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Abstract: It is shown that for every squarefree composite integer d, d /∈ {0, 1} ,
every nontrivial decomposition d = ab yields a set Ra,b of irreducible 2-dimensional

complex representations of the absolute Galois group of the field of rational numbers.

Applying the technique of automorphic induction it turns out that every ρ ∈ Ra,b

corresponds to an automorphic representation κ = κ(ρ) which for a, b > 1 corresponds

to a wave form for a certain congruence subgroup of the group of unimodular (2× 2)-
matrices over the ring of integers.
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§1. Introduction

In this note we show how a square free composite integer d = ab, d /∈ {0, 1} ,
gives rise to irreducible 2-dimensional representations of the absolute Galois
group of the rational number field Q and point out that these representations
yield automorphic representations which correspond to modular forms for a cer-
tain congruence subgroup of the group of all unimodular (2 × 2)-matrices over
the ring of integers Z. The construction is part of the general framework de-
veloped in [O]. It makes use of the technique of lifting of projective Galois
representations, comp. [SE1] ,§6, and of the induction process for automorphic
representations as developed in [AC] . The emphasis in the present note is on the
lifting of the underlying projective Galois representations in dependence of d.
The examples of modular forms which arise in this way include also examples of
indefinite modular forms mentioned in [HE] and [HI] , Chapter 3, especially 3.4.
If in a nontrivial decomposition d = ab the integers a, b are both > 1 then the
mentioned modular forms are so called wave forms with eigenvalue 1

4 in the sense
of H. Maass [M ]. For investigations, results and examples related to Maass wave
forms, especially to those which arise from Galois theory, comp. [BS] ; [BU ] , 1.9,
pp. 103 ff; [CKM ] , Lecture 2; [CH ] ; [FR] ; [HT ] ; [KT ] ; [SN1] ; [SN2] ; [V ]. We
mention that there are also relations between the constructions in the present
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paper and [JL] . For concepts and results on automorphic forms and represen-
tations which are used in the present note we refer to [AC] , [BU ] , [CM ] and of
course [L]. As a basic reference for concepts and results from algebraic number
theory, including class field theory, we use [AT ] and [CF ] .

§2. Statement of results

According to a well known result of R. Dedekind and K. Hensel the absolute
discriminant of a number field L/Q of degree n is equal to

∏

p p
δp

where the product is taken over all prime numbers which are ramified in
L/Q and where

δp ≤ n− 1 + n log(n)/ log(p);

see [SE3] , Chapter III, §6, Remarks. 1), p. 58, as well as [SE4] , §1, and
the literature mentioned there. We follow remarks in [SE2], section 4.1, p. 49,
which are based on this result, and define two invariants depending on a given
squarefree positive integer d, d /∈ {0, 1} , as follows. For any odd prime divisor p
of d denote by 2mp the maximal 2-power dividing p−1 and put m2 := 1. Define

gd := max
{

2mp+2 : p divides 2d
}

fd :=
∏

p/2d p
[δp] where δp := 2gd − 1

2 + 2gd log(4gd)
log(p)

where [x] denotes the largest integer ≤ x. These invariants gd and fd will
be used below.

For any number field k with algebraic closure k and any finite subextension
K/k of k/k denote by GK = G(k/K) the absolute Galois group of K. If m is
a positive integer then Wm denotes the group of all roots of unity in C of order
dividing m.

Theorem Assume that d = ab is a nontrivial decomposition. Then there is

a set Ra,b of irreducible 2-dimensional complex Galois representations ρ of the

absolute Galois group GQ of Q whose conductors divide fd and whose character

values belong to the cyclotomic field Q(Wgd
). Moreover, every ρ ∈ Ra,b is in-

duced by a linear character ψ of GM where M/Q is any quadratic subextension

of Q( 2
√
a, 2

√
b).

For a number field K denote by AK the adele ring of K.
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Corollary For every ρ ∈ Ra,b there is a cuspidal automorphic representation

κ = κ(ρ) of GL(2,AQ) such that for every prime number p which is prime to

2d the Frobenius conjugacy class ρp of ρ at p is equal to the conjugacy class κp

of the Hecke-matrix of κ at p and such that κ(ρ) corresponds to a modular form

φ = φ(ρ) for the congruence subgroup Γ(fd) of SL(2,Z). For every ρ ∈ Ra,b

the cuspidal automorphic representation κ(ρ) is automorphically induced by a

linear character of GL(1,AM ) where M/Q is any quadratic subextension of

Q( 2
√
a, 2

√
b). If a, b > 1 then for every ρ ∈ Ra,b the modular form φ(ρ) is a wave

form for Γ(fd) with eigenvalue 1
4 .

§3. Construction of Galois representations and associated auto-

morphic representations

Assume that K = Q( 2
√
a, 2

√
b) is a biquadratic extension with Galois group

G = G(K/Q) for which we fix generators s and t such that for fixed square
roots α = 2

√
a, β = 2

√
b

s(α) = (−1)λa(s)α, s(β) = β, t(β) = (−1)λb(t)β, t(α) = α

where λa : G → Z/2Z resp. λb : G → Z/2Z is the homomorphism corre-
sponding to a resp. b by Kummer theory. Then it is easily shown that the map
c : G×G→W2 defined by

c(u, v) := (−1)λb(v)λa(u), u, v ∈ G,

is a nonsymmetric central 2-cocycle. It follows from a result of R. Frucht
that the image of the cocycle class (c) in H2(G,C∗) under the homomorphism
H2(G,W2) → H2(G,C∗) which is induced by the embedding W2 →֒ C∗ corre-
sponds uniquely to the isomorphism class of an irreducible projective represen-
tation P : G → PGL(2,C∗), comp. e.g. [Y ], §6, section 6.1, Corollary, p. 183.
Since for every number field k the cohomology group H2(Gk,C

∗) is trivial, see
e.g. [SE1], §6, there is an irreