (Unilateral effect). In order
to describe the distinct behavior of concrete in tension and compression and also to account for
the non-linearity in strain-softening, the damage models have to be developed with the coupling
of two independent scalar damage variables, D+ (tensile effect) and D− (compressive effect).
Nonetheless, a single scalar damage variable D can be defined as the weighted sum of D+ and
D− by the kinematics of the damage and a damage evolution law is first proposed in the ex-
ponential form based on the experimental results obtained [103]. The single damage variable
D(κ) reads as

D(κ) = α+D+ + α−D−, (4.39)

D±(κ) = 1− κ0

κ
(1− A±)− A±e−B±(κ−κ0), (4.40)

where α±, A± and B± are characteristic parameters of the material, + represents tension or
traction, and − represents compression.
Instead of the average set in equation (4.39), the damage due to tension from the damage due
to compression can also be distinguished depending on the sign of stress (in the case of cyclic
loading or stress reversal). Thus, two independent scalar damage variables such as D+ for
positive stresses and D− for negative stresses along with the use of split-up of the effective
stress tensors could be used [104, 107].

D(κ) = D+(κ+), (4.41)

D(κ) = D−(κ−), (4.42)

where D(κ) follows the same law as given in equation (4.40), and gets form of equation (4.41)
if crack opens and gets form of equation (4.42) if crack closes. If the loads are complex, the
damage may be a combination ofD+ andD−. But each damage variable results in two different
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loading surfaces respectively.
On the other hand, the damage variable D can also be defined to describe the responses due to
tension and compression (4.43) [42, 43, 93, 94]. Thus, it is modified to incorporate the crack
opening/closing behavior, which is modeled as the elastic stiffness recovery during unloading,
by means of a multiplicative parameter (0 < s < 1) on D+ .

D(κ) = 1− (1−D+)(1−D−), (4.43)

D(κ) = 1− (1− s(σ̄)D+)(1−D−), (4.44)

where s = s(r(ˆ̃σ)) represents the stiffness recovery and r being a weight function of effective
stress, which ranges from 0 in pure compressive loading to 1 in pure tensile loading.
A similar approach, which is inspired from the criteria presented in [103], is adopted to take
the unilateral effect of concrete into account for the damage evolution [30, 62, 63, 149]. These
evolution equations read as

D+(κ+) = 1− κ+
0

κ+
e
−A+

[
1−κ

+

κ+0

]
, if κ+ ≥ κ+

0 (4.45)

D−(κ−) = 1− κ−0
κ−

(1− A−)− A−e
−B−

[
1−κ

−

κ−0

]
, if κ− ≥ κ−0 (4.46)

where A+, A− and B− are material parameters as in [30, 62].
On the contrary, an effective damage variable D can be directly correlated with the thermody-
namic history parameters κ+ and κ− through the driving variable κ [106].

κ = rκ+ + (1− r)κ−, (4.47)

r =

∑〈
σ̃i

〉
∑ |σ̃i|

, (4.48)

D(κ) = 1− κ0

κ
(1− A)− Ae−B(κ−κ0), (4.49)

where r is triaxial factor and σ̃i is ith effective principal stress. A and B are the variables1
determining the shape of the damage evolution laws and subsequently behavioral laws.2

4.3.6 Proposed damage evolution law3

Having various definitions for the evolution of damage, it is essential to adopt a suitable law4
for the damage evolution while various history parameters are available in literature to be con-5
sidered as a driving force for deformation. In the meantime, it is also important whether the6

34
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principle of strain equivalence or the principle of energy equivalence is assumed, since this as-1
sumption becomes a vital role in the strain-softening behavior of material. It is found that the2
existing literature intensively discusses the damage behavior of concrete using the principle of3
strain equivalence, whereas the damage models based on the principle of energy equivalence4
have not been widely discussed so far. Nevertheless, the assumption of energy equivalence has5
advantages over strain equivalence in the case of anisotropic damage description as discussed6
in Section 4.2.2.7

Therefore, a suitable damage evolution law is proposed here to account for the principle of en-
ergy equivalence exclusively based on the analyses performed in this work, which are discussed
in Chapter 5. Such a simplified law similar to Weibull’s failure distribution, which exhibits an
exponential softening, takes the form as follows:

D(κ) = 1−
[κ0

κ

]β1
e
−β2
[
κ−κ0
κ0

]
, (4.50)

where β1 and β2 are model parameters defining the shape of damage evolution or post-peak8
softening. β1 influences the initial rate of damage growth. The higher values of β1 shows9
more brittle response. The exponent β2 is the decay parameter determining the slope of stress10
decrease, in other words ensuring the long tail in the softening curve with residual stresses.11
The lower values of β2 are slower down the damage growth and keep the damage variable12
approaching unity, but the limit value D = 1 never reached.13
It can be noticed from various definitions that the damage variable shows asymptotic behavior14
approaching D = 1 (in the cases of exponential laws), which means that there will never be15
the possibility of complete fracture or failure. But, in the case of linear law or aforesaid power16
laws, the complete fracture (D = 1) is resulted when κ becomes equal to κcr.17

4.3.7 Influence of model parameters18

In order to study the influence of model parameters on the softening behavior of the material,19
tensile loading under 1D-situation is considered to cause homogeneous deformation. In such20
case, κ = ε = ε. The damage evolution and the corresponding stress-strain curves are obtained21
for varying the values of model parameters β1 and β2.22

Figures 4.5 and 4.6 show the damage evolution and stress-strain responses respectively for the23
increasing values of β1, whereas β2 is kept constant as 0.18. It is observed that a higher value of24
β1 makes the initial damage growth faster, as shown in Figure 4.5 and thus leads to more brittle25
response of stress-strain curve, as depicted in Figure 4.6. Moreover, it is worth to mention here26
that the same evolution law (7.2) can be used to model the hardening behavior of concrete as27
well, as Figure 4.6 shows hardening behavior for β1 = 0. 20, which is the case of material28
behavior under compression.29

On the other hand, Figure 4.7 and 4.8 show the damage evolution and stress-strain responses30
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respectively for the increasing values of β2, whereas β1 is kept constant as 0.75. It is noticed1
that a higher value of β2 makes the later damage growth faster, as seen in Figure 4.7 and thus2
results in zero residual stresses in the post-peak regime of the curve, as observed in Figure 4.8.3

4.4 Anisotropic damage4

Since scalar damage variables as in the case of isotropic damage have limitations in describing
the actual state of damage due to micro cracking, the damage induced anisotropy is generally
incorporated in constitutive modeling with the use of the damage variables as vectors or higher
rank tensors [3, 31, 34] and using micro-plane theories [16, 88, 89] in spite of their complica-
tions. Thus, the use of damage effect tensors M(D) of fourth-order in the case of anisotropic
damage is recommended for a more reliable representation of damage of concrete. If the dam-
aged material is modeled using constitutive laws of the effective undamaged material based on
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strain equivalence, then effective stress and resulting effective stiffness tensors are respectively
expressed as

σ̃ = M : σ (4.51)

H̃ = M−1 : H. (4.52)

As seen in Section 4.2, the adoption of strain equivalence thus leads itself to asymmetric com-
pliance or stiffness tensors and loss of integrability. The matrix representation of M of the
symmetric fourth-order tensor is not symmetric in any reference system except the principal
one [34]. Therefore, the incorporation of damage induced anisotropy along with the strain
equivalence necessitates the symmetrizing techniques. On the other hand, the use of the energy
equivalence itself overcomes this issue of symmetry and integrability [39, 111]. According to
the anisotropic damage based on the principle of energy equivalence, the effective stress and
strain tensors are given by,

σ̃ = M : σ; ε̃ = M−Tε. (4.53)

Hence, the symmetric effective stiffness tensor is consequently obtained as follows:

H̃ = M−1 : H : M−T . (4.54)

The tensor M is generally in a diagonal matrix form. There are various definitions available
for this tensor [111, 147] and the references therein. For example, the damage effect tensor
M(D), which is in terms of damage tensorD, can be mathematically represented as (in matrix
notation)

M(D) =



1
1−D1

0 0 0 0 0

0 1
1−D2

0 0 0 0

0 0 1
1−D3

0 0 0

0 0 0 1

1−D2+D3
2

0 0

0 0 0 0 1

1−D3+D1
2

0

0 0 0 0 0 1

1−D1+D2
2


. (4.55)

The tensor components are concerned with the orthonormal basis in the principal directions ~ni

of the damage tensor D. It is assumed such that the principal directions of D coincide with
the principal directions of stress field at the specified material element and their corresponding
three principal damages are D1,D2,D3 [33]. Thus, the symmetric second-order damage tensor
D is written in principal coordinate system as follows:

D =

 D1 0 0

0 D2 0

0 0 D3

 (4.56)
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Furthermore, the damage tensorD and the damage effect tensor M(D) of principal coordinate
system (4.55) can still be transformed into any arbitrary coordinate system based on the coor-
dinate transformation law [34]. Consequently, the damage tensor can be written in terms of
generalized coordinate system as

D′ =

 D1 D6 D5

D2 D4

sym D3

 (4.57)

The damage tensor D′ (4.57) can also be written conveniently in Voigt notation like second-
order symmetric stress and strain tensors as

D′ =
{
D1 D2 D3 2D23 2D13 2D12

}T
. (4.58)

Similarly, the damage effect tensor of arbitrary system M′(D′) can be easily obtained [34].
However, the evolution of principal damages can be described as discussed in Section 4.3. In
this fashion, the evolution of damage Di along ith principal direction is driven by the history
deformation parameter κi along its corresponding direction. It is thus expressed as

Di = Di(κi). (4.59)
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5 Choice of State Variables1

The past decades of research show that the local deformation state variable ζ has been rec-2
ognized as the damage energy release rate Y or the states of strain with growth of damage3
(equivalent strain ε) or the effective stress σ̃ or the equivalent stress σ̃eq. It represents the local4
measure of deformation of the material at a point of continuum under consideration. Thus, it5
is later related to the damage history deformation parameter κ. Subsequently, it necessitates6
the analysts to ensure a parameter, which is more relevant and appropriate to be assumed as7
the local measure of deformation driving the degradation of the material. Hence, this chapter is8
devoted for the analysis of the elasticity based damage model in which an isotropic damage is9
driven by different state variables as history parameters to understand the material behavior at10
a point under uniaxial setting and also to recommend a more suitable history parameter for the11
better description of the strain-softening behavior realistically.12

5.1 Available history parameters13

There are four approaches widely adopted in the literature for the assumption of the history pa-14
rameter. For the actual expression of local measures, reader may refer to the quoted references.15

Approach 1 ζ = Y , as the damage energy release rate16

κ is related to the scalar measure of the damage energy release rate Y , which follows equa-
tion (4.16) [103, 107, 126, 138, 149]. According to the second law of thermodynamics or the
Clausius-Duhem inequality, ϕ ≥ 0, the rate of damage, Ḋ ≥ 0 is always satisfied, since Y is a
positive-definite function of ε. Then, the damage loading function f is written as

f = f(Y, κ) = Y − κ(Y ). (5.1)

In one-dimensional cases, Y is defined as

Yse =
1

2
Eε2, (5.2)

Yee = (1−D)Eε2, (5.3)

using strain equivalence (4.8) and energy equivalence (4.9) respectively.17

Approach 2 ζ = ε, as the damage equivalent strain18

To represent the equivalence between the uniaxial and multiaxial states of strain and to consider
their effect on the development of damage, and if the damage criterion defines the strain states
with the potential increase of damage, the scalar measure of local deformation called damage
equivalent strain or local equivalent strain denoted by ε is considered as κ [28, 67, 107, 123].
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Then, the damage loading function f takes a form as

f = f(ε, κ) = ε− κ(ε). (5.4)

In one-dimensional cases, ε will be taken equal to the total applied strain ε, i.e., ε = ε.1

Approach 3 ζ = σ̃i, as the effective stress2

The damage growth is sometimes related to the effective stress as the damage causes the de-
crease in the Cauchy stress. If the split-up of the effective stress is considered to account for the
unilateral behavior of damaged concrete, κ can be related to the effective stress σ̃i [104]. Then,
the damage loading function f is given by

f+ = f(σ̃+, κ) = σ̃+ − κ+(σ̃+); f− = f(σ̃−, κ) = σ̃− − κ−(σ̃−). (5.5)

In one-dimensional cases, σ̃i = σi

1−D , where i= +/− represents tension/compression.3

Approach 4 ζ = σ̃i
eq, as the equivalent stress4

In order to clearly define the concepts of loading, unloading or reloading, the scalar positive
quantity termed as the equivalent stress is introduced as a consequence of the stress split-up.
Thus, κ can also be related to the scalar measure of the equivalent stress σ̃i

eq [62, 63]. Then, the
damage loading function f is expressed by,

f+ = f(σ̃+
eq, κ) = σ̃+

eq − κ+(σ̃+
eq); f− = f(σ̃−eq, κ) = σ̃−eq − κ−(σ̃−eq). (5.6)

In one-dimensional cases, σ̃i
eq = σi

(1−D)
√
E

, where i= +/− represents tension/compression.5
A comparison of suitability analysis using a 1D material damage model based on these afore-6
mentioned approaches with selected damage evolution laws under the assumption of both the7
equivalence principles is discussed in the following section.8

5.2 Analysis of 1D isotropic damage model9

In order to study the influence of the history parameters on the softening behavior of the mate-
rial, a pure tensile loading under 1D-setting is considered to cause the homogeneous deforma-
tion. Accordingly, the stress-strain relations (4.8, 4.9) for the linear elasticity within the context
of continuum damage theory based on the strain and energy equivalence principles reduce re-
spectively to

σse = (1−D)Eε, (5.7)

σee = (1−D)2Eε. (5.8)

The axial total strain ε is monotonically increasing. The deformation history parameter κ of10
those models is adopted as equal to the various state variables ζ with the damage evolution11
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laws such as the linear softening law (4.30), the exponential law (4.35), the modified power1
law (4.34), and the proposed softening law (4.50) using the principle of strain equivalence,2
which is inconsistent, as well as the principle of energy equivalence. The damage evolution3
and the corresponding simulated stress-strain curves obtained from the numerical analyses are4
compared with the experimental stress-strain curve [84], as shown in Figures 5.1-5.8. The5
material properties E = 31. 7 [GPa] and ν = 0. 2 are taken from the experimental data [84].6
The set of selected material dependent parameters such as α, β, α′, β′, β1, β2, and the initial7
damage threshold κ0, the critical damage threshold κcr, and the final threshold κf are given in8
Table 5.1.9

Table 5.1: Material parameters for different state history variables

History
Parameter

Linear softening
law (4.30)

Exponential law
(4.35)

Mod. power law
(4.34)

Proposed law
(4.50)

κ = ε

[−]

- α = 0. 96 α′ = 5 β1 = 1. 1

- β = 11000 β′ = 0. 9 β2 = 0. 18

κ0 = 1. 15×10−4 κ0 = 1. 15×10−4 κ0 = 1. 15×10−4 κ0 = 1. 15×10−4

κcr = 3× 10−4 κcr = Nil κcr = 5. 8× 10−4 κcr = Nil
κf = 6× 10−4 κf = 6× 10−4 κf = 6× 10−4 κf = 6× 10−4

κ = Y

[MPa]

- α = 0. 96 α′ = 5 β1 = 1. 1

- β = 11000 β′ = 0. 9 β2 = 0. 18

κ0 = 4× 10−4 κ0 = 4× 10−4 κ0 = 4× 10−4 κ0 = 4× 10−4

κcr = 110× 10−4 κcr = Nil κcr = 110× 10−4 κcr = Nil
κf = 114× 10−4 κf = 114× 10−4 κf = 114× 10−4 κf = 114× 10−4

κ = σ̃

[MPa]

- α = 0. 96 α′ = 5 β1 = 1. 1

- β = 11000 β′ = 0. 9 β2 = 0. 18

κ0 = 3. 5 κ0 = 3. 5 κ0 = 3. 5 κ0 = 3. 5

κcr = 18 κcr = Nil κcr = 18 κcr = Nil
κf = 38 κf = 38 κf = 38 κf = 38

κ = σ̃eq
[ MPa√

MPa
]

- α = 0. 96 α′ = 5 β1 = 1. 1

- β = 11000 β′ = 0. 9 β2 = 0. 18

κ0 = 0. 02 κ0 = 0. 02 κ0 = 0. 02 κ0 = 0. 02

κcr = 0. 1 κcr = Nil κcr = 0. 1 κcr = Nil
κf = 0. 25 κf = 0. 25 κf = 0. 25 κf = 0. 25

5.3 Results and discussions10

Remark 1 The results shown in Figures 5.1 and 5.2 correspond to the assumption that the11
deformation of the material is driven by the damage equivalent strain ε equal to the applied total12
strain ε based on the strain and energy equivalence respectively. It is observed from Figure 5.1a13

41



that the damage evolutions are more or less similar even though damage variables take three1
different definitions such as linear softening (4.30), exponential softening (4.35) and modified2
power law (4.34). The strain-softening behaviors of the model based on the principle of strain3
equivalence (5.7) using the respective damage evolution are compared with the experimental4
stress-strain curve [84] in Figure 5.1b. It is clear that strain-softening models based on (4.30)5
and (4.34) result in zero stress after certain strain as the complete fracture is assumed to occur6
when the threshold reaches critical value. On the other hand, the model based on the exponen-7
tial softening (4.35), which leads to certain residual stresses in the final regime as the damage8
is assumed to approach unity asymptotically, may seem to be realistic. Based on the results of9
existing damage models and the reproduced results, as illustrated in Figure 5.1, the strain equiv-10
alence provides good results for the chosen material properties and chosen material dependent11
parameters.12

Nevertheless, consideration of the energy equivalence (5.8) leads to a more realistic behavior13
than the strain equivalence principle, as both the stress and strain distributions are influenced. In14
order to illustrate that the stress-softening behavior of the model based on such damage evolu-15
tion using the energy equivalence is studied and the results are shown in Figure 5.2b. It indicates16
that the energy equivalence provides better identical stress-strain behavior of the material than17
the strain equivalence, but such predicted curves reveal that the damage development is much18
faster than the experimental damage development for the same set of material properties and19
parameters, and registering zero residual stresses soon after reaching critical thresholds. Thus,20
the results based on the damage evolution laws (4.30), (4.35) and (4.34) provide earlier predic-21
tion of damage leading to collapse when the energy equivalence is used, which is contrast to the22
case of strain equivalence.23

Hence, the introduction of the new softening law (4.50), which is exclusively meant for the24
energy equivalence, is proposed. The predicted stress-strain curves of the material model based25
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Figure 5.1: Principle of strain equivalence (κ = ε)
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5 Choice of State Variables

on (4.50) using both the equivalence principles are depicted in Figures 5.1b and 5.2b respec-1
tively in which the simulated softening behavior predicted by the proposed law (4.50) using the2
energy equivalence agrees well with experimental curve.3

Remark 2 If the material deformation is driven by the damage energy release rate Y based4
on the strain equivalence (5.7), it is clear from equation (4.16) that Y is totally dependent5
on the applied total strain ε. The material properties and material dependent parameters used6
are kept unchanged here. For the selected and proposed damage evolution laws, the damage7
evolution and the corresponding simulated stress-strain curves are obtained, as shown in Fig-8
ures 5.3 and 5.4. It is observed from Figure 5.3b that the softening regime in the present case9
using the linear softening law (4.30) is no more linear as predicted in Approach 1 using the strain10
equivalence, but it could be used, since it moderately shows nonlinear behavior and also almost11
agrees with experimental results. At the same time, the modified power law (4.34) predicts the12
softening behavior as resulted in the Approach 1 using the strain equivalence. In a similar way,13
the proposed law (4.50) predicts the softening as modified power law (4.34). Nonetheless, both14
the laws result in zero residual stresses at the final region thus leading to complete fracture. By15
contrast, the exponential law (4.35) with κ = Y results in faster growth of damage showing16
very brittle response and also causes minimum residual stresses.17

Remark 3 and 4 When the material deformation is driven either by the effective stress σ̃ or by18
the effective equivalent stress σ̃eq based on both the equivalence principles (5.7), Figures 5.5-19
5.8 exemplify that the damage evolution and the softening behaviors are almost identical. But20
various softening responses are obviously observed with respect to the damage evolution laws.21
The modified power law (4.34) predicts the softening closely but resulting in vanishing stresses22
in the final regime. In the case of exponential law (4.35), the stress drops suddenly to a mini-23
mum without showing any gradual decrease soon after the initiation of the damage, and there-24
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after residual stresses are observed. Further, the linear softening law (4.30) and the proposed1
law (4.50) show softening responses, which are not consistent in both approaches.2

It is really interesting to notice that the softening responses under the assumption of strain3
equivalence in the case of modified power law (4.34) are identical irrespective of the selection4
of history parameters even though it results in vanishing stresses or complete fracture. But it is5
not the case under the assumption of energy equivalence.6

Furthermore, when the energy equivalence is assumed, the models based on the history param-7
eters such as Y , σ̃, and σ̃eq provide unintended softening responses, which are highly spuri-8
ous. These imply that all the adopted damage evolution laws are not appropriate to simulate9
the exact material behavior with the chosen model parameters under the assumption of energy10
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Figure 5.5: Principle of strain equivalence (κ = σ̃)
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Figure 5.6: Principle of energy equivalence (κ = σ̃)

equivalence even though these laws have been adopted in various models under the assumption1
of strain equivalence.2

The mechanism of micro-cracking of concrete reveals that the large strains mainly occur due3
to the initiation of micro-cracks. Subsequently, the failure of material specimen occurs due to4
a micro-crack traversing across the entire cross-section and separating the specimen into two5
parts leading to opening the crack up. Consequently, the material stiffness decreases with the6
increase in strain thus leading to the changes in stress-strain relationships [61].7

Moreover, it is understood that the displacement or deformation is primarily considered as a8
fundamental measure and can be measured directly without any other physical quantity, since9
both are defined as the total or relative movement of any material point in a body. As the10
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Figure 5.7: Principle of strain equivalence (κ = σ̃eq)
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Figure 5.8: Principle of energy equivalence (κ = σ̃eq)

damage equivalent strain ε and the damage energy release rate Y are positively based on the1
development of strain or deformation, these could directly be related to the damage and its2
growth. Nonetheless, the definition of the energy release rate Y could lead to the non-physical3
response, since it gives a slight development of damage at the notch [123].4

Therefore, the damage equivalent strain ε would be more appropriate to be assumed as a history5
deformation parameter than the derived quantities such as the damage energy release rate Y , the6
effective stress σ̃ or the equivalent effective stress σ̃eq in order to describe the behavior of micro-7
cracking and opening-up of cracks in concrete effectively, since it can obviously be estimated8
from the strain, which is an independent measure.9
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6 Extension to Nonlocal Modeling of Damage

6 Extension to Nonlocal Modeling of Damage1

Most of the brittle heterogeneous materials like concrete, rocks exhibit a progressive damage2
failure due to distributed cracking and thus result in negative stiffness after reaching the peak3
stress. This typical behavior is generally termed as strain softening in the structural analy-4
ses. Continuum damage mechanics has recently become a popular and promising approach5
to model this kind of material behavior. Subsequently, the implementation of such local con-6
tinuum damage models in FEM programs causes numerical difficulties such as ill-posedness7
of boundary value problems and damage localization to a vanishing volume (line or surface),8
consequently leading to vanishing dissipation of energy and mesh dependency due to negative9
stiffness. Hence, this chapter is devoted to discuss the fundamental issues of the localization10
of deformation related to the finite element implementation and the significance of nonlocal11
phenomena by incorporating an internal length. Afterwards, few regularization methods have12
been discussed. Additionally, a brief comparison of gradient-enhanced damage models and13
phase-field models has also been provided.14

6.1 Significance of nonlocal phenomena15

In this section, the issues why classical continuum models suffer from the extensive mesh de-16
pendency, the localization of deformation, and the other numerical difficulties [49, 111] are17
discussed in a mathematical point of view. In addition, a few numerical results are also dis-18
cussed demonstrating how the incorporation of a characteristic internal length in the continuum19
models enriches the ability of the models to allow the localization of deformation without losing20
well-posedness of the rate boundary value problem.21

6.1.1 Material instability22

According to the stability criterion [49, 73, 111] in the mechanical point of view, the inner
product of the stress rate σ̇ and the strain rate ε̇ is always positive

ε̇T σ̇ > 0. (6.1)

When the strain softening occurs, this inner product (6.1) becomes negative. Thus, the driving23
force causing the localization phenomena is a material instability due to the violation of the24
stability criterion by the constitutive relationship. Moreover, the predominant load-carrying25
mechanism of material (multi-axial) due to the frictional effects in pre-cracked concrete may26
result in a non-symmetric constitutive relation. Thus, the loss of symmetry between the stress27
rate and strain rate tensors can also lead to the material instability.28

Mathematically, the stability condition according to Hill [73] for a stable material having a
material tangential tensor H(D), which in general could be non-symmetric, and an isotropic
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damage D can be written as

ε̇T H(D) ε̇ > 0. (6.2)

Consequently, the condition for the onset of the material instability can be given by

ε̇T H(D) ε̇ = 0. (6.3)

In other words, the existence of a non-trivial solution of equation (6.3), leads to loss of positive-
definiteness of the material as∣∣∣H(D) + H(D)T

∣∣∣ = 0. (6.4)

6.1.2 Structural instability1

Structural instability can be a consequence of the material instability. Hill’s stability criterion
for a structure occupying a volume V can be written as∫

V

ε̇T σ̇ dV > 0, (6.5)

for all kinematically admissible strain rate tensors ε̇ [49]. Supplying the stress-strain relation in
the above integral (6.5), the condition, which guarantees the structural stability, becomes∫

V

ε̇T H(D) ε̇ dV > 0. (6.6)

Besides the equality of the above condition (6.6), the onset of the structural instability is pro-
vided by∫

V

ε̇T H(D) ε̇ dV = 0. (6.7)

Subsequent application of the finite element discretization of (6.7) leads to

ḋ
T
K ḋ = 0, (6.8)

whereK is the structural stiffness matrix and d is the vector of nodal displacements. If there is
a possibility of a non-trivial solution of the above equation (6.8), K will become singular. As
a result, the loss of positive-definiteness of K associated with the structural instability can be
given by∣∣∣K +KT

∣∣∣ = 0. (6.9)

Thus, it is evident that the structural stiffness matrixK may cease to be positive-definite due to2
the local loss of positive-definiteness of the material tangent matrix H(D) .3
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6 Extension to Nonlocal Modeling of Damage

6.1.3 Loss of uniqueness1

In the case of post-failure computations, it is most important to ensure that uniqueness of the
solution is not violated while following the post-peak equilibrium path. That means that, at the
same level, there do not exist other equilibrium states at a lower energy level [49]. Any stress
state of a structure must satisfy an equilibrium condition, which is written in rate form as

∇ · σ̇ + ρ ḃ = 0. (6.10)

Suppose the uniqueness is violated, there must be two different stress rates σ̇A and σ̇B satisfying
the above condition (6.10). Subsequently, one can obtain

∇ · σ̇A + ρ ḃ−
(
∇ · σ̇B + ρ ḃ

)
= 0, (6.11)

∇ · σ̇A −∇ · σ̇B = ∇ ·∆σ̇ = 0, (6.12)

where ∆ refers to the difference between the two stress states. Thereupon, the weak form of
equation (6.12) using the rate form of the stress-strain relation and also using a weight function
δε̇ can be expressed as follows:∫

V

δε̇T H(D) ∆ε̇ dV = 0. (6.13)

Performing the finite element discretization of equation (6.13) leads to the system of equations

δdT K∆ḋ = 0, (6.14)

whereK is structural stiffness matrix and ∆ḋ is the vector of increments of nodal displacement
rates for any virtual displacement field δd. Thus, multiple solutions exist if and only if the
condition (6.14) is satisfied. In addition, a possible non-trivial solution of the condition (6.14)
can be given as∣∣∣K∣∣∣ = 0. (6.15)

The condition (6.15) is valid for a symmetric material tangent tensor H(D) as the notions of2
the loss of stability and the loss of uniqueness coincide. In the case of a non-symmetric tensor3
operator, the loss of stability (6.9) precedes the loss of uniqueness (6.15) [49].4

On the other hand, unique solutions are possible at a material point under consideration as long
as the stress increases monotonically with increasing strain. In such a way, a condition for the
local uniqueness becomes valid, which can be written in rate form as

σ̇ = H(D) ε̇ > 0. (6.16)

Thus, the uniqueness of deformation is guaranteed as far as the condition (6.16) is satisfied. On
the other hand, if σ̇ = 0, then a non-trivial solution is possible only when the material tangent
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tensor H(D) becomes singular [49]. Accordingly, the loss of uniqueness can be mathematically
expressed as∣∣∣H(D)

∣∣∣ = 0. (6.17)

6.1.4 Loss of ellipticity1

The crucial consequence of the material instability or the loss of positive-definiteness of the
material tangent matrix H(D) may lead to not only structural instability but also a loss of ellip-
ticity of the equilibrium rate equations. To achieve the well-posedness of the rate equilibrium
equations, ellipticity for static loadings or hyperbolicity for dynamic loadings is a necessary
condition [49, 95]. For a well-posed problem, the ellipticity condition can be mathematically
written in matrix form as

nT H(D)n > 0, (6.18)

if there exists a normal vector n of discontinuity of the material a having tangential symmetric
matrix H(D). Due to the loss of positive-definiteness of the tangent matrix H(D), the local con-
tinuum damage models cause the loss of ellipticity, which means that equation (6.18) becomes

∣∣∣nT H(D)n
∣∣∣ = 0. (6.19)

If small deformations and strains are assumed, then the loss of material stability expressed
by (6.4) is valid and becomes a necessary condition for the loss of ellipticity [49]. In order to
prove that, if strain rate field ε̇ with an arbitrary vectorm is given by

ε̇ =
1

2
(nimj + njmi), (6.20)

then loss of material stability (6.3) leads to mi nj Hijkl mk nl = 0. Thus, this condition is valid
for any arbitrarym if and only if∣∣∣12nT (HT + H)n

∣∣∣ = 0. (6.21)

The condition (6.21) is satisfied, if the material instability exists. It means that the loss of2
ellipticity can only occur if the loss of material stability occurs.3

6.1.5 Mesh sensitivity analysis4

The strain softening is usually modeled as a negative slope in the stress-strain diagram within the5
context of classical continuum damage theory and in turn the matrix of tangential moduli ceases6
to be positive-definite. As a result, the local modeling of strain softening damage subsequently7

50
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tends to localize in a zone of vanishing volume and the failure at zero energy dissipation upon1
mesh refinement. This is physically unacceptable, since the energy dissipation per unit volume2
is always finite. Thereupon, the localization due to the strain softening leads to the finite element3
solutions exhibiting spurious mesh sensitivity [17, 20, 52, 126].4

Figure 6.1 depicts the numerical load-displacement responses of the local and nonlocal damage5
models (nonlocal integral method) of an elastic bar of length L consisting of n constant sized6
linear elements subjected to compression [126]. The response curves of sufficiently small el-7
ements exhibit snap-back, and apparently the mesh refinement gives very different results, as8
shown in Figure 6.1a. Thus, the local damage theory suffers from spurious mesh sensitivity.9
Figure 6.1b shows distinctly that the values of dissipated energy due to the local modeling of10
damage declines as the mesh refines, and approximately converges to zero as n tends to infinity.11
This is practically unacceptable. On the other hand, a nonlocal regularization of the local model12
leads to mesh-insensitive results, as observed in Figure 6.1a and a finite energy dissipation, as13
shown in Figure 6.1b.14
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Figure 6.1: Local and nonlocal computations using bar elements (1D) [126]

On the other hand, a square plate with a central circular hole was examined using local and non-15
local averaging methods [52]. The plate was supported at one side and loaded with a prescribed16
displacement at the opposite side. But only the upper right quarter plate of various meshes has17
been considered in the analysis due to its symmetry. Figure 6.2 shows the total tensile forces18
plotted against the prescribed displacement of the upper edge of the quarter plate corresponding19
to the local and nonlocal modeling of the plate under a plane stress configuration. The mesh20
refinement obviously leads to mesh-dependent softening curves, as shown in Figure 6.2a. Addi-21
tionally, damage distributions obtained in two different meshes from the local modeling are also22
depicted in Figure 6.3. As a consequence, vanishing energy dissipation due to damage causes23
apparently damage localization in an area with decreasing volume. By contrast, Figure 6.2b24
displays the numerical responses that are converged upon the mesh-refinement by the nonlocal25
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regularization of averaging strains.1

As discussed, the above numerical examples of the bar and plane elements prove that the lo-2
cal softening damage models are incapable of describing the behavior of the localization phe-3
nomena of the chosen material realistically. Therefore, the nonlocal regularization of any local4
model must be done in order to describe the material behavior correctly. However, for a detailed5
analysis of failure mechanisms, the damage models must be, of course, in three-dimensional to6
have a better understanding of deformation behavior. Meanwhile, in the case of the localization7
problem, three-dimensional local damage models are not exceptional because they also lead to8
physically inconsistent results.9

In order to visualize the localization of deformation into a volume equivalent to the mesh size,10
a one-dimensional bar of size 50 [mm] × 1 [mm] × 1 [mm] is analyzed under a pure tensile11
loading. The bar is discretized along the loading direction with n number of constant sized12
brick elements (Hex8). In order to trigger the damage localization, the initial damage threshold13
value κ0 is only set to the center element of the bar, whereas the other elements in the rest of the14
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Figure 6.4: Local computations obtained using solid brick elements for linear law (4.30) and proposed law (4.50).
(a,b) Stress-deformation curves and (c,d) Damage distributions at two different load steps

bar are allowed to behave elastically. The local modeling of material behavior is adopted using1
two different damage softening laws (4.30, 4.50) to display similar trending curves with salient2
features of the isotropic damage model discussed in Chapter 7. Adopted material parameters3
(Data 2) and model parameters are provided in Table 10.1.4

The numerical stress-displacement curves for various meshes are depicted in Figure 6.4. The5
resulting curves corresponding to the use of the linear softening law and the proposed softening6
law are shown in Figures 6.4a and 6.4b respectively. It is undeniably observed in Figures 6.4a7
and 6.4b that the softening curves of every mesh are not converging and thus the non-unique8
responses are physically unacceptable any more. Moreover, the sudden drop of stresses to9
minimum residual stresses observed are due to the assumption of energy equivalence. Mesh-10
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dependent solutions are obviously due to the fact that the localization of deformation occurs1
with the width equal to the mesh size, which can be undoubtedly viewed from Figures 6.4c2
and 6.4d. Thus, it displays typical differences of damage distributions obtained along the bar at3
two different load steps. It is indeed clear that the width of localization differs upon the mesh4
refinement and turns into the size of element in the respective mesh. As a consequence, it leads5
to unlimited small dissipation of energy for the damage growth in the material. Thus, the energy6
dissipation related to its deformation bandwidth is governed by the size of the element. Hence,7
regularization of the local damage models are very essential to avoid such material instabilities8
and other consequences in the numerical calculations.9

6.2 Methods of regularization10

In order to avoid such spurious results due to the mesh-dependency and the material instabilities11
in numerical investigations of the local continuum theories and to preserve the well-posedness12
of the boundary-value problems, the scheme of procedure used to introduce an internal length13
scale is called regularization [49, 111]. As discussed in Section 2.2, the regularization can be14
done in several ways such as:15

• by limiting the size of finite element meshes (the Crack Band model [19] or the cell16
model [25]),17

• by introducing the mesh-dependent softening modulus [111],18

• by incorporating the couple stress and microplane-gradient tensors besides the stress19
and strain tensors to retain the ellipticity even after the onset of the material instability20
(Cosserat continuum [22, 49, 111]),21

• by adding rate-dependent terms into the constitutive relations (artificial viscosity [49,22
111]) in the problems of transient loadings, and23

• by employing nonlocal damage theories [18, 52, 126] using an integral form with a non-24
local weight function or gradient dependent theories for the problems of transient analy-25
sis [92], plasticity theories [45, 49, 110], and damage theories [36, 44, 119].26

Nevertheless, this section presents a summary of few successfully implemented popular tech-27
niques among the scientific community based on the research developments [18, 49, 111, 119].28

6.2.1 Nonlocal integral method29

Any nonlocal variable ζ̂ at any material point x can be written as the weighted average of its
local counterpart ζ over its surrounding volume domain V [18, 89, 119, 126]:

ζ̂(x) =
1

V

∫
V

g(ξ)ζ(x+ ξ) dV, (6.22)
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6 Extension to Nonlocal Modeling of Damage

where the vectorial variable ξ represents the distance from the point x to a point in its vicinity
over an infinitesimal volume dV and g(ξ) is a certain weight function decaying smoothly with
distance. This weight function can be assumed as, for example, any polynomial function or
sometimes as Green function

g(ξ) =
1

2 l
exp

(
−ξ
l

)
, (6.23)

or popularly as Gaussian distribution function

g(ξ) =
1(

l
√

2π
)Ndim

exp

(
− ξ

2

2l2

)
, (6.24)

where Ndim is the number of spatial dimensions and the length parameter l governs the volume
domain in which significant nonlocal interactions in the vicinity exist. It must therefore be
interpreted as an internal length scale of the microstructure of the material. Furthermore, it is
also often necessary that the weight function g(ξ) must satisfy the normalizing condition

1

V

∫
V

g(ξ) dV = 1, (6.25)

to ensure that the nonlocal operator does not alter a uniform field. Thus, the local continuum is1
resumed when l→ 0 as ζ̂ equals ζ for homogeneous strain states.2

Thus, the application of the nonlocal integral method works well to provide mesh-insensitive3
results, as shown Figure 6.1a and also leads to the finite dissipation of energy, as observed in4
Figure 6.1b. The weakest portion of the material or the maximum damage can be easily identi-5
fied by the maximum value of nonlocal variable field. Nonetheless, the implementation of the6
nonlocal integral models in FEM programs may be computationally ineffective because there7
is a need of global averaging and the linearization of such equations are not easily straightfor-8
ward [122]. An appropriate way to such nonlocal integral models was later proposed by using9
the gradient terms [92, 110] and the application of gradient terms in the local damage models10
have also been formulated [119, 123], which will be discussed in the next section.11

6.2.2 Gradient methods12

6.2.2.1 Explicit gradient method13

According to [89, 92, 110, 119], the nonlocal integral equation (6.22) can be approximated by a
partial differential equation. Therefore, the corresponding local variable ζ of (6.22) is expanded
using its Taylor series and is given by

ζ(x,ξ) = ζ(x) +∇(1) ζ(x) · ξ(1) +
1

2!
∇(2) ζ(x) ·(2) ξ(2) +

1

3!
∇(3) ζ(x) ·(3) ξ(3)
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+
1

4!
∇(4) ζ(x) ·(4) ξ(4) + . . . , (6.26)

where ∇(i) and ·(i) represent the ith order gradient operator and the ith order inner product
respectively; ξ(i) refers to the i factor dyadic product ξξ . . . ξ. Subsequent substitution of (6.26)
in (6.22) yields the following form of nonlocal variable:

ζ̂(x) =
1

V

∫
V

g(ξ)ζ(x) dV +
1

V

∫
V

g(ξ)∇ ζ(x) · ξ dV

+
1

2!V

∫
V

g(ξ)∇(2) ζ(x) ·(2) ξ(2) dV

+
1

3!V

∫
V

g(ξ)∇(3) ζ(x) ·(3) ξ(3) dV + . . . (6.27)

Assuming an isotropic influence of the averaging equation, the integrals of the odd terms
in (6.27) vanish and further truncation of the higher order terms of Taylor series after quadratic
term gives

ζ̂(x) =
1

V

∫
V

g(ξ)ζ(x) dV +
1

2!V

∫
V

g(ξ)∇(2) ζ(x) ·(2) ξ(2) dV, (6.28)

and subsequent transformation into the partial differential equation yields

ζ̂(x) = ζ(x) + c∇2 ζ(x), (6.29)

where∇2 denotes the Laplacian operator and c is a coefficient, which can be determined by the
weight function g(ξ) and the averaging volume V . The above gradient equation (6.29) will be
simply given in the form as follows:

ζ̂ = ζ + c∇2 ζ, (6.30)

where c can be defined as a gradient parameter of a length squared such that an internal length is1
incorporated in the gradient formulation. As the nonlocal variable ζ̂(x) is explicitly depending2
on the Laplacian of the local variable in (6.30), this method is called as Explicit gradient method.3
However, the consequence of explicit dependence on the Laplacian of the local variable leads to4
complications in embedding (6.30) in the finite element analysis as it leads to the C1 continuity5
requirements of displacement fields. Hence, such continuity requirements of equation (6.29)6
can be avoided by an implicit method [60, 121].7

6.2.2.2 Implicit gradient method8

According to [60, 121], equation (6.29) is differentiated twice and subsequently reordered as

∇2 ζ(x) = ∇2 ζ̂(x)− c∇4 ζ(x), (6.31)
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6 Extension to Nonlocal Modeling of Damage

and subsequently substituting (6.31) into (6.29) yields

ζ̂(x) = ζ(x) + c∇2 ζ̂(x)− c2∇4 ζ(x). (6.32)

Further simplification of (6.32) gives the gradient equation of second-order accuracy as similar
to (6.30) as follows:

ζ̂ − c∇2 ζ̂ = ζ, (6.33)

where c denotes again the gradient parameter of the length squared as in the previous case.
This parameter can also be considered as a dependent parameter on the local strain or damage
level [67]. Though the above equation (6.33) treats the nonlocal variable ζ̂ as an independent
variable implicitly, it enables a straightforward C0-continuous finite element approximation.
However, an additional boundary condition concerning the nonlocal variable ζ̂ becomes neces-
sary to solve the averaging partial differential equation (6.33). From a mathematical point of
view, the boundary can be specified in form of either a Neumann type or a Dirichlet type

∇ ζ̂ · n = ζ̂p
n or ζ̂ = ζ̂p on the boundary Γb, (6.34)

where n denotes the external normal unit vector at every point in the boundary of consider-
ation. Nevertheless, the physical interpretation of the additional boundary conditions is still
unresolved. Therefore, according to [92, 110, 119], a simple natural boundary condition can be
adopted as

∇ ζ̂ · n = 0, (6.35)

at every point of the boundary. Thus, the assumption of the boundary condition (6.35) en-1
sures that the average of the nonlocal variable ζ̂ over the entire domain equals that of its local2
counterpart ζ as the gradient vanishes [121, 123].3

6.2.3 Phase-field method: A special case of gradient method4

From the past two decades, the phase-field modeling of fracture has also become popular among5
the scientific community. Phase-field models and gradient-enhanced damage models seem to6
be dissimilar approaches to fracture problems [50]. However, both the approaches are the kinds7
of regularizing the fracture models.8

According to the phase-field approaches in view of fracture mechanics concept, the basic idea
is to approximate the sharp crack discontinuity Γ by a smeared surface Γl using a phase-field
(crack field) variable d̂, which describes the phase field within the range 0 ≤ d̂ ≤ 1. Following
the notations used in the nonlocal integral or gradient damage models discussed previously, the
hat (̂·) here indicates the regularized/spatially averaged variable considered. Hence, d̂ = 0 rep-
resents the undamaged or intact state of the material, whereas d̂ = 1 denotes the fully damaged
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or broken material as similar to the definitions of commonly adopted damage variable in con-
tinuum damage mechanics. In a multi-dimensional setting, the discontinuity Γ is approximated
by the functional Γl

Γl =

∫
V

γl dV =

∫
V

1

4l

(
d̂2 + 4l2∇d̂ · ∇d̂

)
dV, (6.36)

where γl is the crack surface density function and l the length scale parameter.1

According to [50,64], if a volume V having an internal discontinuity boundary Γd is considered,
then the potential energy Ψpot for the case of a discrete description of brittle fracture based on
the Griffth’s theory is given by

Ψpot =

∫
V

ψe(ε) dV +

∫
Γd

Gc dA, (6.37)

where ψe(ε) is the elastic energy density function of the infinitesimal strain tensor ε; Gc repre-
sents the fracture energy, which is the amount of energy dissipated during the fracture process
upon the creation of a unit of fracture surface. In order to regularize crack topology, the work
required to create a unit crack surface area is expressed by∫

Γd

Gc dA ≈
∫
V

Gc γl(d̂,∇d̂) dV, (6.38)

as a volume integral in terms of the phase-field variable d̂ and the fracture energy Gc. Now,
as similar to damage mechanics, the evolution of phase-field variable has been related to the
growth of crack so as to model the loss of stiffness after the peak stress. Hence, a degradation
function h(d̂) is introduced like the damage evolution laws adopted in the damage models. In
addition, h(d̂) must satisfy certain conditions [108] to ensure damage propagation and limit the
value of d̂ by an upper bound (equal to 1). In most models, h(d̂) is adopted as a quadratic
polynomial [50] as follows:

h(d̂) = (1− d̂)2. (6.39)

This function now will enter into the elastic energy density function to represent the damaged
state [27], which is given by

ψe(ε,d̂) = h(d̂)ψ0(ε) (6.40)

This formulation is further refined to consider the additive decomposition of elastic energy of the
undamaged state ψ0(ε) into a damaged part and an intact part [109], i.e ψ0(ε) = ψd

0(ε)+ψi
0(ε),

in such a way that the influence of degradation is only on the damaged part:

ψe(ε,d̂) = h(d̂)ψd
0(ε) + ψi

0(ε) (6.41)

Substituting equations (6.38) and (6.41) into equation (6.37) gives the total potential energy of
the smeared formulation for brittle fracture Ψpot and subsequently minimizing the resulting total
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6 Extension to Nonlocal Modeling of Damage

energy Ψpot [108] lead to the equilibrium equations:

∇ · σ = 0, (6.42)

h′(d̂)H +
Gc

2l

(
d̂− 4l2∇2d̂

)
= 0, (6.43)

along with boundary conditionsn·σ = t̄,u = ū,n·∇d̂ = 0. Herein, t̄ and ū are the prescribed
boundary traction and displacements receptively [50];H denotes the history variable similar to
κ used in the damage models. Thus, for comparison, H can be replaced by κ. Moreover, ac-
cording to thermodynamics, the Cauchy stress σ and the thermodynamically associated damage
energy release rate Yd̂ of phase-field models can be obtained by differentiating equation (6.41)
w.r.t ε and d̂ respectively as follows:

σ =
∂ψe

∂ε
= h(d̂)

∂ψd
0

∂ε
+
∂ψi

∂ε
, (6.44)

Yd̂ = −∂ψ
e

∂d̂
= −h′(d̂)ψd

0(ε) = −h′(d̂)κ. (6.45)

Therefore, the history field κ reads

κ = H = maxψd
0(ε). (6.46)

6.2.3.1 Similar diffusion (averaging) equation1

The diffusion (averaging) equation (6.43) of the phase-field models with the history field (6.46)
is rearranged as follows:

d̂− 4l2∇2d̂ = d, (6.47)

where d = −2lh′(d̂)κ
Gc

represents the local damage/crack field and c = (2l)2 is equivalent to the2
gradient parameter on comparing the above diffusion equation (6.47) of phase-field approach3
with the gradient equation (6.33) of gradient damage models. Thus, equation (6.47) implies4
that it is the implicit form of the gradient damage equation (6.33), if d has been considered as a5
local damage variable for nonlocal enrichment using gradient method, i.e., ζ̂ = d̂.6

6.2.3.2 Differences in broadening zone7

If the damage models consider the principle of strain equivalence for describing the constitutive
behavior of the material, the degradation function typically will look like

h(d̂) = 1− d̂. (6.48)
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Subsequent substitution of equation (6.48) into (6.44) yields

Yd̂ = κ. (6.49)

As a result, Yd̂ does not vanish even when d̂ = 1 at complete loss of integrity. It means that the
broadening of damage zone is continued. On the other hand, if the phase-field models consider
the degradation function (6.39), then substitution of the same equation into (6.44) results in

Yd̂ = 2(1− d̂)κ. (6.50)

Here, the complete loss of integrity when d̂ = 1 makes the damage energy release rate (6.50)1
equal to zero and thus, it ensures a constant bandwidth in the wake of the crack tip. Nonethe-2
less, the broadening of the damage zone can be avoided by adopting the strategy of vanishing3
function as the internal length scale in the gradient-damage modeling [67], which resembles the4
constant bandwidth of the phase-field approach discussed above.5

6.2.3.3 Similar broadening zone6

Nevertheless, if the principle of energy equivalence is adopted to describe the constitutive
behavior of materials, as will be adopted in the present work, then the degradation function
matches the degradation polynomial function (6.39) of phase-field models. Therefore, in this
case, the resulting damage energy release rate Yd̂ becomes

Yd̂ = 2(1− d̂)κ, (6.51)

as similar to equation (6.50). Thus, the gradient-damage models based on the principle of7
energy equivalence lead to a constant bandwidth during the complete loss of integrity as it is8
the case of phase-field models with quadratic polynomial degradation.9

Consequently, the difference between the gradient-enhanced damage models and the phase-field10
models to brittle fracture is only in their interpretation, but both are almost identical in the math-11
ematical sense. It can be observed that the right-hand side term of the diffusion equation (6.47)12
is interpreted as the local damage field of the gradient damage equation (6.33). On the other13
hand, phase-field models naturally incorporates an internal length scale into the local damage14
field [50] and hence, they are only meaningful with the incorporation of the internal length scale15
as it can not be taken as zero.16

Thus, both the phase-field models and the gradient-damage models are mathematically identical17
in view of application but having different formulations as the phase-field models intrinsically18
offer a crucial regularization through its gradient averaging or diffusion equation.19

However, the present work considers the extension of the local continuum damage models by20
incorporating the implicit gradient method, as this method has been successfully implemented21
for intended results under various loading environments [22, 42, 86, 116, 145].22
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7 Isotropic Damage Model

7 Isotropic Damage Model1

This chapter deals with an isotropic damage coupled with the elastic deformation behavior of the2
material, which is initially developed in the research project. As for concrete, several continuum3
damage models based on isotropic and anisotropic damage are available in literature. Most of4
the coupled plastic damage or elastic damage models consider two damage variables for tension5
and compression, since concrete exhibits ductile behavior in compression and brittle behavior in6
tension. In such cases, the effective stresses are decomposed into positive (tension) and negative7
(compression) stresses using the spectral decomposition [51]. On the other hand, some other8
models developed using two different loading surfaces each for tension and compression to9
characterize the distinct behavior of concrete [106]. Instead of two different damage variables10
or two damage loading surfaces, the model uses single damage variable and single loading11
surface for characterizing the different behavior of concrete in tension and compression. The12
evolution of isotropic damage D is driven by a history deformation parameter κ. Thereupon κ13
is related to a damage equivalent strain ε, which is due to Lubliner failure criterion [98]. The14
damage evolution law exhibits exponential softening behavior based on modified exponential15
softening (7.6).16

7.1 Constitutive modeling of damage17

The stress-strain relation for the elastic-damage material behavior can be written using the prin-
ciple of energy equivalence as follows:

σ = (1−D)2H : ε, (7.1)

where σ and ε are the second-order Cauchy stress tensor and the strain tensor respectively; H is18
the fourth-order elasticity tensor of the undamaged material. The damage variable D is a scalar19
measure of effective isotropic damage. Inelastic strain evolution is not considered. Thus, the20
strain-softening behavior of concrete is described by the constitutive law (7.1).21

7.1.1 Damage evolution law22

The damage variable D is generally considered to be driven by a history deformation parame-
ter κ, which is described as a maximum deformation of a material occurred during tension or
compression loading path. Therefore, κ is a monotonically increasing parameter during load-
ing/unloading processes and the accumulation of damage. Hence, as proposed in Section 4.3.6,
the damage evolution law (4.50) exhibiting an exponential softening is explicitly expressed as a
function of κ as follows (which is given here once again for clarity):

D(κ) = 1−
[κ0

κ

]β1
e
−β2
[
κ−κ0
κ0

]
, (7.2)
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where κ0 is an initial threshold to set the initial elastic domain below which there is no damage.1
β1 and β2 are model parameters characterizing the softening behavior of the material after the2
peak stress. β1 controls the initial growth of damage and β2 ensures the later damage growth3
and its large extent. Thus, D is limited to the range 0 ≤ D ≤ 1 at any case.4

7.1.2 Damage equivalent strain5

In the framework of continuum damage mechanics, it is obvious that κ is often related to a scalar
measure of deformation state, a damage equivalent strain ε at a point of continuum considered
locally. There are several alternatives for determining the local measure ε. In this work, ε is
defined as a unified damage equivalent strain for describing tensile cracking as well as crushing
failure and is expressed by,

ε =
1

(1− αL)E

(
αLI1 +

√
3J2 + βLHσmax

)
, (7.3)

where I1 and J2 are the first invariant of the elastically predicted stress tensor σp and the second6
invariant of the deviatoric part of σp respectively; σmax is the maximum principal stress of σp7
and H is a Heaviside function, where H = 1 if σmax > 0, else H = 0. The parameters αL and8
βL depend on the uniaxial tensile and compressive strengths of concrete as defined in [98].9

The expression (7.3) is inspired from the failure criterion of Lubliner [94, 98, 149] and slightly10
transformed in order to express the damage criterion in strain space, which will be discussed in11
the following section.12

7.1.3 Damage surface criterion13

As similar to yield or failure surfaces of materials, a function is generalized here to limit the
initial elastic domain and also to allow the growth of the effective damage. The damage criterion
f is conveniently used to relate κ to the unified damage equivalent strain ε. Therefore, the
associated single damage loading surface is written as

f = ε− κ, (7.4)

with κ as a maximum threshold value reached during tensile/compression loading path. Thus,
it is defined by

κ = Sup
[
κ0,max ε

]
, (7.5)

where the initial threshold value κ0, which is determined from the thresholds of tension κ0t and
compression κ0c by κ0 = κ0tH + κ0c(1−H) to limit the initial elastic domain. In addition, the
above expression (7.5) can also be expressed as in (7.6) in order to account for the unilateral
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behavior of concrete by introducing two independent history variables κt and κc for κ:

κt = Sup
[
κ0t,max ε

]
; κc = Sup

[
κ0c,max ε

]
, (7.6)

κ = κtH + κc(1−H). (7.7)

Remarks1

The expression (7.7) along with the prescribed initial damage threshold value κ0 is more than
sufficient to capture the initial elasticity domain as well as the failure surface under pure tension
and pure compression. But it overestimates the elastic domain in the case of complex load con-
ditions, especially in the compression predominant regions. Therefore, an additional parameter
δr is introduced to deactivate tensile domination where the compression is predominant. Thus,
the expression (7.7) and corresponding initial threshold are modified as

κ = κtH(1− δr) + κc(1−H + δr), (7.8)

κ0 = κ0tH(1− δr) + κ0c(1−H + δr), (7.9)

where δr is an activation parameter and it is defined as

δr =

{
1, if 0. 10 ≥ r > 0

0, else.
(7.10)

r =

∑3
i=1〈σi〉∑3
i=1 |σi|

, (7.11)

where r is the triaxial weight factor adopted [94] and its range lies 0 ≤ r ≤ 1. For pure tension,2
r = 1 and for compression, r = 0.3

Similarly, the model parameters used in (7.2) are written for various load paths as follows:

βj = βjtH(1− δr) + βjc(1−H + δr), for j = 1,2. (7.12)

The evolution of history parameter κ can mathematically be expressed by the Kuhn-Tucker
loading/unloading relations [28, 52]:

f ≤ 0, κ̇ ≥ 0, f κ̇ = 0, (7.13)

where (˙) represents the derivative of any variable with respect to time t. The function f < 04
means that the material response remains linear elastic, as there is no damage development. The5
damage initiates when f = 0, since this is the merely dissipative mechanism considered in the6
present model for the brittle failure of concrete. During the damage evolution, the consistency7
condition ḟ = 0 must always be valid. Moreover, the damage remains constant if κ̇ = 0.8
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7.1.4 Consistency of thermodynamics1

In general, the process of undergoing deformation of any material is a thermodynamic irre-2
versible one [111]. Therefore, any constitutive modeling of a material behavior must be con-3
sistent with the principles of thermodynamics. Thus, the thermodynamic consistency of the4
proposed model is discussed in this section.5

According to the thermodynamic laws, a generalized form of the Clausius-Duhem inequality
for any allowable dissipation process is expressed as similar to (3.40) as

σ : ε̇− ψ̇ + ρ η̇ T − q ∇T
T
≥ 0, (7.14)

where ρ, η and T refer to the material density, the entropy density per unit mass and the absolute
temperature respectively. q is the heat flux. Within this context, the Helmholtz free energy ψ
(per unit volume) can be written in terms of internal state variables characterizing the nonlinear
deformation behavior of concrete both in tension and compression based on the principle of
energy equivalence as follows:

ψ(ε,D(κ)) =
1

2
(1−D)2ε : H : ε. (7.15)

Taking time derivative of equation (7.15), the rate of change of free energy can be expressed as

ψ̇ =
∂ψ

∂ε
ε̇+

∂ψ

∂D

∂D

∂κ
κ̇. (7.16)

For any isothermal and adiabatic mechanical dissipation process (Ṫ = 0 and q = 0), the
Clausius-Duhem inequality (7.14) reduces to

σ : ε̇− ψ̇ ≥ 0. (7.17)

Substitution of equation (7.16) into equation (7.17) and then simplification gives(
σ − ∂ψ

∂ε

)
: ε̇− ∂ψ

∂D

∂D

∂κ
κ̇ ≥ 0, (7.18)

where− ∂ψ
∂D

is the damage energy release rate, which remains always positive during the damage
growth. It is denoted by Y and defined as

Y = − ∂ψ
∂D

= (1−D)ε : H : ε. (7.19)

For any admissible process of energy dissipation by following equation (7.18), the following
relations can be easily obtained as

σ − ∂ψ

∂ε
= 0, (7.20)

Y Ḋ ≥ 0, (7.21)
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Y
∂D

∂κ
κ̇ ≥ 0 or Y

(
∂D

∂κt
κ̇t +

∂D

∂κc
κ̇c

)
≥ 0. (7.22)

Thus, the non-negativity of equations (7.21) and (7.22) prove that the damage process respects1
the Clausius-Duhem inequality.2

7.1.5 Numerical algorithm3

In this section, the scheme of a numerically updating algorithm of the constitutive equations of4
the model is presented in order to enable for the possible implementation into the finite element5
(FE) codes. It is important that the history of strains is assumed to be given as input from the6
FE codes. The numerical scheme is provided in Algorithm 1.7

Algorithm 1 (Algorithm of the isotropic damage model)

Input: Number of steps n, time t, history variables κ0c, κ0t and material parameters (cf. table 10.1)

Output: Dn+1 and σn+1 at current time step tn+1

[1.1] At tn=0, damage is Dn=0 = 0

[1.2] Strain update at Gauss points at tn+1

[1.3] εn+1 = εn + ∆ε

[1.4] Evaluate elastic predictor
[1.5] Elastic stress σp

n+1 = H : εn+1 at tn+1

[1.6] Compute I1, J2 and σmax of σp
n+1

[1.7] εn+1 and threshold parameters at tn+1 are obtained from (7.3), (7.6)-(7.9) respectively.
[1.8] Check for damage admissibility
[1.9] if fn+1 = εn+1 − κn+1 ≤ 0

[1.10] then
[1.11] σn+1 = σp

n+1

[1.12] Dn+1 = Dn = 0

[1.13] exit
[1.14] else if fn+1 = 0 and κn+1 − κn ≥ 0

[1.15] then compute damage corrector
[1.16] Compute Dn+1 (7.2) and update σn+1 (7.1)
[1.17] exit

During the process of damage, it is verified that every current state of continuum respects the8
Kuhn-Tucker loading/unloading conditions (7.13).9
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7.1.6 Consistent tangent modulus1

The consistent tangent stiffness is required for the successful implementation of the present2
damage model into the finite element codes. Therefore, the tangent stiffness modulus, which is3
consistent with the integration algorithm, is developed by linearizing the update equation (7.1).4

If the current state of stress σn+1 at tn+1 lies inside the elastic domain (i.e f < 0), then the
corresponding elastic-damage tangent modulus Hed or the effective tangent modulus H̃ is simply
provided by

Hed = H̃ = (1−Dn+1)2 H. (7.23)

The above tangent modulus (7.23) is valid when the current state is on the damage loading
surface and the elastic unloading occurs. During the process of damage evolution, σn+1 is the
solution of the nonlinear equation, since the strain-softening occurs due to the damage growth.
Therefore, the system of nonlinear equations is linearized to estimate the corresponding elastic-
damage tangent modulus Hed or the effective tangent modulus H̃ and it is obtained as

Hed = H̃ =
∂σ

∂ε

∣∣∣∣
n+1

= (1−Dn+1)2 H− 2(1−Dn+1)H εn+1
∂D

∂ε

∣∣∣∣
n+1

, (7.24)

where

∂D

∂ε

∣∣∣∣
n+1

=
∂D

∂κ

∣∣∣∣
n+1

∂κ

∂ε

∣∣∣∣
n+1

. (7.25)

7.2 Gradient enhancement of damage5

In this section, how the gradient enhancement of the local continuum model from a general
concept of nonlocal continua is achieved is presented. As the presence of damage variable
helps in modeling the strain-softening behavior of the material, this quantity is first considered
for the nonlocal enrichment. Thus, the nonlocal quantity D̂ based on the definition (6.22) is
defined as

D̂ =
1

V

∫
V

g(ξ)D(x+ ξ)dV. (7.26)

As discussed in Section 6.2.2.2, the above integral (7.26) is approximated by a partial differen-
tial equation according to [110, 121] and is given by

D̂ − l2c∇2D̂ = D, (7.27)

where lc is the characteristic length scale, which is used to regularize the localization of dam-
age and ∇2 is the Laplacian operator. An appropriate boundary condition (either the Dirichlet
boundary or the Neumann boundary) must be used to solve the partial differential equation
(7.27). Nevertheless, the present work adopts a natural boundary condition at every point of the
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boundary as provided below:

∇D̂ · n = 0. (7.28)

The boundary condition (7.28) ensures that the average of damage D̂ over the entire domain
equals that of local damage D [123, 144]. As a consequence, the nonlocal damage variable D̂
enters into the constitutive law (7.1) and therefore, the stress-strain relation can be rewritten as
follows:

σ = (1− D̂)2H : ε. (7.29)

As a result, the local damage variable D reflected in equations (7.14), (7.19) and (7.23) is1
replaced by D̂. The Kuhn-Tucker loading/unloading relations (7.13) still remain valid. The2
thermodynamic consistency is respected as well, which is discussed in the following section.3

7.2.1 Thermodynamic consistency4

As a result of gradient enhancement of damage variable D and also due to the consequent
introduction of D̂ in the constitutive law, the rate of change of free energy expressed in (7.16)
becomes

ψ̇ =
∂ψ

∂ε
ε̇+

∂ψ

∂D̂

˙̂
D. (7.30)

Under the assumption of the isothermal and adiabatic processes, substituting (7.30) into (7.17)
and subsequent simplification yields(

σ − ∂ψ

∂ε

)
: ε̇+ Y

˙̂
D ≥ 0, (7.31)

where the damage energy release rate Y gets

Y = − ∂ψ
∂D̂

= (1− D̂)ε : H : ε. (7.32)

Consequently, the non-negativity of equations (7.21) and (7.22) combines and results in

Y
˙̂
D ≥ 0, (7.33)

such that the damage process respects the Clausius-Duhem inequality.5

7.3 Gradient enhancement of equivalent strain6

As the averaging of damage variable leads to spurious residual stresses and expansion of the
softening zone across the bar [18] and also the damage growth in the present model is driven
by the equivalent strain ε, the averaging procedure is therefore applied to ε. Consequently, the
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nonlocal quantity ε̂ is defined as

ε̂ =
1

V

∫
V

g(ξ)ε(x+ ξ)dV. (7.34)

The above integral (7.34) is approximated by a partial differential equation according to [110,
121] and is given by

ε̂− l2c∇2ε̂ = ε, (7.35)

where lc and ∇2 are defined as in the previous Section 7.2. In the present case, a natural
boundary condition at every point of the boundary adopted is given below:

∇ε̂ · n = 0. (7.36)

The boundary condition ensures that the average of nonlocal equivalent strain ε̂ over the entire1
domain equals that of the local equivalent strain ε [123].2

Hence, κ is related to the distributed damage strain, i.e., the nonlocal equivalent strain ε̂ in
the gradient enhanced damage model. Subsequently, the damage criterion (7.4) is rewritten as
follows:

f = ε̂− κ. (7.37)

The Kuhn-Tucker loading/unloading relations (7.13) and the equations related to the thermody-3
namic consistency discussed in Section 7.1.4 even so remain valid. Assuming the length scale4
lc = 0, the local continuum model is resumed, as ε̂ = ε.5
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8 Coupled Inelastic-isotropic Damage Model

8 Coupled Inelastic-isotropic Damage Model1

As will be discussed in Chapter 10, the simplified isotropic damage model based on purely elas-2
tic deformation behavior has limitations in capturing the permanent strains (inelastic strains)3
during unloading conditions. Thus, the unloading of the model leaves zero residual strains,4
thereby only causing the stiffness degradation in tension or compression. On the other hand, it5
is witnessed from the experimental studies on concrete [72, 84, 104, 113] that concrete exhibits6
inelastic/permanent deformation to some extent under direct cyclic loading or reverse cyclic7
loading even though this inelastic deformation is not as large as that observed in ductile mate-8
rials like steel. Thence, the incorporation of inelastic deformation behavior is unavoidable to9
model the deformation behavior of concrete correctly. Therefore, this chapter describes cou-10
pling of inelastic deformation through Lubliner-Lee failure criterion [93, 94] with the isotropic11
damage behavior of concrete through a damage loading surface discussed in the previous Chap-12
ter 7.13

8.1 Constitutive relations14

Although the physical significance of inelastic or irreversible deformations in concrete is not15
well-described so far, several failure theories postulate inelastic strain evolution for concrete.16
These include single failure surfaces such as Rankine criterion, Modified-Rankine criterion,17
Drucker-Prager criterion, Willam-Warnke criterion [148], Ehlers surface criterion [58], Lubliner18
criterion [98], Lubliner-Lee failure criterion [93, 94] and multi-surface failure theories [22, 41,19
115]. But the yield criterion of Lubliner et al. [98], which was later extended by Lee and20
Fenves [93, 94], found to be successful in modeling concrete behavior under both monotonic21
and cyclic loading conditions. This model uses one loading surface that couples plasticity22
and isotropic damage by effective plastic strain. The isotropic damage variable is described23
by means of two damage variables in multiplicative manner in order to take the crack open-24
ing/closing effects into account.25

However, this section describes the model of Lee and Fenves [93,94] considered for the inelastic26
evolution of strains that is coupled with the unilateral description of isotropic damage. Isotropic27
linear hardening is considered in tension as well as compression [149].28

8.1.1 Inelastic deformation29

In the theory of inelasticity under small deformations, the total strain tensor ε is decomposed
into the elastic part of strain εel and the inelastic part of strain εin such that:

ε = εel + εin. (8.1)
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Subsequently, by taking time derivative of equation (8.4), the total strain rate ε̇ can be written
as

ε̇ = ε̇el + ε̇in, (8.2)

where ε̇el and ε̇in refer to the rates of the elastic and inelastic strain tensors respectively.1

8.1.2 Constitutive law2

After coupling of the inelastic strains into the isotropic damage model based on the energy
equivalence, the generalized Hook’s law (7.1) becomes as

σ = M−1 : H : M−T : εel = M−1 : H : M−T : (ε− εin), (8.3)

where H is the fourth-order undamaged elastic stiffness tensor, M is the fourth-order damage
effect tensor, M = (1−D)−1 I, and D is the effective-isotropic damage. Thereafter, the elastic
strain εel can be expressed as

εel = MT : H−1 : M : σ. (8.4)

Accordingly, the effective stress and strain tensors can be expressed respectively as

σ̃ = M : σ =
σ

(1−D)
, ε̃ = M−T : ε = (1−D) I : ε. (8.5)

Remarks3

The damage variable D is determined using the damage law (7.2) in the case of elastic-damage
model both in tension and in compression. Although the law (7.2) models the proper softening
behavior of concrete under tension, it yields an underestimated hardening-softening behavior
under compression. It means that a lower peak-stress value from which the softening begins
is predicted due to the incorporation of inelastic deformation. Thus, the damage evolution
law (7.2) with the existing model parameters is not sufficient to model the behavior of concrete
material perfectly. As a result, it entails a slight modification in the damage evolution so as to
capture an appropriate behavior in compression as well. Thus, the softening law (7.2) is further
modified with an additional model parameter β3 as follows:

D(κ) = 1−
[κ0

κ

]β1
e
−β2
[
κ−κ0
κ0

]
− (1− β3)

κ0

κ
. (8.6)

It is also noteworthy to mention that the nonlinear hardening behavior under compression is4
primarily controlled by damage as the linear isotropic hardening is considered in the following5
section (Section 8.1.3).6
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8 Coupled Inelastic-isotropic Damage Model

8.1.3 Inelastic failure surface1

It is familiar that concrete exhibits distinct behavior in tension and compression. The failure
criterion initially developed by Lubliner et al. [98] and later extended by Lee and Fenves [94]
is adopted here. This criterion is expressed here in the effective stress space in which a slight
modification is embodied in this work by including a reduction factor (1−Deq) to the limiting
strength as follows:

F (σ̃,h±) =
(
α Ĩ1 +

√
3J̃2 + β±(h±)H σ̃max

)
− (1− α) f̄c(h

−) (1−Deq), (8.7)

where Ĩ1 and J̃2 are the first-invariant of the effective stress σ̃ and the second-invariant of the
deviatoric part of the effective stress σ̃ respectively, H is the Heaviside step function (H = 1

for σ̃max > 0 and H = 0 for σ̃max < 0), σ̃max is the maximum principal stress, and Deq(= D) is
an equivalent damage. The dimensionless constants α and β are defined as follows [98]:

α =
fbc/fc0 − 1

2fbc/fc0 − 1
, β±(h±) = (1− α)

f̄c(h
−)

f̄t(h+)
− (1 + α), (8.8)

where fbc and fc0 are the initial flow stresses in equibiaxial and uniaxial compression respec-2
tively. The experiments confirm the ratio fbc/fc0 ranging from 1.10 to 1.16.3

Remarks4

Tension or compression dominant regions are defined by the Heaviside function H depending
on the maximum principal stresses. This function always does not work well, for example, in
the case of multi-axial loading situations. Therefore, the following definition is proposed for H
in this work in order to describe the material behavior appropriately.

H =


0, if Ĩ1 ≤ 0

1, if
∣∣∣Ĩ1

∣∣∣ ≤ 0. 64fc andw > 0

1. otherwise

(8.9)

fc0.9fc ft

fc

0.9fc

ft hy
dr
os
ta
tic

ax
is
I1

A’

A

0.64fc

H = 1

σ1

σ2

Figure 8.1: Tensile dominant regions (shaded regions)
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The proposed definition (8.9) is described using a two-dimensional geometric representation,1
as shown in Figure 8.1 that highlights the regions wherever tension is dominant. The dashed2
line AA′ is normal to the hydrostatic axis. The Heaviside function (8.9) is considered during3
the damage process as well. This assumption can be a better alternative to the introduction of4
activation parameter discussed in Section 7.1.3.5

In order to consider the isotropic hardening, the hardening functions are adopted in tension as
well as compression by assuming linear functions as below:

f̄t = ft0 +Ht h
+, f̄c = fc0 +Hc h

−, (8.10)

such that the evolution functions of the tensile and compressive hardening can be defined as

˙̄ft = Ht ḣ
+, ˙̄fc = Hc ḣ

−, (8.11)

where Ht and Hc are the hardening modulus in tension and compression respectively and ft0

is the initial flow stress in uniaxial tension. The hardening variables h+ in tension and h− in
compression are defined in rate form [94, 98] as follows:

ḣ+ = w ε̇in
max, ḣ− = −(1− w) ε̇in

min, (8.12)

where w is the triaxial weight factor obtained from the effective stress σ̃ using the defini-6
tion (7.11).7

8.1.4 Non-associative flow rule8

In order to obtain the volumetric expansion or dilatancy of frictional materials like concrete
properly under given loading, the definition of a non-associative flow rule is important. As soon
as the failure surface criterion F is satisfied, the material starts to flow in-elastically upon further
increase of the loading. The inelastic deformation is measured by the evolution of inelastic
strains εin, which is evaluated by the flow rule as follows:

ε̇in = λ̇
∂Q

∂σ
, (8.13)

where λ̇ is a non-negative inelastic multiplier as a consistency parameter that can be obtained
from the inelasticity consistency condition ḟ = 0 in such a way that the following load-
ing/unloading conditions during the inelastic deformation process must be satisfied.

F ≤ 0, λ̇ ≥ 0, F λ̇ = 0, λ Ḟ = 0, (8.14)

The scalar inelastic potential functionQ in (8.13) is usually assumed as a function different from
the failure surface function F to consider non-associated flow rule, and thereby the direction of
inelastic flow ∂Q

∂σ
is not normal to the failure function F . This can be easily fulfilled by adopting
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8 Coupled Inelastic-isotropic Damage Model

the Drucker-Prager function as Q expressed in the effective stress space such that:

Q(σ̃) = αp Ĩ1 +

√
3J̃2, (8.15)

where αp is the dilation constant. Thus, the flow rule (8.13) relates the failure loading surface1
and the constitutive law (8.3).2

Remarks3

According to the experimental investigations [113], the inelastic strains progressively vanish
and the material recovers its initial stiffness during the first compression loading phase. During
the crack closure, the evolution of inelastic strains is partially explained by the friction devel-
oped by the discontinuity lips. Thus, the inelastic model is enabled to predict such behaviors of
stiffness recovery and vanishing inelastic strains by means of allowing a stress-shift σshift about
2. 5 [MPa] in the compression region. Thus, the damaged stiffness remains constant until the
actual stress nullifies this stress-shift. As soon as the stress-shift is nullified, the initial stiffness
is recovered at the corresponding state of strain. In addition, the inelastic multiplier appear-
ing in the flow rule (8.13) is introduced with two separate inelastic multipliers for tension and
compression as follows:

λ̇ = λ̇t H + λ̇c (1−H), (8.16)

as similar to the definition of history deformation parameter (7.7) so as to deactivate the effect4
of inelastic strains developed due to tensile loading on compression phase. Hence, the evolution5
of inelastic strains due to tension does not have any influence on the compressive behavior and6
vice versa. Meanwhile, the loading/unloading conditions (8.14) are still valid, but λ̇t or λ̇c is7
itself a monotonically increasing multiplier.8

8.2 Numerical algorithm9

The model equations that describe the stress-strain relationships, become nonlinear owing to10
the incorporation of the damage and inelastic deformations. Furthermore, closed-form solu-11
tions are not possible for the above nonlinear equations that formulate an initial value prob-12
lem. Therefore, the closed-form solutions of such equations can be explicitly obtained by per-13
forming a two-step algorithm, i.e., an elastic-inelastic operator split of the constitutive equa-14
tions [1, 51, 137].15

In this section, the numerical integration procedure for updating the constitutive relations is16
presented. The implicit-Euler backward method is used for the time discretization. At the17
beginning of the step at tn+1, knowing the given strain increment ∆εn+1, the values of stress18
and other internal variables from the previous step tn, the updated values at the end of the19
current step tn+1 are computed.20
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There are two sequential processes, corresponding to the damage evolution and the inelastic1
evolution involved in the coupled model, involved in the numerical integration scheme. During2
the damage process, the damage variableDn+1 is evaluated by knowing the history deformation3
parameters κn+1. The stress at tn+1 at the end of the step is obtained from equation (8.3)4
instead of equation (7.1). During the inelastic process, the stress obtained at tn+1 at the end5
of the damage process enters as the trial stress at the elastic predictor step with the given strain6
increment ∆εn+1 and the value of inelastic strain εin

n from the previous step. The inelastic strain7
εin
n+1 and the nominal and effective stresses (σn+1 and σ̃n+1) at the end of the step are computed8

by using the implicit-return mapping algorithm [1, 22, 51, 152] discussed in Section 8.2.1.9

8.2.1 Implicit return-mapping10

The inelastic corrector step restores the consistency condition by returning the trial stress to11
the yield or failure surface through the closest point projection. Thus, this method of corrector12
step is usually performed using an incremental function (implicit function) is called as implicit13
return-mapping.14

As discussed earlier, the return mapping procedure is executed only if the elastic trial state vi-
olates inelastic admissibility. Thus, the material residual equations associated with the coupled
inelastic-damage problem, which are the residual strains and the failure surface criterion, can
be written equivalently at the current step tn+1 as

rσ,n+1 := εn+1 − εel
n+1 − εin

n+1 = 0, (8.17)

rλ,n+1 := Fn+1 = 0. (8.18)

Consequently, the vector of material residual equations rm at the current step tn+1 is combined
as follows:

rm =

[
rσ
rλ

]
. (8.19)

The above algebraic system of equations (8.19) can be solved by the Newton-Raphson method.
Any solution to the system (8.19) must be obtained subject to the constraint λ̇ > 0 such that
it must satisfy the condition Fn+1 ≤ 0. Therefore, the Newton-Raphson iteration scheme for
better approximated solutions are obtained by linearizing the residual equations (8.19). The
linearized system of equations involving the iterative differences ∆σ and ∆λ as unknowns
within the current step at Gauss points reads[

∂rσ
∂σ

∂rσ
∂λ

∂rλ
∂σ

∂rλ
∂λ

]
k

[
∆σ

∆λ

]
k+1

=

[
−rσ
−rλ

]
k

, (8.20)

where ∆σk+1 and ∆λk+1 are the approximated solutions at the end of iteration k + 1. ∆(·)15
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Algorithm 2 (Algorithm of the coupled inelastic-damage model)

Input: Number of steps n, time t, given strain increment ∆εn+1

material parameters (cf. table 10.1) and model parameters (cf. table 10.2)

Output: σn+1, λn+1 and εin
n+1 at current time step tn+1

[2.1] At tn=0, λn=0 = 0 and εin
n=0 = 0

[2.2] Damage process
[2.3] Go to Algorithm 1
[2.4] Obtain Dn+1

[2.5] Inelastic process
[2.6] Evaluate elastic predictor
[2.7] Trial stress σn+1 from (8.3)
[2.8] σn+1 = M−1

n+1 : H : M−Tn+1 : (εn+1 − εin
n )

[2.9] Compute effective stress σ̃n+1 from (8.5)
[2.10] Compute invariants Ĩ1, J̃2 and principal stress σ̃max of σ̃n+1

[2.11] Check for inelastic admissibility
[2.12] if Fn+1 ≤ 0

[2.13] then
[2.14] σn+1 = σn+1

[2.15] σ̃n+1 = σ̃n+1

[2.16] λn+1 = λn and
[2.17] εin

n+1 = εin
n

[2.18] exit
[2.19] else if Fn+1 > 0

[2.20] then Compute inelastic corrector
[2.21] Solve the system of algebraic equations
[2.22] Using Implicit return-mapping
[2.23] Go to Algorithm 3
[2.24] Update the values
[2.25] σn+1

[2.26] λn+1 and εin
n+1

[2.27] exit
[2.28] Exit

means the iterative differences between the iterations k + 1 and k. If the predefined tolerance1
level εm is achieved, then the iterative procedure is stopped and the stress values and inelastic2
multiplier are updated at the end of the step. The complete numerical integration scheme for3
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the coupled model is summarized in Algorithms 2 and 3.

Algorithm 3 (The Newton-Raphson algorithm for the return-mapping)

Input: Within the current time step tn+1, initialize iteration counter, k := 0,
initial guess ∆σ := 0, ∆λ := 0, λn+1,k=0 := λn, εin

n+1,k=0 = εin
n

Output: Material tolerance εm

[3.1] Obtain material residuals rm at tn+1

[3.2] rσ,n+1 := εn+1 − εel
n+1 − εin

n+1

[3.3] rλ,n+1 := Fn+1 from (8.7)
[3.4] Start Newton-Raphson iterations for ∆σ and ∆λ

[3.5] Solve the system of equations (8.20) at tn+1

[3.6]

[
∂rσ
∂σ

∂rσ
∂λ

∂rλ
∂σ

∂rλ
∂λ

]
k

[
∆σ

∆λ

]
k+1

=

[
−rσ
−rλ

]
k

[3.7] Approximate the unknowns (iterative differences) ∆σk+1 and ∆λk+1

[3.8] Check for convergence
[3.9] if |rm| ≤ εm

[3.10] then
[3.11] Stop iterative scheme and update the values
[3.12] σk+1 = σk + ∆σk+1

[3.13] λk+1 = λk + ∆λk+1

[3.14] Return to Algorithm 2
[3.15] else
[3.16] Go to Step 3.4

1

8.3 Consistent tangent modulus2

For the complete implementation of the coupled damage model into the finite element codes, the3
associated consistent tangent stiffness modulus, which is consistent with integration algorithm4
discussed in Section 8.2, is developed by linearizing the residual equations rm (8.19).5

If the current state of stress σn+1 at tn+1 lies inside the elastic domain (i.e F < 0), then the
corresponding coupled inelastic-damage tangent modulus Hepd or the effective tangent modulus
H̃ is simply provided by

Hepd = H̃ = M−1 : H : M−T . (8.21)
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The tangent modulus (8.21) is valid when the current state is on the inelastic loading surface and
the elastic unloading occurs. During the damage and inelastic processes, σn+1 is the updated
value at the end of inelastic-predictor step. Upon convergence of the return-mapping equations,
the differentiation of the residual equations rm (8.19) with respect to εn+1 yields[

∂rσ
∂σ

∂rσ
∂λ

∂rλ
∂σ

∂rλ
∂λ

] [
∂σ
∂ε
∂λ
∂ε

]
= −

[
I
0

]
. (8.22)

By inverting the linearized system (8.22), the resulting tangent relations can be explicitly written
as [

∂σ
∂ε
∂λ
∂ε

]
=

[
∂rσ
∂σ

∂rσ
∂λ

∂rλ
∂σ

∂rλ
∂λ

]−1 [
I
0

]
. (8.23)

Subsequently, the consistent tangent stiffness modulus Hepd is precisely written as

Hepd =
∂σ

∂ε

∣∣∣∣
n+1

, (8.24)

that is the derivative of the algorithmic constitutive function σn+1 with respect to the strain1
tensor εn+1.2

At this point, it is worth mentioning that the consistent tangent modulus (8.24) of the fourth-3
order tensor is non-symmetric, as the coupled damage model employs the non-associative flow4
rule (8.13). If an associative flow rule is employed, then the modulus (8.24) would become5
symmetric.6
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9 Numerical Implementation1

As discussed in Chapter 3, the fundamental equations of material (constitutive) modeling such2
as the kinematic equation, constitutive law, equilibrium equation and implicit-gradient equa-3
tion along with specified boundary conditions define an initial-boundary value problem. This4
problem usually represents a non-linear problem, as it may contain geometric and/or material5
nonlinearities. Such problems often can not be solved analytically. It is therefore necessary6
to employ some kind of numerical method to obtain approximate solutions. Finite Difference7
Method (FDM) and Finite Element Method (FEM) are the most widely used methods in engi-8
neering applications. The present work employs FEM to solve the formulated initial-boundary9
value problem.10

The detailed description of the finite element formulation is readily available in the text books [2,11
38, 51, 129, 130] for further reference. However, the following sections address the basic steps12
necessary to build a finite element model including linearization and solving procedures.13

9.1 Governing equations of the problem14

Considering a physical system under body forces and traction undergoing infinitesimally small15
deformation, then the physical problem of deformation process is governed by the following16
mathematical relations.17

The kinematic relation of the system (3.13) can be, in simple form, given by

ε = ∇sym u. (9.1)

Thus, the internal resistance developed in the system is measured by the stress tensor σ through
the constitutive law that is given by

σ = σ(ε,D), (9.2)

as a function of the observed variable ε and internal variables such as D and εin. Further, if the
inertial effect is ignored, the partial differential equation of equilibrium (3.21) can be reduced
to

∇ · σ + b = 0. (9.3)

The above equation is always subjected to the following Dirichlet and Neumann boundary con-
ditions specified on the boundary S

u = up, on Sup , (9.4)

t = σ · n = tp, on Stp , (9.5)
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9 Numerical Implementation

where up and tp are the prescribed boundary values on the boundary S for the displacement1
field and traction field respectively.2

As discussed in Section 6.2.2.2, an additional equation, which has to be solved along with
the equilibrium equation (9.3) to avoid ill-posedness of the problem, is the implicit gradient
equation (6.33) and is rewritten as

ζ̂ − l2c ∇2 ζ̂ − ζ = 0, (9.6)

where lc is the characteristic internal length, along with the prescribed Neumann boundary
condition on the boundary S as

∇ ζ̂ · n = ζ̂p
n . (9.7)

9.2 Weak formulations3

In order to solve the partial differential equations of strong form involved in continuum mechan-4
ics using FEM, these equations (9.3, 9.6) have to be first transformed into integral equations of5
weak form equivalently. This transformation can easily be achieved by using the principle of6
virtual work.7

9.2.1 Weak form of equilibrium equation8

With the help of principle of virtual work, the weak form of the equilibrium equation (9.3) is
obtained as∫

V

δu (∇ · σ + b) dV = 0. (9.8)

Subsequently, the application of partial integration and the Guass divergence theorem leads to
the weak form as follows∫

V

σ : δε dV =

∫
V

b · δu dV +

∫
S

tp · δu dS, (9.9)

after substituting the kinematic equations (3.13) and along with the boundary condition (9.5).
δu and δε are the virtual displacement field and resulting virtual strain respectively. Moreover,
the physical meaning of equation (9.9) states that the external work δW u

ext by virtual displace-
ments δu is balanced by the internal work δW u

int developed due to the application of virtual
displacements δu. Thus, the virtual works are given by

δW u
int =

∫
V

σ : δε dV, (9.10)
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δW u
ext =

∫
V

b · δu dV +

∫
S

tp · δu dS. (9.11)

9.2.2 Weak form of gradient equation1

In a similar fashion, the weak form of the gradient equation (9.6) can also be written as∫
V

δζ̂w (ζ̂ − l2c ∇2 ζ̂ − ζ) dV = 0, (9.12)

using the virtual quantity δζ̂w, which is the conjugated variable of nonlocal variable under con-
sideration. By employing partial integration and subsequently using the Guass divergence the-
orem into (9.12), the weak form of gradient equation becomes∫

V

δζ̂w ζ̂ dV −
∫
V

δζ̂w ζ dV +

∫
V

l2c ∇ (δζ̂w) · ∇ ζ̂ dV =

∫
S

l2c δζ̂w ζ̂
p
n dS, (9.13)

along with the natural boundary (9.7). From this equation (9.13), it can be equivalently inter-
preted as internal and external virtual works due to

δW ζ̂
int =

∫
V

δζ̂w ζ̂ dV −
∫
V

δζ̂w ζ dV +

∫
V

l2c ∇ (δζ̂w) · ∇ ζ̂ dV, (9.14)

δW ζ̂
ext =

∫
S

l2c δζ̂w ζ̂
p
n dS. (9.15)

It is assumed that the natural boundary becomes homogeneous by considering the vanishing2
gradient setting ζ̂p

n = 0 in equation (9.13) during the numerical analysis. Furthermore, the3
conjugated virtual quantity would be taken as an equivalent stress σ̂eq while considering the4
equivalent strain ε̂ as a nonlocal variable, whereas the conjugated virtual quantity would be5
taken as the damage energy release rate Ŷ while considering the damage variable D̂ as nonlocal6
variable.7

9.3 Finite element discretization8

The continuous domain V is subdivided into ne sub-domains Ve, i.e., finite elements such that
the approximated geometry becomes

V =
ne⋃
e=1

Ve. (9.16)

Therefore, the solution of every unknown field variable must be approximated by a continuous
function within the element such that the function satisfies prescribed conditions (nodal values)
at a finite number of points (nodes). Thus, the finite element approximation can be achieved
by choosing appropriate interpolation polynomial functions. In this problem, the unknown field
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variables are the displacement field u as a primary variable and the nonlocal variable ζ̂ as
a secondary variable in an element. Hence, within the isoparametric formulations, the same
shape functions are generally used to interpolate both the coordinates and displacements of
a point within the element from the coordinates and displacements of nodes. Accordingly, the
coordinates x (= {x y z}T ), displacement field u (= {u v w}T ) and ζ̂ of a point are interpolated
over an element by using respective shape functions Nui(ξ) and Nζ̂ i

(ξ) as

x(ξ) =

nnod∑
i=1

Nui(ξ) x̂i, (9.17)

u(ξ) =

nnod∑
i=1

Nui(ξ)dui = Nu du, (9.18)

ζ̂(ξ) =

nnod∑
i=1

Nζ̂ i
(ξ) dζ̂ i = N ζ̂ dζ̂ , (9.19)

where ξ is a system of local or natural or reference coordinates within an element Ve to define1
the shape functions, x̂i the vector of global coordinates of any node of the element, dui (=2
{ui viwi}T ) the vector of three mutual displacements and dζ̂ i the nonlocal d.o.f. at the ith node3
respectively, du the vector of nodal displacement d.o.f. and dζ̂ the vector of nodal nonlocal d.o.f4
of the element respectively, and nnod is the number of nodes in the element. equation (9.17)5
provides the relation between local and global coordinates system.6

Subsequently, the virtual displacement field δu as well as the virtual nonlocal field δζ̂ can also
be written as

δu(ξ) =

nnod∑
i=1

Nui(ξ) δdui = Nu δdu, (9.20)

δζ̂w(ξ) =

nnod∑
i=1

Nζ̂ i
(ξ) δdζ̂ i = N ζ̂ δdζ̂ . (9.21)

With the help of equations (9.18, 9.20) and the kinematic relation (9.1), the strain ε can be
easily obtained as

ε = ∇sym
nnod∑
i=1

Nui(ξ)dui =

nnod∑
i=1

∇sym Nui(ξ)dui =

nnod∑
i=1

Bui dui = Bu du, (9.22)

where Bui = ∇sym Nui represents the strain-displacement matrix in Voigt notation. Subse-
quently, the virtual displacement δu yields the virtual strain δε as

δε =

nnod∑
i=1

Bui δdui = Bu δdu. (9.23)
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In a similar fashion as the gradients of actual and virtural displacements, the gradients of actual
and virtual quantities of nonlocal field variable such as∇ ζ̂ and ∇ δζ̂ can be expressed by

∇ ζ̂ =

nnod∑
i=1

∇Nζ̂ i
dζ̂ i =

nnod∑
i=1

B ζ̂ i
dζ̂ i = B ζ̂ dζ̂ , (9.24)

∇ δζ̂w =

nnod∑
i=1

∇Nζ̂ i
δdζ̂ i =

nnod∑
i=1

B ζ̂ i
δdζ̂ i = B ζ̂ δdζ̂ . (9.25)

The strain-displacement matrix B can be not written directly, as it involves the gradients and
the derivatives with respect to the global coordinates (x, y, z), which are not available directly.
Therefore, there is a need of a transformation matrix, which can be simply obtained by the
inverse of Jacobian matrix J . Thus, the vector of partial derivatives with respect to the global
coordinates can be written in terms of the derivatives of the local coordinates (ξ, η, ζ ′) as

∇x =

 ∂
∂x
∂
∂y
∂
∂z

 = J−1


∂
∂ξ
∂
∂η
∂
∂ζ′

 = J−1∇ξ, (9.26)

where the Jacobian matrix J is defined as

J =


∂x
∂ξ

∂y
∂ξ

∂z
∂ξ

∂x
∂η

∂y
∂η

∂z
∂η

∂x
∂ζ′

∂y
∂ζ′

∂z
∂ζ′

 . (9.27)

Moreover, the determinant of the Jacobian matrix J is often referred to the Jacobian J , i.e.,1
J = |J |. It is regarded as a scale factor not equal to zero. The present work adopts linear2
shape functions for the nonlocal field variable, whereas linear or quadratic shape functions for3
the displacement field.4

9.4 Finite element model5

Substituting the resulting finite element approximations from Section 9.3 into the weak forms
of equilibrium equation (9.9) and gradient equation (9.13) yields the respective virtual works
δU e

u and δU e
ζ̂

over the element as follows (in matrix notation):

δU e
u = δdu

(∫
Ve

BT
u σ dVe −

∫
Ve

NT
u b dVe −

∫
Se

NT
u t

p dSe

)
, (9.28)

δU e
ζ̂

= δdζ̂

(∫
Ve

NT
ζ̂

(ζ̂ − ζ) dVe + l2c

∫
Ve

BT
ζ̂
∇ ζ̂ dVe − l2c

∫
Se

NT
ζ̂
ζ̂p

n dSe

)
. (9.29)
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As the virtual work of the element is zero for the arbitrary values of virtual quantities such
as δdu and δdζ̂ , equations (9.28) and (9.29) turn into residuals of equilibrium and gradient
equations as follows:

re
u =

∫
Ve

BT
u σ dVe −

∫
Ve

NT
u b dVe −

∫
Se

NT
u t

p dSe = 0, (9.30)

re
ζ̂

=

∫
Ve

NT
ζ̂

(ζ̂ − ζ) dVe + l2c

∫
Ve

BT
ζ̂
∇ ζ̂ dVe − l2c

∫
Se

NT
ζ̂
ζ̂p

n dSe = 0. (9.31)

Thus, the element vectors of internal and external nodal forces can be devised as follows:

f e
u,int =

∫
Ve

BT
u σ dVe, (9.32)

f e
u,ext =

∫
Ve

NT
u b dVe +

∫
Se

NT
u t

p dSe, (9.33)

f e
ζ̂,int

=

∫
Ve

NT
ζ̂

(ζ̂ − ζ) dVe + l2c

∫
Ve

BT
ζ̂
∇ ζ̂ dVe, (9.34)

f e
ζ̂,ext

= l2c

∫
Se

NT
ζ̂
ζ̂p

n dSe. (9.35)

Thereby, equations (9.30) and (9.31) representing the finite element equations can be expressed
by the following compact form

re =

[
re
u

re
ζ̂

]
=

[
f e
u,int − f e

u,ext

f e
ζ̂,int
− f e

ζ̂,ext

]
=

[
0

0

]
. (9.36)

This completes the development of a finite element model.1

9.5 Assembly of finite elements2

In order to obtain the system of equations to represent the global system, the virtual works of all
the elements resulting from equations (9.28) and (9.29) are thereafter summed up respectively
as follows:

δUu =
ne∑
e=1

δU e
u, δUζ̂ =

ne∑
e=1

δU e
ζ̂
. (9.37)
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Correspondingly, the residuals of equilibrium equation and gradient equation of the global sys-
tem read as

ru =
ne⋃
e=1

re
u, rζ̂ =

ne⋃
e=1

re
ζ̂
. (9.38)

As a result, after assembling all the element residual vectors re, the residual vector R of the
global system becomes

R =
ne⋃
e=1

re =

[
ru
rζ̂

]
=

ne⋃
e=1

[
f e
u,int − f e

u,ext

f e
ζ̂,int
− f e

ζ̂,ext

]
=

[
0

0

]
. (9.39)

The residual equations (9.39) resulting from the weak forms are usually nonlinear if physical1
and geometric nonlinearity exist. Physical nonlinearity occurs when the stress strain behavior2
by the constitutive relation is nonlinear (in the case of damage or inelasticity), whereas the latter3
occurs in the case of changes in the geometry having a significant effect on the load deformation4
behavior [1, 26].5

9.6 Linearization6

In order to solve such system of nonlinear equations discussed in the previous section, in-7
cremental solution techniques, for example, the Newton-Raphson method, may be employed.8
Application of this method necessitates a consistent linearization of the system of equations. To9
obtain the consistent linearization, the residual equations have to be differentiated with respect10
to the unknown nodal degrees of freedom d = {du,dζ̂}T .11

Subsequently, this method can be derived directly by the Taylor expansion of the residual vector
function (9.39) in the neighborhood of a better approximated solution of unknown degrees of
freedom d at (i+ 1)th iteration step within the time step tn+1 as follows:

R(di+1
n+1) = R(din+1) +

∂R(dn+1)

∂d

∣∣∣∣
di

∆di+1
n+1 = 0, (9.40)

where di+1
n+1 = di + ∆di+1

n+1 is the approximated solution obtained at (i + 1)th iteration step
after convergence. Thereafter, the rearrangement and simplification of equation (9.40) leads to
a linearized system of equations within the time step tn+1

Ki ∆di+1 = −Ri, (9.41)

where Ki is the tangential stiffness matrix of the structural system, ∆di+1 is the iterative so-
lution of the system of nonlinear equations upon convergence, and Ri refers to the vector of
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residuals. In addition, the inner terms in the lienarized equation (9.41) are given by

Ki =
ne⋃
e=1

[
ke,iuu ke,i

uζ̂

ke,i
ζ̂u

ke,i
ζ̂ζ̂

]
, ∆di+1 =

ne⋃
e=1

[
∆de,i+1

u

∆de,i+1

ζ̂

]
, Ri =

ne⋃
e=1

[
re,iu
re,i
ζ̂

]
, (9.42a)

ke,iuu =
∂re

u(dn+1)

∂de
u

∣∣∣∣
di

=

∫
Ve

BT
u HuuBu dVe, (9.42b)

ke,i
uζ̂

=
∂re

u(dn+1)

∂de
ζ̂

∣∣∣∣∣
di

=

∫
Ve

BT
u Huζ̂N ζ̂ dVe, (9.42c)

ke,i
ζ̂u

=
∂re

ζ̂
(dn+1)

∂de
u

∣∣∣∣∣
di

= −
∫
Ve

NT
ζ̂
Hζ̂uBu dVe, (9.42d)

ke,i
ζ̂ζ̂

=
∂re

ζ̂
(dn+1)

∂de
ζ̂

∣∣∣∣∣
di

=

∫
Ve

NT
ζ̂

(1−Hζ̂ζ̂)N ζ̂ dVe +

∫
Ve

BT
ζ̂
l2c B ζ̂ dVe, (9.42e)

where the terms appearing in the element matrices (9.42b, 9.42c, 9.42d, 9.42e) such as Huu,1
Huζ̂ , Hζ̂u and Hζ̂ζ̂ , which refer to the consistent material tangents evaluated at every Guass-2
point considered in the element, are3

Huu =
∂σ

∂ε
, (9.43a)

Hζ̂u =
∂ζ

∂ε
, (9.43b)

Huζ̂ =
∂σ

∂ζ̂
, (9.43c)

Hζ̂ζ̂ =
∂ζ

∂ζ̂
. (9.43d)

4

Thus, the coupling of the nonlocal variable with the equilibrium equation eventually results in5
non-symmetric element matrices ke. As a consequence, the structural matrix K resulting from6
the assembly of element matrices ke also becomes non-symmetric.7

In the case of local elastic-damage and coupled inelastic-damage models, the structural matrix
of the global system (9.42a) reduces to

Ki =
ne⋃
e=1

[
ke,iuu

]
, (9.44)

and accordingly the consistent material tangent Huu is determined using the relations (7.24)8
and (8.24) as discussed in Sections 7.1.6 and 8.3.9
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9.6.1 Material tangents1

In order to compute the main and coupled element matrices (9.42b, 9.42c, 9.42d, 9.42e) in the2
case of gradient-enhanced damage models, the consistent material tangents are required to be3
evaluated at every Gauss point. For the gradient-enhanced elastic-damage model, these tangents4
can be explicitly computed from the algorithmic update functions of σn+1 and εn+1.5

On the other hand, for the gradient-enhanced version of coupled inelastic-damage model, it
is necessary to find out the total differentiation of material residual equations including the
residual rε̂ := f = 0, which is due to the damage consistency function. Thus, all the residual
equations are grouped as

rM =

[
rm

rε̂

]
=

 rσ(σ,ε̂, λ)

rλ(σ,ε̂)

rε̂(ε̂)

 . (9.45)

where the global state variables are g = {ε, ε̂} and the local state variables are z = {σ, λ}. The
total differentiation of the residuals rM can be expressed as

drM =
∂rM

∂z
dz +

∂rM

∂g
dg = 0. (9.46)

Subsequent total differentiation of the local variables z with respect to the global variables g

and simplification leads to the linearized equations as follows:

drM =

{
∂rM

∂z

∂z

∂g
+
∂rM

∂g

}
dg = 0. (9.47)

Consequently, the linearized system of equations reads as∂rσ∂σ ∂rσ
∂λ

∂rλ
∂σ

∂rλ
∂λ

∂rε̂
∂σ

∂rε̂
∂λ

 [∂σ∂ε ∂σ
∂ε̂

∂λ
∂ε

∂λ
∂ε̂

]
= −

∂rσ∂ε ∂rσ
∂ε̂

∂rλ
∂ε

∂rλ
∂ε̂

∂rε̂
∂ε

∂rε̂
∂ε̂

 . (9.48)

As the residual rε̂ due to the damage consistency function is independent of the local variables
z, neglecting the respective zero terms in the above system (9.48) and further simplification
yields[

∂rσ
∂σ

∂rσ
∂λ

∂rλ
∂σ

∂rλ
∂λ

] [
∂σ
∂ε

∂σ
∂ε̂

∂λ
∂ε

∂λ
∂ε̂

]
= −

[
I ∂rσ

∂ε̂

0 ∂rλ
∂ε̂

]
. (9.49)

By solving the system of equations (9.49), the required tangents that are in terms of implicit6
functions can be computed. Apart from these, the additional coupled tangents that are not7
part of the implicit return-mapping algorithm can be explicitly determined as described in the8
elastic-damage model.9

86



9 Numerical Implementation

9.7 Solving procedure1

In this section, the numerical procedure of solving the nonlinear system of equations is dis-2
cussed. The total solution of the problem is the unknown field variables or degrees of freedom3
dn+1 by satisfying the boundary conditions and equilibrium conditions. The entire computa-4
tional process consists two levels of numerical computations, one at global level and the other5
at local level. A scheme of solving algorithm for the nonlinear problem is summarized in Algo-6
rithm 4.7

Algorithm 4 (Scheme of solving algorithm)

Input: Number of steps n, time tn+1 = tn + ∆t, and material tangents Huu, Huζ̂ , Hζ̂u, Hζ̂ζ̂

Output: Nodal values dn+1 at current time step tn+1

[4.1] Loop over time steps
[4.2] Global level computations
[4.3] Initialize d0 at tn=0

[4.4] Loop over elements
[4.5] NR-iterative process
[4.6] Local level computations
[4.7] Loop over Guass points
[4.8] If elastic-damage model, Go to Algorithm 1
[4.9] If coupled inelastic-damage model, Go to Algorithm 2

[4.10] Update stress σn+1

[4.11] Obtain tangents Huu, Huζ̂ , Hζ̂u, Hζ̂ζ̂

[4.12] Consistent stiffness matrix Ki at ith iteration step
[4.13] Residual vector Ri at ith iteration step
[4.14] Solve the system of equations Ki ∆di+1 = −Ri

[4.15] Update nodal values di+1
n+1 = di + ∆di+1

n+1

[4.16] Check for convergence
[4.17] if ∆di+1

n+1 ≥ εg

[4.18] then
[4.19] Continue the above steps for the next iteration i+ 1

[4.20] else
[4.21] dn+1 = di+1

n+1

[4.22] Kn+1 = Ki

[4.23] Rn+1 = Ri

[4.24] exit
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The computations at the global level means solving the equilibrium equation and the gradient1
equation using spatial and time discretizations. The linearized system of equations (9.41) are2
solved for improved approximations di+1

n+1 = di + ∆di+1
n+1 using the NR-iterative process within3

each time step tn+1 with the help of known values from the previous time step tn. If the norm of4
the residuals becomes less than a predefined tolerance εg, then the solving procedure is stopped5
otherwise the procedure is repeated until this convergence criterion has achieved. The estimated6
solution of nodal degrees of freedom is dn+1 = d(tn+1) upon convergence. If the NR-iteration7
process does not converge, the program is restarted with a smaller time step size (halved from8
the previous time step size).9

The computations at the local level means stress updating at each Gauss point using the solutions10
dn+1 from the global level. In this step, stresses, strains, and other internal variables such as11
equivalent strain, history parameters, and damage variable are evaluated from the constitutive12
equations and evolution equations within the current step.13
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10 Validation of Models1

In order to check the ability of the damage models in predicting the material behavior, the2
numerical algorithm of the developed models has been implemented into a finite element pro-3
gram (an in-house code, which is also used for solving a coupled problem like Soil-Structure-4
Interaction analysis [133]). The model is investigated under several loadings such as monotonic5
uniaxial tensile, compression loadings, and various test series of biaxial loadings. In addition,6
the performance of the model is analyzed under direct cyclic tension, compression as well as7
cyclic tension-compression loadings.8

A single 8-noded brick element of size 200 [mm] × 200 [mm] × 50 [mm] equivalent to the size9
of concrete plate tested by Kupfer and co-workers [91] is used for the above tests using 8 Gauss10
integration points. The material and model parameters used in this work are provided in Ta-11
ble 10.1. The material parameters are taken from the work [94]. The model parameters β1 and12
β2 have been chosen accordingly so as to reproduce the material behavior from the uniaxial ten-13
sile and compressive tests. The material length scale lc is considered as 200 [mm]. Linear shape14
functions have been used for nonlocal equivalent strains. The nonlinear system of resulting15
equations has been solved with the Newton-Raphson method. Displacements are imposed as16
applied loading. The validation of the elastic-damage model is presented in Sections 10.1-10.2.17
Section 10.3 discusses the performance of the coupled-inelastic model under various loadings18
and shows the ability of capturing inelastic evolution favorably.19

10.1 Monotonic loading tests20

10.1.1 Uniaxial tension and compression21

The single element is first subjected to uniaxial tensile loading. Figure 10.1 shows the simulated22
stress-strain curve, which agrees well with the experimental curve of Karsan and Jirsa [84]. It23

Table 10.1: Relevant parameters for isotropic damage model

Adopted Data 1 Data 2 Data 3 Data 4
parameters [72] [84] [91] [102]

fc [MPa] 27.6 27.6 31.0 34.4

Material ft [MPa] 3.48 3.48 3.1 1/3 fc

parameters E [GPa] 31.0 31.7 31.87 −
ν [-] 0.18 0.2 0.2 −

Model β1t β2t β1c β2c κ0t κ0c

parameters 0.85 0.18 0.0 0.095 fc/E 10ft/3E

Internal length lc [mm] 200
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is noted that the model exhibits a gradual decrease of stress and ensuring the residual stresses1
to a large extent.2

Secondly, the element is subjected to uniaxial compressive loading. The numerically predicted3
compressive stress-strain response is compared with the experimental curve [84] in Figure 10.24
and depicts very good agreement with experimental data. Moreover, the proposed model can5
predict the damage hardening as well as post-peak softening behavior well.6

In addition, Figures 10.3 and 10.4 illustrate the evolution of history parameter and correspond-7
ing damage during the tensile and compressive loading respectively. As seen in Figure 10.3, the8
history parameter in both the load cases grows monotonically and thereby respects the thermo-9
dynamic inequality. It is also obvious from Figure 10.4 that the damage initiation in the case of10
compressive loading is later than that in the case of tension, which is physically reasonable.
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Figure 10.1: Uniaxial tension [72]
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Figure 10.2: Uniaxial compression [84]
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10.1.2 Proportional biaxial loading1

The same element is then investigated under several two-dimensional/biaxial loading along var-2
ious prescribed load paths. The obtained numerical results are plotted against the experimental3
data of biaxial failure surface of Kupfer and Zelger [91]. As can be seen in Figure 10.5, the4
present model predicts the envelope of ultimate stresses, i.e., failure surface well in bi-tension,5
bi-compression, and compression-tension regions. Moreover, the envelope of damage surface6
(D = 0), which limits the elasticity domain, is also shown. Thus, the model provides very good7
results in all the regions.8

10.1.3 Non-proportional biaxial loading (Tension-Compression)9

Biaxial experiments with non-proportional loading were conducted by Maekawa and Oka-10
mura [102], which were stress-controlled tests. But the numerical simulations are performed11
under displacement control. Therefore, the compression loading is first applied monotonically12
up to a certain level and then the tensile loading is superimposed in the other principal direction.13
Both the experimental results [102] and the numerical predictions using material parameters14
(Data 2) are illustrated in Figure 10.6. In order to compare the numerical results with exper-15
imental results, the calculated principal stresses are normalized by the uniaxial compressive16
strength fc and the tensile strength ft from Data 2 and the calculated principal strains are also17
normalized by the compressive strain εc (= −1. 955 · 10−3) corresponding to fc. As observed18
from Figure 10.6, the numerically predicted tensile stresses and corresponding strains behave19
nearly linear for compressive strains, say ε2/εc < 0. 25. The nonlinear behavior appears with20
increasing compressive strains. Subsequently, the increase in the tensile stress accelerates the21
deformation of concrete leading to softening. Thus, the numerical predictions describe favor-22
ably the biaxial deformation behavior observed in the experimental investigations.23
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Figure 10.5: Biaxial proportional loading [91]
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10.2 Cyclic loading tests1

10.2.1 Uniaxial cyclic tension and compression2

The ability of the present model is checked under uniaxial cyclic tensile as well as compressive3
loading. Figure 10.7 and 10.8 depict the simulated tensile and compressive behavior of stress-4
strain curves respectively. The numerical curves are compared with the experimental curves5
according to Gopalaratnam and Shah [72] and Karsan and Jirsa [84]. The model predictions6
agree fairly with the experimental data:7
(a) the softening behaviors using material parameters (Data 1 and Data 2) under tension pre-8
dicted by the model are almost close and comparable with the experimental one, as shown in9
Figure 10.7;10
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Figure 10.7: Uniaxial cyclic tension [72]
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Figure 10.8: Uniaxial cyclic compression [84]
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10 Validation of Models

(b) the nonlinear behavior under compression, either in hardening or in softening, is rather close1
enough to the test, as shown in Figure 10.8;2
(c) the history deformation parameter κt or κc grows monotonically, as shown in Figure 10.9, as3
every reloading follows the path of the previous unloading and thus thermodynamic consistency4
is verified;5
(d) the tensile damage or compressive damage is monotonically increasing, as depicted in Fig-6
ure 10.10, in other words, the increase in the slopes of the unloading curves in Figures 10.7 and7
10.8 replicates monotonic increasing damage under tension or compression;8
(e) the history deformation parameter and damage remain constant during unloading regions,9
as seen in Figures 10.9 and 10.10 respectively;10
(f) the only discrepancy observed is that residual permanent strains are not described during the11
unloading cycles, since the model has not taken the inelastic evolution of strains into account.12

10.2.2 Tension-compression loading13

In order to investigate the effect of damage under uniaxial cyclic tension-compression loading,14
the displacement history is used to be cyclic with an increasing magnitude alternatively tension15
and compression as an imposed loading. As observed in Figure 10.11 κt or κc, is monotonically16
increasing during the tension-compression loading/unloading processes respectively. Conse-17
quently, a monotonic increase of the effective damage D is depicted in Figure 10.12. It is also18
observed that D becomes zero after the initial tensile loading (cycle 1) and thus the effective19
damage due to initial tensile loading does not affect the damage evolution in the first phase of20
compression (cycle 2). But D due to the first tensile loading is recovered, once the material21
experiences tension in reloading (cycle 3). During the unloading paths (B-O) and (D-O), the22
accumulated damage remains constant, i.e., Ḋ = 0 as κ̇ = 0.23

As a consequence, the actual tension-compression behavior exhibits a complete recovery of the24
initial stiffness of the material for the first compression loading, as shown in Figure 10.13. The25
magnified plot shows the model behavior during the tensile loading and unloading. The arrows26
denote the load path. In addition, the tensile-compressive stresses are normalized by the tensile27
strength ft and the uniaxial compressive strength fc from Data 2 respectively. The experimen-28
tal response [104] is as well normalized by respective material data from their work in order29
to compare with numerical results. Hence, both the normalized numerical and experimental30
behavior (up to 31

4
cycles) are illustrated in Figure 10.14.31

The degradation of stiffness is shown by softening, as the damage develops due to the opening32
of micro-cracks during the tensile loading path (O-A-B). Afterwards, the tensile unloading that33
occurs follows the path (B-O) and thus the damaged stiffness remains same. When the sign of34
loading changes meaning that the first compressive loading occurs (O-C), the initial stiffness is35
recovered due to the closure of opened micro-cracks. At this level, there is no damage develop-36
ment, as observed in Figure 10.12, since the damage criterion is not fulfilled. Further compres-37
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sive unloading-tensile reloading (C-O-B-D’) causes opening of closed cracks, and subsequent1
degradation of stiffness occurs during the cycle. The tensile unloading (D’-O) and compressive2
reloading (O-E) again close the opened cracks and hence recovers the initial stiffness. If the3
loading continues in this direction, the damage grows further.4

Thus, the model describes the unilateral behavior quite well, and the numerical response agrees5
well with the experiments showing a full recovery of initial stiffness. This is typically observed6
in concrete when the sign of the load changes, according to the experimental investigations7
[104]. But there are certain discrepancies due to the fact that the permanent inelastic strains are8
not taken into account in the model so far. This discrepancy is overcome by the coupled-inelastic9
damage model. The performance and validation of the model is presented in the following10
section.11
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10 Validation of Models

10.3 Validations of inelastic model1

This section presents the performance of the coupled-inelastic damage model under several2
loading conditions, which were performed earlier. The model and hardening parameters adopted3
in the following simulations are provided in Table 10.2, in addition to the material parameters4
(Data 2) of Table 10.1.5

The numerical response under uniaxial tensile loading is compared with the experimental tensile6
curve [84] in Figure 10.15. On the other hand, Figure 10.16 compares the numerical response7
of the model under uniaxial compression with the respective experimental curve [84]. As seen8
in both the comparisons, the model predicts the hardening behavior under compression well in9
addition to the softening behavior in the post-peak region in tension as well as compression and10
thereby proves its ability by exemplifying fair agreement with experiments.11

Likewise, biaxial tests with proportional and non-proportional loading are performed, as ex-12
plained in Sections 10.1.2 and 10.1.3. Figure 10.17 shows both the envelopes of failure surface13
(maximum stresses) and damage loading surface (D = 0). The Kupfer’s failure surface [91],14

Table 10.2: Relevant parameters for coupled-inelastic damage model

Ht [MPa] 25.0

Hardening Hc [GPa] 42.0

parameters ft0 [MPa] ft

fc0 [MPa] 0. 6 fc

Model β1t β2t β3t β1c β2c β3c κ0t κ0c

parameters 0.25 0.25 1.0 0.00 0.105 1.20 fc/E fc0/E

Internal length lc [mm] 200
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Figure 10.15: Uniaxial tension [72]
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Figure 10.16: Uniaxial compression [84]
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Figure 10.17: Biaxial proportional loading [91]
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Figure 10.18: Biaxial non-proportional loading [102]

which is the experimental curve from several biaxial tests along proportional load paths, is1
also plotted. The model yields acceptable results with few differences in the compression re-2
gion. These differences can be avoided by adjusting the model parameters for biaxial test cases3
specifically. Compared to the biaxial surface envelopes of elastic-damage model shown in Fig-4
ure 10.5, the damage initiates later in the compression region, as the damage growth is only5
possible after the inelastic evolution. Thus, the different behavior of concrete material in com-6
pression and tension is described well. This is enabled by allowing compression active only in7
the pure compression and compression dominant areas (that is, the first stress invariant approx-8
imately greater than 64% of the uniaxial compressive strength fc) of complex region, otherwise9
tension is made active (based on the Heaviside function (8.9)).10

Both the normalized results of numerical tests of biaxial non-proportional loading and the exper-11
iment [102] are illustrated in Figure 10.18. As can be observed, the numerically predicted ten-12
sile stresses and corresponding strains behave linear for compressive strains, say ε2/εc < 0. 25.13
As similar to the elastic-damage model, the nonlinear behavior appears with increasing com-14
pressive strains here as well. Subsequent increase in the tensile stress further accelerates the15
deformation of concrete leading to the softening behavior. Therefore, the model is able to de-16
scribe fairly the biaxial deformation behavior observed in the experimental investigations.17

On the other hand, the numerical responses obtained from the cyclic tensile and compressive18
loading are compared with the relevant experimental results in Figures 10.19 and 10.20. The19
results are reasonably good in agreement during the loading/unloading and reloading cycles.20
As can be observed, the permanent strains (inelastic strains) monotonically increase during the21
entire load history either in tension or in compression. Similarly, the stiffness decreases with22
the increase of damage, which can be observed from the unloading curves.23

The effect of cyclic tension-compression loading on concrete is finally investigated using an24
increasing magnitude alternatively tension and compression as an imposed loading. The actual25
tension-compression behavior exhibits a complete recovery of the initial stiffness of the mate-26
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Figure 10.19: Uniaxial cyclic tension [72]
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Figure 10.20: Uniaxial cyclic compression [84]
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Figure 10.21: Unilateral behavior (actual)
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Figure 10.22: Unilateral behavior (normalized) [104]

rial for the first compression loading, as shown in Figure 10.21, that is after the second cycle1
of tension unloading. The magnified plot shows the model behavior during the tensile loading2
and unloading. The arrows denote the load path. It is also noticed that the permanent strains3
can be traced during the unloading after the first compression loading. In order to compare4
the numerical results with experimental results, the numerical response and the experimental5
response [104] are normalized as done earlier. Thus, both the normalized numerical and exper-6
imental behaviors are illustrated in Figure 10.22. The degradation of stiffness is shown by the7
softening, as the damage develops due to the opening of micro-cracks during the tensile loading8
path (O-A-B). Afterwards, the tensile unloading that occurs follows the path (B-O’) and thus9
the damaged stiffness remains same. Herein, (O-O’) refers to the inelastic strains that devel-10
oped during the first tensile unloading (B-O’). Subsequently, tensile reloading (O’-B-D’) occurs11
and in turn causes further opening of closed cracks and continuous softening (B-D’). Following12
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that, tensile unloading (D’-O") leaves the total inelastic strains (O-O"). When the sign of load-1
ing changes meaning that the first loading in compression occurs (O"-C), the initial stiffness is2
recovered due to the closure of opened micro-cracks as well as vanishing of the inelastic strains3
developed due to the entire tensile loading. The tensile unloading (D’-O") and the compression4
reloading (O-C-E) again close the opened cracks and hence recovers the initial stiffness. If the5
loading continues in this direction, the damage grows further due to compression.6

The model response of unilateral behavior also agree with the recent experimental investiga-7
tions [113]. According to them, the inelastic strains progressively vanish and the material re-8
covers its initial stiffness during the first compression loading phase. During the crack closure,9
the evolution of inelastic strains are partially explained by the friction developed by the discon-10
tinuity lips. Thus, the inelastic model is enabled to predict such behaviors of stiffness recovery11
and vanishing inelastic strains by means of allowing a stress-shift and defining the inelastic12
multiplier through two separate inelastic multipliers for tension and compression.13

10.4 Illustration of localization phenomena14

In order to visualize the localization phenomena of the gradient-enhanced damage model, a15
simple one-dimensional problem is analyzed using a bar subjected to a pure tensile loading.16
Displacement is applied at the free end of the bar, and the left end of the bar is fixed. Model17
parameters and material parameters (Data 2) used are from the Table 10.1, while the initial dam-18
age threshold is set as κ0 = 1 · 10−3. Linear shape functions have been used for the nonlocal19
variables ζ̂ (nonlocal damage D̂ or nonlocal equivalent strain ε̂). Section 10.4.1 demonstrates20
the effect of varying triggering zone and selection of solid elements on the localization phenom-21
ena with a constant length scale lc, whereas Section 10.4.2 illustrates the influence of varying22
length scale lc on the localization phenomena with a constant triggering zone.23

10.4.1 Varying triggering zone24

In this section, the numerical problem discussed in Section 11.1.1 is considered again. The25
bar is discretized along the loading direction with N = {16, 32, 64, 128} - Hex8 elements and26
n = {16, 32, 64, 128} - Hex27 elements of constant size respectively. In this example, nonlocal27
variable ζ̂ is the nonlocal equivalent strain ε̂. The numerical simulations are performed using28
the length scale lc = 4. 3 [mm]. In order to trigger the damage localization, the initial damage29
threshold κ0 is reduced by approximately 13% in the element, which is located near to the center30
of the bar when compared to rest of the portion.31

Figures 10.23 and 10.24 show the converged results obtained using both Hex8 and Hex27-32
elements. It can be observed from Figure 10.23 that the stress-softening curves converged33
upon mesh-refinement and also the meshes of both Hex8 and Hex27 resulted in almost similar34
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Figure 10.23: Convergence of stress obtained using elements (Hex8 and Hex27) for lc = 4. 3 [mm]

responses. Moreover, Figure 10.23a shows the stress responses plotted against strains at a1
distance of 25 [mm] from the left end. On the other hand, Figure 10.23b depicts the stress2
responses against the displacement at the end. As the discretization of equal size elements3
generates varying zone of triggering the damage initiation, i.e., decrease in triggering zone4
as mesh refines, there is a slight increase in peak stress values upon the mesh-refinement, as5
noticed in Figure 10.23. This interpretation is also practically acceptable. Nonetheless, finer6
meshes produce almost similar peak values.7

In addition, Figure 10.24 displays the converged local, nonlocal equivalent strains, and damage8
along the length of bar for the meshes N = n = 16 and N = n = 128. The depicted9
results of each mesh correspond to the selected four different loading steps (t1, t2, t3 and t4) in10
the post-peak regime. The gray-shaded area inside the figures represents the size of internal11
length lc = 4. 3 [mm], while the densely gray-shaded area outside the figure represents the12
triggering zone in the bar. At each time step, there are two distributions shown in every figure.13
The strain or damage distributions of slightly higher peak values correspond to the mesh of14
Hex8-elements and the other correspond to the mesh of Hex27-elements. The distributions of15
local equivalent strains (dashed lines) are compared with that of nonlocal equivalent strains16
(thick lines) over the localization zone in Figures 10.24a and 10.24c respectively. Similarly,17
Figures 10.24b and 10.24d display the corresponding damage distribution over the localization18
zone for the meshes respectively. Selection of meshes of different elements results in only a19
few differences in the damage distributions as well as nonlocal strains at the triggered zone20
but showing reasonable differences in the local strains. On the other hand, the comparison of21
course mesh (N = n = 16) and finest mesh (N = n = 128) exhibits noticeable observations22
that that mesh-refinement produces a smooth distribution of damage and strains as well as a23
better localization of either local or nonlocal equivalent strains irrespective of chosen elements.24
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Figure 10.24: Converged results using elements (Hex8 and Hex27) for lc = 4. 3 [mm]

The use of interpolation functions of same order may cause stress oscillations as it has already1
been found from the investigations on problems of one-dimension [119] and two-dimensions [22].2
Nonetheless, it can not be taken straight a way to problems in three-dimensions. Therefore, the3
displacement and stress distributions along the bar have also been analyzed and depicted in4
Figure 10.25 for the respective meshes. In the case of linear-linear interpolations (Hex8), the5
displacements (dashed lines) are linear within each element, as seen in Figure 10.25a as simi-6
lar to the local strains and as a consequence, the stress oscillations (dashed lines) due to stress7
gradients within the element are observed in the triggering zone where the damage and strains8
become high, as shown in Figure 10.25b. On the contrary, in the case of quadratic-linear in-9
terpolations (Hex27), the displacements (solid lines) are linear within each element of same10
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Figure 10.25: Converged displacement and stress profiles with Hex8 (dashed) and Hex27 (solid) for lc =

4. 3 [mm]

mesh size, as seen in Figure 10.25a, but the stress oscillations (solid lines) are very slightly pro-1
nounced in the triggering zone, as shown in Figure 10.25b. On the other hand, the finer meshes2
with the irrespective of the order of interpolation functions (Hex8 or Hex27) lead to almost no3
stress oscillations due to the decrease of the stress gradients, which is clearly understood from4
the Figures 10.25c and 10.25d. This contradicts with the conclusions of Peerlings [119] that the5
mesh-refinement of the linear-linear interpolation functions does not lead to decrease in stress6
oscillations.7

Nevertheless, the present results of nonlocal equivalent strains and damage distributions are8
meaningful and acceptable. Thus, further loading increases the subsequent development of9
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damage in broader area, whereas narrowing of localization zone occurs. Thereby, the strong1
localization/concentration of local equivalent strains replicates the formation of a macro crack,2
while the smooth distribution of nonlocal equivalent strains replicates the occurrence of micro-3
structural interactions in the neighborhood.4

10.4.2 Constant triggering zone5

This section illustrates the influence of varying length scale lc on the localization phenomena6
with a constant size of triggering zone. A bar of size 100 [mm] × 10 [mm] × 10 [mm] is used7
to analyze the one-dimensional problem. Triggering of the damage localization is achieved8
by reducing the initial damage threshold κ0 by approximately 13% in a 10 [mm] wide zone9
in the middle of the bar when compared to rest of the portion. The size of the wide zone is10
constant irrespective of mesh-refinement throughout the analyzes. The bar is discretized into11
40, 80, 160-equal sized solid (Hex27) elements along the loading direction (x-axis) respectively.12
The nonlocal enhancement of local quantities namely ε and D based on the implicit-gradient13
method has been analyzed. Thus, nonlocal variables are the nonlocal equivalent strain ε̂ or the14
nonlocal damage D̂. The numerical simulations are performed using different length scales15
namely lc = {5, 7. 5, 10} [mm]. A pure tensile loading is applied under displacement control by16
means of an imposed displacement at the right end of the bar, which is monotonously increasing,17
as shown in Figure 10.26a. Figures 10.26b-10.26f show the nonlocal results of nonlocking18
formulation, whereas Figures 10.27b-10.27f depict the nonlocal results of locking formulation.19

10.4.2.1 Nonlocking formulation20

The stress-displacement curves generated for the three meshes and for varying internal length21
scales are depicted in Figure 10.26b. It is clearly observed that the softening curves of every22
mesh are almost identical and converging faster. It is obvious that a finite energy dissipation23
has been obtained due to mesh-independent solutions. In addition, the influence of character-24
istic internal length scale lc on the softening behavior is illustrated in Figure 10.26b. It is also25
apparent that the brittleness of softening responses is influenced by the internal length. The26
model responses become brittle; the model loses its stiffness and the peak stress value reduces27
for decreasing internal lengths, and vice versa. It is due to the fact that the larger internal length28
makes the localization zone wider. Moreover, the softening responses are also physically mean-29
ingful and are free from any locking effects. In order to visualize how the strains and damage30
distributed over the localization zone, Figure 10.26c and Figure 10.26d display the distributions31
of nonlocal equivalent strains and resulting damage along the bar obtained for the fine mesh32
(n = 160) at the loading step t3 using the different length scales respectively.33
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Figure 10.26: Nonlocal solutions of bar for nonlocking formulations ζ̂ = ε̂
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Indeed, a larger value of lc allows wider spreading of the nonlocal strains and accordingly the1
damage becomes wider. In other words, a smaller value of lc yields strong (narrowing down)2
localization of nonlocal strains as well as damage at the center of triggered zone.3

Furthermore, Figure 10.26e compares the evolution of local and nonlocal equivalent strains4
corresponding to the three different loading steps (t1,t2,t3) in the post-peak regime, which are5
obtained for the fine mesh (n = 160) with lc = 5 [mm]. As can be observed, the local equivalent6
strains (dashed lines) are concentrated near the vicinity of the triggered region and further load-7
ing increases the narrowing of zone leading to propagation of macro-crack. On the other hand,8
the nonlocal equivalent strains (thick lines) are spread over the localization zone, physically9
meaning the occurrence of micro-structural interaction in the neighborhood.10

The respective evolution of damage is plotted over the length of the bar in Figure 10.26f. The11
continued loading leads to the subsequent development of damage. The damage formed in12
a broader area. Nonetheless, the narrow region of strains is obtained. Thus, the gradient-13
enhancement of present model describes the physical meaning of crack initiation, growth of14
micro-cracks, and coalescence of these into a macro-crack, as observed by Peerlings et.al [121].15

10.4.2.2 Locking formulation16

The inspiration of the previous investigations in the case of nonlocal integral models [18, 79]17
lead to the numerical analyzes of the one- dimensional problem using the present damage model18
incorporated with the gradient-enhanced damage variable, where the gradient-enhanced dam-19
age variable enters into the constitutive law that describes the characteristic behavior of the20
materials. The interesting results that have been observed are discussed here.21

The stress-displacement curves generated for the three meshes and for varying internal length22
scales are depicted in Figure 10.27b. It is observed that the softening curves are almost identical23
and thus show convergence upon the mesh-refinement. Likewise, the influence of characteristic24
internal length scale lc on the softening behavior can also be understood from Figure 10.27b. It25
is also apparent that the brittleness of softening responses is influenced by the internal length.26
The model responses show brittleness due to the loss of its stiffness and the peak stress value27
reduces for decreasing internal lengths, and vice versa. It is due to the fact that the larger internal28
length makes the localization zone wider. But the present formulation, on the whole, does not29
yield a reasonable behavior at later stages of softening, as observed in Figure 10.27b, as the30
applied displacement is increased. Consequently, this leads to locking effects and therefore31
fails to predict the realistic behavior of the material.32

On the other hand, Figure 10.27c and Figure 10.27d display the distributions of local equivalent33
strains and nonlocal damage along the bar obtained for the fine mesh (n = 160) at the loading34
step t3 using the different length scales respectively. A larger value of lc allows wider spreading35
of the equivalent strain, as the gradient-enhanced damage (nonlcoal damage) expands wider.36
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Figure 10.27: Nonlocal solutions of bar for locking formulations ζ̂ = D̂
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In other words, a smaller value of lc yields a strong (narrowed) localization of damage at the1
center of the triggered zone. At the same time, the widening of damage zone or softening zone2
occurs across the entire bar, as seen in Figure 10.27d.3

Figure 10.27e shows the evolution of local equivalent strains corresponding to the three different4
loading steps (t1, t2, t3) in the post-peak regime, which are obtained for the fine mesh (n = 160)5
with lc = 5 [mm]. As can be observed in Figure 10.27f, the local damage (dashed lines) are6
concentrated near the vicinity of the triggered region, whereas the nonlocal damage (thick lines)7
are spread over the localization zone.8

It can be concluded that post-damage responses are converging upon the mesh-refinement, and9
the distribution of nonlocal equivalent strains and damage evolution along the bar are controlled10
by the characteristic internal length lc. Nevertheless, the gradient enhancement of D leads to11
locking effects in the softening behavior, meaning that the model fails to produce a realistic12
behavior of brittle materials like concrete, instead shows a ductile nature beyond certain level13
of damage even though strains increase. This kind of locking effects in stress have already been14
observed in use of nonlocal integral models [18, 79] where it is identified that the averaging of15
damage variable leads to spurious residual stresses and expansion of the softening zone across16
the entire bar. On the contrary, the implicit gradient enhancement of damage variable D has17
also been considered as a promising approach to model ductile materials like steel [86,144,152]18
under various loading environments.19
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11 Applications

11 Applications1

Although the mesh-sensitivity and the localization of deformation are illustrated using the de-2
veloped elastic-isotropic damage model in the previous chapter, the capabilities of the damage3
model in describing the fracture processes must be verified. Hence, this chapter demonstrates4
the fracture processes of concrete by simulating the selected fracture problems available in the5
literature. The FE simulations have been carried out using the model described in Chapter 7.6

11.1 Kupfer’s plate tests7

This section presents the numerical investigations on Kupfer’s concrete plate specimen [90]8
under biaxial tests. The model and material parameters (Data 2) adopted are provided in Ta-9
ble 10.1. Considering homogeneous and non-homogeneous material, there are several loading10
scenarios such as uniaxial loading σ1

σ2
= 1/0, biaxial tests σ1

σ2
= 1/1, and σ1

σ2
= 1/0. 54 discussed11

in this section. Before performing various numerical tests, mesh-sensitivity is first analyzed to12
ensure that mesh-independent solutions are obtained, which is presented in the following Sec-13
tion 11.1.1.14

11.1.1 Mesh-sensitivity analysis15

The size of Kupfer’s concrete plate is 200 [mm] × 200 [mm] × 50 [mm]. The geometry of the16
test specimen and the applied boundary conditions adopted in the numerical simulations are17
illustrated in Figure 11.1a. The specimen is supported in y-direction (xz-plane), and both the left18
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(b) Stress responses

Figure 11.1: Kupfer’s plate subjected to (a) uniaxial tension σ1

σ2
= 1/0 - All dimensions are in [m] (b) Comparison

of stress responses for different length scales. The model and material parameters (Data 2) are as
provided in Table 10.1.
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and bottom edge surfaces are prevented from moving horizontally, i.e., the displacements along1
x- and z-directions are constrained respectively). The tensile loading is applied incrementally,2
by means of prescribing the horizontal displacement increments on the right surface of the3
plate (displacement control). The horizontal displacement degrees of freedom on the right4
surface, i.e., the displacements along the x-axis direction are constrained to be equal in order to5
simulate the rigid platen at the loaded surface. The plate is discretized by 40× 40 and 50× 506
(Hex27) elements. An imperfection is additionally introduced into the specimens to trigger the7
localization of deformation, as shown in Figure 11.1a. In order to simulate the imperfection,8
the initial damage threshold κ0 of four elements in the middle of both the meshes is reduced to9
0. 1κ0 in the mesh sensitivity analyses.10

According to the recommendation [21], the internal length lc must be approximately greater11
than 3 times the maximum size da of aggregate. The internal length scales lc = {15, 25} [mm]12
are used initially. Figure 11.1b displays the stress-deformation curves obtained using two dif-13
ferent internal lengths. The lesser value of internal length leads to faster growth of damage and14
thus causes the narrow width of localization band. Therefore, the softening behavior that corre-15
sponds to lc = 15 [mm] exhibits sudden decrease rather showing gradual decrease that observed16
in the case of lc = 25 [mm]. Thus, the internal length lc = 25 [mm](≈ 3 da) is considered as an17
appropriate value for a reliable softening behavior.18

Subsequently, the numerical results illustrated in Figures 11.2-11.4 are obtained from the two19
different finite element meshes for lc = 25 [mm]. The stress-deformation curves are shown20
in Figure 11.2. It is observed that the responses of the coarse mesh are close to those of the21
fine mesh and thereby leading to mesh-insensitive results. The brittle failure, damage initiation,22
and propagation can be observed by means of the softening behavior after the peak stress, as the23
deformation starts localizing. Likewise, the nonlocal strain distributions along the middle x-axis24
of both the meshes are shown in Figure 11.3. It can also be seen that the results are converged25
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11 Applications

upon the mesh-refinement and exhibiting localization of strains at the triggered region.1

(a) Stress distribution 40× 40 (b) Stress distribution 50× 50

(c) Damage distribution 40× 40 (d) Damage distribution 50× 50

(e) Nonlocal strains 40× 40 (f) Nonlocal strains 50× 50

Figure 11.4: Kupfer’s plate under uniaxial tension using the meshes 40× 40 (left) and 50× 50 (right) at displace-
ment ux = 0. 03 [mm]

Furthermore, the distributions of stresses, damage, and nonlocal equivalent strains in xz-plane2
are depicted in Figure 11.4 for two different meshes. These results are corresponding to a3
selected load step in the post-peak region. As observed, the damage initiation begins in the4
middle of the plate specimen where the triggering point is located and propagates towards the5
sides. It can also be seen that damage propagation is normal to the direction of applied tensile6
loading, as displayed in Figures 11.4c and 11.4d. As a consequence, the stress decreases at7
the triggered region with respect to other regions, as shown in Figures 11.4a and 11.4b. The8
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distributions of nonlocal strains of both the meshes are shown in Figures 11.4e and 11.4f, which1
evidence the localization of deformation at the triggered region. Thus, the gradient enhancement2
of local damage models is unavoidable to obtain mesh-insensitive and physically meaningful3
solutions.4

11.1.2 Without any imperfection5

This section provides the uniaxial (σ1
σ2

= 1/0) and biaxial tests (σ1
σ2

= 1/1 and σ1
σ2

= 1/0. 54)6
by considering the material as homogeneous. It means that no imperfection is introduced in the7
model. The mesh 40 × 40 is adopted using the internal length lc as 25 [mm]. The geometry8
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(d) Biaxial tension σ1/σ2 = 1/1

Figure 11.5: Without any imperfection. (a) Geometry and boundary conditions and (b-d) Stress-strain behavior
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and boundary conditions are shown in Figure 11.5a. In the case of uniaxial test, incremental1
displacements are applied at the left and right end surfaces of the specimen (along x-axis) and2
the direction along z-axis is free to move. In the case of biaxial tests, the displacements are3
applied at all the end surfaces (along x-, and z-axes). But the movement along y-axis is restricted4
in both the test cases.5

Figure 11.5 depicts the stress-strain behavior obtained at the top-right corner. The nonlocal6

(a) Nonlocal strains σ1/σ2 = 1/0 (b) Damage σ1/σ2 = 1/0

(c) Nonlocal strains σ1/σ2 = 1/0. 54 (d) Damage σ1/σ2 = 1/0. 54

(e) Nonlocal strains σ1/σ2 = 1/1 (f) Damage σ1/σ2 = 1/1

Figure 11.6: Without any imperfection. Nonlocal strains and damage at displacements (a,b) ux = 0. 0583 [mm],
(c,d) ux/z = 0. 025/0. 01 [mm], and (e,f) ux/z = 0. 0125 [mm]

111



equivalent strains and damage distribution at the final load step are shown in Figure 11.6. As1
long as a gradual decrease is observed in stress, as shown in Figures 11.5b and 11.5c, the2
model exhibits homogeneous deformation throughout the specimen, meaning that the nonlocal3
strain and the consequent damage are equally distributed throughout the specimen. As soon4
as a sudden drop in stress to a minimum or zero occurs, the nonlocal strain and the damage5
get maximum at the right end, as shown in Figures 11.6a-11.6d. By contrast, the nonlocal6
strains and damage under biaxial test σ1/σ2 = 1/1 are localized along the diagonal, as shown7
in Figures 11.6e and 11.6f respectively.8

Thus, the localization bands of deformation shown in Figures 11.6a and 11.6c by considering9
homogeneous material do not agree with the actual crack formations observed in the uniaxial10
(σ1/σ2 = 1/0) and biaxial (σ1/σ2 = 1/1) experiments shown in Figure 11.19 and Figure 11.2111
respectively. Nevertheless, the localized band of deformation observed in Figure 11.6e can only12
be comparable with the experimental crack shown in Figure 11.20.13

11.1.3 With completely random imperfections14

In this section, the numerical tests (σ1/σ2 = 1/0 and σ1/σ2 = 1/1) are performed by introduc-15
ing the imperfections throughout the specimen. The imperfections are simulated by introducing16
randomness in the model in two ways. The randomness is introduced either in the elastic-17
ity modulus of the material E or in the initial damage threshold value κ0. The geometry and18
boundary/loading conditions are as same as explained in the previous section 11.1.2.19

11.1.3.1 Randomness in E20

At first, the elasticity modulus of the material E is considered as a random variable. The ran-21
domness of the variable is based on the continuous uniform distribution defined by the boundary22
parameters as ±10% of the given value E.23

Figure 11.7 shows the results of specimen introduced with random imperfections (in E) com-24
pletely under uniaxial and equibiaxial test cases. The corresponding stress-strain behaviors25
obtained are shown in Figures 11.7a and 11.7b. As can be seen, the initial stress decrease cor-26
responds to the initial damage that occurs shown in Figures 11.7c and 11.7d. After a certain27
level of damage, the damage does not propagate and localize, as softening does not occur. The28
reason behind is that the computations are stopped due to non-convergence of equation system,29
irrespective of increment size either smaller or larger.30
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(a) Uniaxial tension σ1/σ2 = 1/0
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(b) Biaxial tension σ1/σ2 = 1/1

(c) Damage σ1/σ2 = 1/0 (d) Damage σ1/σ2 = 1/1

Figure 11.7: With completely randomness in E. (a,b) Stress-strain behavior and (c,d) damage distribution at
displacement ux = 0. 0108 [mm] and ux/z = 0. 0085 [mm] respectively

11.1.3.2 Randomness in κ01

Secondly, the initial threshold value κ0 is considered as a random variable. Similarly, the ran-2
domness of the variable is based on the continuous uniform distribution defined by the boundary3
parameters as ±10% of the given value κ0.4

Figure 11.8 shows the results of specimen introduced with random imperfections (in κ0) com-5
pletely under uniaxial and equibiaxial test cases. The corresponding stress-strain behaviors6
obtained are shown in Figures 11.7a and 11.8b. As observed, Figure 11.7a shows that the soft-7
ening does not occur even though there is some level of damage that occurs under uniaxial8
test, as shown in Figure 11.8c. The damage seems to be higher at the left end. Thereafter, the9
computations are stopped due to non-convergence of equation system as happened earlier. On10
the other hand, the softening behavior is observed under biaxial test, as seen in Figure 11.8b.11
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(a) Uniaxial tension σ1/σ2 = 1/0
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(b) Biaxial tension σ1/σ2 = 1/1

(c) Damage σ1/σ2 = 1/0 (d) Damage σ1/σ2 = 1/1

Figure 11.8: With completely randomness in κ0. (a,b) Stress-strain behavior and (c,d) damage distribution at
displacement ux = 0. 0112 [mm] and ux/z = 0. 0175 [mm] respectively

The corresponding damage distribution is shown in Figure 11.8d and the damage seems to be1
localized at the left end.2

Thus, the introduction of complete randomness in the material parameters like E or κ0 using3
the present model does not provide any meaningful information on the localization behavior4
during the fracture process. Therefore, it will also be interesting to analyze the models if the5
randomness in the material parameters is only introduced in the randomly selected elements of6
the mesh, which will be discussed in the following section.7

11.1.4 With selectively random imperfections8

In this section, the numerical tests such as uniaxial test (σ1/σ2 = 1/0) and biaxial tests (σ1/σ2 =9
1/1,σ1/σ2 = 1/1) are performed by introducing the imperfections only in the selected elements10
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of the mesh randomly. The imperfections are simulated by reducing the initial damage threshold1
value κ0 by 3− 15%.2

11.1.4.1 Uniaxial tension σ1
σ2

= 1/03

Moreover, an another numerical example using the mesh (40 × 40) is additionally considered4
by setting both the top and bottom surfaces free to displace and the tensile loading is applied at5
both the right and left edge surfaces horizontally by prescribing displacement increments along6
x-axis, as shown in Figure 11.9a. In this example, the imperfection is simulated by reducing the7
initial damage threshold κ0 of four elements in the middle of the plate by 10%. The material8
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(b) Normalized stress-strain curves

Figure 11.9: Kupfer’s plate subjected to (a) uniaxial tension σ1

σ2
= 1/0 - All dimensions are in [m] (b) Comparison

of normalized stress responses with experiments [91]. The model and material parameters (Data 2)
are as provided in Table 10.1.

(a) Nonlocal strains (≤ 2. 832 × 10−3) (b) Damage distribution (D ≤ 0. 7897)

Figure 11.10: Kupfer’s plate under unaxial tension σ1/σ2 = 1/0 at displacements (a, b) ux = 0. 01642 [mm], (c,
d) ux = 0. 01936 [mm], (e, f) ux = 0. 2817 [mm], and (g, h) ux = 0. 04 [mm]
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(c) Nonlocal strains (≤ 3. 733 × 10−3) (d) Damage distribution (D ≤ 0. 8645)

(e) Nonlocal strains (≤ 6. 360 × 10−3) (f) Damage distribution (D ≤ 0. 9526)

(g) Nonlocal strains (≤ 9. 312 × 10−3) (h) Damage distribution (D ≤ 0. 9825)

Figure 11.10: Kupfer’s plate under uniaxial tension σ1/σ2 = 1/0 at displacements (a, b) ux = 0. 01642 [mm], (c,
d) ux = 0. 01936 [mm], (e, f) ux = 0. 2817 [mm], and (g, h) ux = 0. 04 [mm]

and model parameters and internal length are as same as in the previous example.1

The stress values obtained at the triggered point are normalized by the uniaxial tensile strength2
ft of concrete. The normalized stresses are plotted against strains and compared with experi-3
mental curves [91] in Figure 11.9b. The model predicts the softening behavior after the peak4
stress. But the experimental curves are only available upto peak stress values, as the experiments5
were performed under stress controlled loading. Nonetheless, the simulation results are well in6
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11 Applications

agreement with experimental data. Figure 11.10 illustrates the evolution of nonlocal equivalent1
strains and corresponding damage evolutions along the length of the plate upon increase in the2
applied displacements. It is witnessed that both the nonlocal strains and damage originate at3
the triggered point and propagates normal to the direction of applied loading. Further increase4
in loading causes the propagation of damage or nonlocal strains along the loading direction,5
meaning that the width of localization increases. As displayed in Figure 11.10g, the localized6
strains can be comparable with the macro crack shown in Figure 11.19, which formed normal7
to the direction of applied loading in Kupfer’s experimental investigations [91]. The damage8
broadened area shows the region of reduced stiffness of the material.9

11.1.4.2 Biaxial tension σ1
σ2

= 1/110

In this example, Kupfer’s equi-biaxial test is simulated using two different internal lengths11
lc = {20, 25} [mm]. The geometry and boundary conditions of the test problem are shown in12
Figure 11.11a. The right and bottom edge surfaces are restricted from movements along x- and13
z-directions. The prescribed displacements are applied on the left and top edge surfaces. Herein,14
few elements are randomly chosen as imperfections by reducing the initial damage threshold by15
3−15% in order to simulate in-homogeneity of concrete material in the model. These variations16
in the threshold values are highlighted by different colors in the mesh.17

Figure 11.11b depicts the normalized stress-strain curves obtained that are compared against the18
experimental data [91] in which the softening data is not available. The results are still good in19
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Figure 11.11: Kupfer’s plate subjected to (a) biaxial tension σ1

σ2
= 1/1 - All dimensions are in [m] (b) Comparison

of normalized stress responses with experiments [91]. The model and material parameters (Data 2)
are as provided in Table 10.1.
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agreement. It can also be noticed that lower values of the internal length scale cause faster dam-1
age growth and in turn softening occurs faster than the use of higher length scale. Figure 11.122
shows the nonlocal strains and corresponding damage progression at various loading stages for3
lc = 25 [mm]. As soon as the damage criterion is fulfilled, the damage starts and further devel-4
ops with the increase in the nonlocal strains. Figure 11.12a depicts the nonlocal strains during5

(a) Nonlocal strains (≤ 0. 9088 × 10−3) (b) Damage distribution (D ≤ 0. 1326)

(c) Nonlocal strains (≤ 1. 052 × 10−3) (d) Damage distribution (D ≤ 0. 2560)

(e) Nonlocal strains (≤ 1. 308 × 10−3) (f) Damage distribution (D ≤ 0. 4263)

Figure 11.12: Kupfer’s plate under biaxial tension σ1/σ2 = 1/1 for lc = 25 [mm] at displacements (a, b)
ux/z = 0. 01745 [mm], (c, d) ux/z = 0. 01968 [mm], (e, f) ux/z = 0. 02302 [mm], and (g, h)
ux/z = 0. 02636 [mm]
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11 Applications

(g) Nonlocal strains (≤ 1. 601 × 10−3) (h) Damage distribution (D ≤ 0. 5476)

Figure 11.12: Kupfer’s plate under biaxial tension σ1/σ2 = 1/1 for lc = 25 [mm] at displacements (a, b)
ux/z = 0. 01745 [mm], (c, d) ux/z = 0. 01968 [mm], (e, f) ux/z = 0. 02302 [mm], and (g, h)
ux/z = 0. 02636 [mm]

(a) I1 ≥ 2. 898 [MPa] (b) J2 ≥ 0. 7295 [MPa]

(c) Principal stress (σ1 ≥ 1. 607 [MPa] (d) Principal stress (σ2 ≥ 1. 294 [MPa]

Figure 11.13: Kupfer’s plate under biaxial tension σ1/σ2 = 1/1 for lc = 25 [mm] at displacement ux/z =

0. 02636 [mm] (a, b) Stress invariants and (c, d) Principal stresses

the initial stage of damage development. As can be seen, the nonlocal strains (over the dam-1
age threshold) and damage originate at the randomly chosen triggered locations and influence2
neighboring locations upon further increase in the loading. Thereby, the interactions between3
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the triggered elements lead to the branching of deformation, which can be understood from the1
progressive nonlocal strains as well as the damage distributions. It seems like a macro-crack2
that opens from the central point of the specimen. Moreover, the stress invariants (I1 and3
J2) and principal stresses (σ1 and σ2) corresponding to the displacement of 0. 02636 [mm] are4
illustrated in Figure 11.13. As observed, both the stress invariants and principle stress σ2 have5

(a) Nonlocal strains (≤ 0. 9068 × 10−3) (b) Damage distribution (D ≤ 0. 1345)

(c) Nonlocal strains (≤ 1. 060 × 10−3) (d) Damage distribution (D ≤ 0. 2654)

(e) Nonlocal strains (≤ 1. 305 × 10−3) (f) Damage distribution (D ≤ 0. 4060)

Figure 11.14: Kupfer’s plate under biaxial tension σ1/σ2 = 1/1 for lc = 20 [mm] at displacements (a, b)
ux/z = 0. 01745 [mm], (c, d) ux/z = 0. 01968 [mm], (e, f) ux/z = 0. 02302 [mm], and (g, h)
ux/z = 0. 02525 [mm]
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11 Applications

(g) Nonlocal strains (≤ 1. 636 × 10−3) (h) Damage distribution (D ≤ 0. 5152)

Figure 11.14: Kupfer’s plate under biaxial tension σ1/σ2 = 1/1 for lc = 20 [mm] at displacements (a, b)
ux/z = 0. 01745 [mm], (c, d) ux/z = 0. 01968 [mm], (e, f) ux/z = 0. 02302 [mm], and (g, h)
ux/z = 0. 02525 [mm]

(a) I1 ≥ 3. 149 [MPa] (b) J2 ≥ 0. 8683 [MPa]

(c) Principal stress (σ1 ≥ 1. 716 [MPa] (d) Principal stress (σ2 ≥ 1. 390 [MPa]

Figure 11.15: Kupfer’s plate under biaxial tension σ1/σ2 = 1/1 for lc = 20 [mm] at displacement ux/z =

0. 02525 [mm] (a, b) Stress invariants and (c, d) Principal stresses

lower values wherever the higher values of damage distribution occur, as seen in Figure 11.12h.1
By contrast, the principle stress σ1 gets lower values only along the diagonal, as observed in2
Figure 11.13c.3
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On the other hand, the nonlocal strains and corresponding damage progression at various load-1
ing stages for lc = 20 [mm] are shown in Figure 11.14. The damage and nonlocal strain distri-2
butions for the first two steps shown are almost identical with the relevant steps of the previous3
case (lc = 25 [mm]). Nevertheless, further loading steps leave considerable changes in branch-4
ing of the nonlocal strains and damage, as can be seen in Figures 11.14e-11.14h. The reason5
behind this is that faster the growth of nonlocal strains/damage occurs, the width of localization6
narrows down due to lower value of the internal length. Furthermore, the stress invariants (I17
and J2) and principal stresses (σ1 and σ2) corresponding to the displacement of 0. 02525 [mm]8
are illustrated in Figure 11.15. Both the stress invariants and principle stress σ2 have lower9
values wherever the higher values of damage distribution occur, as seen in Figure 11.14h. But10
the principal stress σ1 distribution is concentrated on the top right corner where the damage is11
more. It seems like a macro-crack that opens from that corner.12

Therefore, the width of localization and interactions between the nonlocal strains merely depend13
on the size of internal length. The localized band of nonlocal strains obtained for lc = 25 [mm]14
pictured in Figure 11.12h nearly clones the diagonal crack formation in experiments [90], as15
shown in Figure 11.20.16

11.1.4.3 Biaxial tension σ1/σ2 = 1/0. 5417

In this example, Kupfer’s biaxial test (σ1/σ2 = 1/0. 54) is simulated using the internal length18
lc = {25} [mm]. The geometry and boundary conditions of the test problem are shown in19
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(b) Normalized stress-strain curves

Figure 11.16: Kupfer’s plate subjected to (a) biaxial tension σ1/σ2 = 1/0. 54 (b) Comparison of normalized stress
responses with experiments [91]. The model and material parameters (Data 2) are as provided in
Table 10.1.
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11 Applications

Figure 11.16a. The boundary conditions are as similar to the previous example of equibiaxial1
tension. But the prescribed displacements are applied on the left and top edge surfaces such that2
σ1/σ2 = 1/0. 54. Here as well, few elements are randomly chosen as imperfections by reducing3
the initial damage threshold by 3 − 15% in order to model in-homogeneity of concrete mate-4
rial. These variations in the threshold values are highlighted by different colors in the mesh.5

(a) Nonlocal strains (≤ 0. 9874 × 10−3) (b) Damage distribution (D ≤ 0. 2155)

(c) Nonlocal strains (≤ 1. 842 × 10−3) (d) Damage distribution (D ≤ 0. 5966)

(e) Nonlocal strains (≤ 2. 154 × 10−3) (f) Damage distribution (D ≤ 0. 6541)

Figure 11.17: Kupfer’s plate under biaxial tension σ1/σ2 = 1/0. 54 for lc = 25 [mm] at displacements (a, b)
uextx/z = 0. 0203/0. 0080 [mm/mm], (c, d) uextx/z = 0. 0248/0. 0098 [mm/mm], (e, f) uextx/z =
0. 0270/0. 0106 [mm/mm], and (g, h) uextx/z = 0. 0292/0. 0115 [mm/mm]
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(g) Nonlocal strains (≤ 2. 323 × 10−3) (h) Damage distribution (D ≤ 0. 6834)

Figure 11.17: Kupfer’s plate under biaxial tension σ1/σ2 = 1/0. 54 for lc = 25 [mm] at displacements (a, b)
uextx/z = 0. 0203/0. 0080 [mm/mm], (c, d) uextx/z = 0. 0248/0. 0098 [mm/mm], (e, f) uextx/z =
0. 0270/0. 0106 [mm/mm], and (g, h) uextx/z = 0. 0292/0. 0115 [mm/mm]

(a) I1 ≥ 1. 788 [MPa] (b) J2 ≥ 0. 4041 [MPa2]

(c) Principal stress (σ1 ≥ 1. 263 [MPa] (d) Principal stress (σ2 ≥ 0. 4523 [MPa]

Figure 11.18: Kupfer’s plate under biaxial tension σ1/σ2 = 1/0. 54 for lc = 25 [mm] at displacement uextx/z =

0. 0292/0. 0115 [mm/mm] (a, b) Stress invariants and (c, d) Principal stresses

The normalized stress-strain curves obtained are compared against the experimental data [91] in1
Figure 11.16b. The results are reasonably good in agreement with data, but the predicted strain-2
softening is also shown. Figure 11.17 shows the nonlocal strains and corresponding damage3
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11 Applications

σ1

σ2

Figure 11.19: Kupfer specimen σ1

σ2
= 1/0

σ1

σ2

Figure 11.20: Kupfer specimen σ1

σ2
= 1/1

σ1

σ2

Figure 11.21: Kupfer specimen σ1

σ2
= 1/0. 54

progression at various loading stages. As soon as the damage criterion is fulfilled, the damage1
starts and further develops with the increase in the nonlocal strains. The growth of nonlcoal2

125



strains shown in Figure 11.17a corresponds to the initial stage of damage development. The1
nonlocal strains (over the damage threshold) and damage originate at the randomly chosen trig-2
gered locations and influence neighboring locations upon further increase in loading. Thereby,3
the interactions between the triggered elements lead to the formation of band in nonlocal strains4
as well as in damage distributions in between the middle of the specimen and the fully restrained5
right edge. Upon further increase in loading, the band concentrates near the right edge of the6
specimen until both the nonlocal strains and the damage get maximum. After that, the damage7
propagates towards the right edge, as the nonlocal strains do propagate towards the same edge.8

As similar to the previous examples, the stress invariants (I1 and J2) and principal stresses (σ19
and σ2) corresponding to the displacement of 0. 02636 [mm] are illustrated in Figure 11.18. The10
stress invariants and principle stresses have the lowest values of a band wherever the higher11
values of damage band occur, as noticed in Figure 11.17h. The principle stress σ2 gets lower12
values along the band as shown in Figure 11.18d.13

Figures 11.19-11.21 compares the experimental crack formations with those of equivalent crack14
formations from the present numerical investigations. Only the highest range of nonlocal strains15
are illustrated for comparison. It can be noticed that the performance and the ability of the16
damage model in describing the fracture phenomena in concrete is very convincing.17

11.2 Single-edge notched specimen tests18

In this section, a single-edge notched specimen, which is a well studied fracture problem in19
the scientific community of phase-field modeling [5, 6, 109], is investigated using the proposed20
model under tension and shear. It has a straight vertical notch running until the mid-height,21
located at a half distance of the left or right edge. Prior to loading, the mesh is refined in the22
regions where crack propagation is expected to occur. Both the simulations are performed under23
displacement control using two different internal length scales lc = {0. 2, 0. 1} [mm] such that24
lc equals at least the size of two finest elements.25

11.2.1 Tensile test26

The geometry and boundary conditions of the tensile test problem are depicted in Figure 11.22a.27
As depicted, horizontal displacements are prescribed at the complete right edge. The specimen28
is discretized with 3933-Hex27 elements. The stress-displacement curves obtained at the point29
A on the right edge of the specimen are shown in Figure 11.22b. Similarly, the stress re-30
sponses at the point B at the notch tip corresponding to the values of lc = {0. 2, 0. 1} [mm]31
are also obtained and plotted against the applied displacements in Figures 11.22c and 11.22d32
respectively. As shown in Figure 11.22b, a drop of stress values at A after the peak value oc-33
curs, as the stresses at B cease to minimum, as depicted in Figure 11.22c due to the growth of34

126



11 Applications
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(d) Stress response at B for lc = 0. 1 [mm]

Figure 11.22: Single-edge notched specimen subjected to tension

damage. Thereafter, the growth of damage occurs along the crack path normal to the loading1
direction and in turn the decrease of the stresses occurs in the post-peak regions, as shown in2
Figure 11.22b. Nevertheless, the model exhibits very brittle response without allowing grad-3
ual decrease in stress when lc = 0. 1 [mm]. Hence, it is apparently clear that the lower value4
of the internal length causes reduction in the peak stresses and in turn the damage/softening5
grows faster. In other words, the higher value of the internal length causes increase in the peak6
stresses and consecutively damage/softening grows slower, and thus leads to reasonable damage7
propagation. These phenomena can be markedly observed by analyzing the growth of nonlocal8
strains and damage in specimen.9

Figure 11.23 and 11.24 compare the growth of nonlocal strains and corresponding damage10
propagation at several stages of loading in the post-peak region for the meshes using lc =11
0. 2 [mm] and lc = 0. 1 [mm] respectively.12
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(a) ε̂ ≤ 0. 3682 × 10−2 (b) ε̂ ≤ 1. 1930 × 10−2 (c) ε̂ ≤ 2. 7220 × 10−2

(d) D ≤ 0. 8325 (e) D ≤ 0. 9890 (f) D ≤ 0. 9998

Figure 11.23: Single-edge notched specimen under tension using lc = 0. 2 [mm]. Nonlocal strains (top) and dam-
age (bottom) at displacements (a, d) ux = 0. 7635× 10−3 [mm], (b, e) ux = 0. 7935× 10−3 [mm],
and (c, f) ux = 1. 5135× 10−3 [mm]

(a) ε̂ ≤ 0. 5463 × 10−2 (b) ε̂ ≤ 1. 4550 × 10−2 (c) ε̂ ≤ 1. 7840 × 10−2

(d) D ≤ 0. 9150 (e) D ≤ 0. 9941 (f) D ≤ 0. 9974

Figure 11.24: Single-edge notched specimen under tension using lc = 0. 1 [mm]. Nonlocal strains (top) and dam-
age (bottom) at displacements (a, d) ux = 0. 4938× 10−3 [mm], (b, e) ux = 0. 5239× 10−3 [mm],
and (c, f) ux = 0. 5419× 10−3 [mm]
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11 Applications

As depicted in Figure 11.24, the values of nonlocal strains and damage at various loading stages1
have attained faster than those seen in Figure 11.23. Therefore, neither the propagation of2
nonlocal strains nor the propagation of damage runs through the complete specimen due to the3
lower value of lc. Moreover, the width of deformation band (nonlocal strains or damage) is4
narrowed down due to the lower value of lc. On the other hand, the growth of nonlocal strains5
and damage for the higher lc run until the complete failure as shown in Figure 11.23, as the size6
of localization band is little broader than the previous case of lower lc.7

11.2.2 Shear test8

The geometry and boundary conditions of the shear test problem are depicted in Figure 11.25a.9
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0 0.1 0.2 0.3 0.4
−5

0

5

10

Applied displacement uy (×10−5) [m]

S
tr
e
ss
e
s
[M

P
a
]

σx

σy

σxy

(d) Stress response at B for lc = 0. 1 [mm]

Figure 11.25: Single-edge notched specimen subjected to shear
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(a) ε̂ ≤ 1. 366 × 10−2 (b) ε̂ ≤ 2. 421 × 10−2 (c) ε̂ ≤ 3. 583 × 10−2

(d) D ≤ 0. 9922 (e) D ≤ 0. 9994 (f) D ≤ 1. 0

Figure 11.26: Single-edge notched specimen under shear using lc = 0. 2 [mm]. Nonlocal strains (top) and damage
(bottom) at displacements (a, d) uy = 0. 0022 [mm], (b, e) uy = 0. 0028 [mm], and (c, f) uy =

0. 0036 [mm]

(a) ε̂ ≤ 2. 647 × 10−2 (b) ε̂ ≤ 4. 567 × 10−2 (c) ε̂ ≤ 5. 205 × 10−2

(d) D ≤ 0. 9995 (e) D ≤ 1. 0 (f) D ≤ 1. 0

Figure 11.27: Single-edge notched specimen under shear using lc = 0. 1 [mm]. Nonlocal strains (top) and damage
(bottom) at displacements (a, d) uy = 0. 0017 [mm], (b, e) uy = 0. 0023 [mm], and (c, f) uy =

0. 0027 [mm]
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11 Applications

As shown, the test is simulated by keeping the right edge subjected to downward vertical dis-1
placements. The specimen is discretized with 4046-Hex27 elements. The stress response curves2
obtained at the points A and B, which are plotted against the applied displacements uy for the3
meshes using lc = {0. 2, 0. 1} [mm], are shown in the corresponding Figures 11.25b-11.25d.4
As can be seen in Figure 11.25b, the initial decrease of stresses at A occurs due to the strain-5
softening at B during the growth of damage, as shown in Figure 11.25d. Thereafter, further6
decrease of stresses at B upon subsequent load steps causes consecutive stress drops at A.7
However, the bumps that appear in the responses seen in Figure 11.25b are due to the fact that8
the model also allows the damage development in the compressed region near the vicinity of9
notch tip. It is seemingly noticed that the lower value of the internal length yields reduction10
in the peak stresses and thus causes faster growth in damage/softening, and vice versa. The11
strain-softening behavior is clearly observed for both the length scales.12

Figures 11.26 and 11.27 illustrate the results of nonlocal strains and damage propagation at13
several stages of loading in the post-peak regime for the meshes with lc = 0. 2 [mm] and lc =14
0. 1 [mm] respectively. It is also noticed that the lower lc causes the faster growth of nonlocal15
strains and in turn causes the faster growth of damage when comparing to the results of the16
higher lc. As similar to the tension test, the width of deformation band (nonlocal strains or17
damage) is narrowed down here as well, because of the adoption of the lower lc. On the other18
hand, as displayed in Figure 11.26, the size of localization band is broader due to the use of the19
higher lc.20

The growth of nonlocal strains that clones the crack propagation and the stress-displacement21
behaviors are physically meaningful, although any relevant test data is not available. Therefore,22
it is noteworthy to mention that the selection of a proper value for the internal length scale lc23
plays an essential role in the fracture phenomena to achieve physically meaningful results.24
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12 Conclusions and Outlook1

The primary goal of the research work accomplished in this thesis was to develop a consistent2
nonlocal damage formulation, which can realistically describe the fracture process of concrete3
under various loading conditions. Thus, this thesis addressed the important features of mod-4
eling the different deformation behavior of concrete within the context of Continuum Damage5
Mechanics (CDM) as it is a promising approach to carry out failure predictions in many design6
and damage assessment situations within the framework of standard displacement finite element7
formulation. An implicit-gradient method is incorporated in the modeling to regularize mesh-8
dependencies and to avoid localization of deformation into a vanishing volume. The numerical9
implementation of the damage models into FEM codes is also discussed.10

12.1 Summary and conclusions11

The influence of various history deformation parameters and selection of model parameters on12
the softening behavior of concrete have been investigated. A suitable damage evolution law13
similar to Weibull’s failure distribution is proposed for describing softening behavior.14

A simplified constitutive model for concrete has been developed within a 3D-framework to take15
its distinct deformation behavior under monotonic and cyclic loading conditions into account.16
A unified equivalent strain is considered as a local deformation measure, which drives the evo-17
lution of effective isotropic damage. The damage evolution law proposed in this work is used18
in tension as well as in compression. The crack-opening and closure of micro-cracks under19
cyclic and reverse loading are described by the evolution of two independent history deforma-20
tion parameters. The local equivalent strain and damage is enriched by the incorporation of an21
implicit gradient method. The investigations on the one-dimensional bar problem showed that22
mesh-dependency and ill-posedness of the boundary value problem are avoided due to gradi-23
ent enhancement. Moreover, the influence of internal length scale on softening behavior and24
distribution of damage in the damage process zone are discussed. Nevertheless, the gradient25
enrichment of equivalent strains using the proposed model produced more reliable softening26
behavior than that of the damage variable in the case of concrete. Furthermore, the efficiency27
of the gradient-enhanced model is shown by validating the numerical responses obtained under28
monotonic (uniaxial, biaxial) loading as well as cyclic and reverse loading. Thus, the numerical29
predictions agree well with experimental results. In addition, it is demonstrated that the model30
can also simulate the unilateral behavior of concrete well by exhibiting a recovery of full initial31
stiffness for the first compression phase under the absence of inelastic strains.32

The elastic-damage model has been extended to capture the irreversible deformations by consid-33
ering the extended version of Lubliner-Lee failure surface. The failure surface has been slightly34
modified to allow the damage evolution due to the growth of the equivalent strains that has been35
measured from the total strains. Linear functions are adopted for isotropic tensile and compres-36
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12 Conclusions and Outlook

sive hardening. Therefore, the nonlinear behavior under compression is correctly modeled by1
an additional model parameter introduced in the damage evolution law. The crack-opening or2
closure effects have been included by two history damage parameters. In addition, the inelas-3
tic multiplier through two other multipliers in tension and compression is introduced in order4
to ensure that crack-closure and stiffness recovery occur appropriately but only after crossing5
crack-closure stress (shift-stress) in compression. The coupled inelastic-damage model is also6
validated under monotonic (uniaxial, biaxial) loading as well as cyclic and reverse loading con-7
ditions. Thus, the coupled inelastic-damage model is able to produce residual inelastic strains8
during unloading conditions, which was not captured by the elastic-damage model, and also to9
recover the original stiffness during the transition from tension to compression phase. Thence,10
the discrepancy of the elastic-damage model is overcome by the coupled model.11

Finally, the performance and capabilities of the damage model in describing the fracture pro-12
cesses are demonstrated by means of simulating selected concrete fracture problems on Kupfer’s13
plate specimen under several test cases. The homogeneous and non-homogeneous material14
properties are also simulated by introducing zero-, completely random, and selectively random15
distributions of imperfections. Without imperfections, the model produces incorrect localization16
of deformation behavior in case of uniaxial or biaxial test cases, except under equibiaxial tests17
in which the formation of diagonal crack is reasonably convincing. Whereas the model pro-18
duces incorrect localization behavior and is strongly localized at one of the boundaries when19
completely random imperfections are simulated. But the simulations of selectively random20
imperfections provide very convincing results and identify the possible situations that form21
equivalent cracks as observed in experiments. Thus, it is demonstrated that the model is able to22
describe the crack initiation, propagation and branching phenomena occurring during the frac-23
ture processes equivalently. The detailed comparison of numerical results of all tests with the24
relevant experimental investigations proves the ability of the model and correctness of damage25
formulations. Additionally, a standard single-edge notched specimen is also investigated under26
tensile and shear tests. In the absence of experimental data, the notched specimen tests also pro-27
vide physically fruitful information on crack initiation and propagation. It is observed that the28
lower value of the characteristic internal length scale causes faster growth of nonlocal strains29
and in turn causes faster growth of damage when comparing results at higher values. Thereby,30
the width of the deformation band (nonlocal strains or damage) is controlled by the internal31
length scale. Thus, the proposed model can provide a beneficial engineering tool for predicting32
different damage behavior in concrete structures under various loading circumstances.33

12.2 Future scope of the work34

As mentioned, Continuum Damage Mechanics hast still proven to be an efficient approach35
to develop powerful modeling tools. Although the gradient-damage models developed in this36
work satisfactorily describe the damage behavior of concrete, it is believed that there is still37
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room for improvement in the developed models. Hence, the following plans and developments1
or possible extensions are lined up for the future research.2

• Additional verification Both the proposed models have to be verified by modeling the3
fracture process involved in several other standard benchmark problems in absence and4
presence of inelastic strain evolution.5

• Anisotropic description Due to micro-cracking pattern exhibited by concrete, the in-6
ternal degradation of the material that depends on the direction of applied loading is7
inherently anisotropic. Therefore, damage induced anisotropy must be incorporated in8
the present damage model for a more reliable representation of damage in concrete to9
describe the direction of damage propagation. This can be achieved by introducing a10
fourth-order damage effect tensor M [34, 111] that enters into the constitutive law of the11
material model. The model should also be able to describe cyclic/unilateral behavior of12
concrete.13

• Local-nonlocal interactions Nonlocal enhancement of certain softening models by either14
integral formulation or gradient formulation may not completely regularize the problem15
of localization and in turn yields different localization behavior [101]. Therefore, in order16
to achieve full regularization, the models must embody the concept of over-nonlocal,17
which uses a weighted sum of the local and nonlocal values [127, 128].18

• Modeling of reinforced concrete The modeling of the reinforcement could be achieved19
by steel bars considering uniaxial visco-plastic constitutive relation [32]. The model-20
ing of contact between concrete and steel necessitates an extension of the existing bond21
model [40, 142] that has been developed at the institute to account for cyclic loading22
conditions. The coupling of steel, concrete and bond model will be done to perform the23
numerical investigations of structural components under a realistic earthquake history and24
the model will be further validated.25
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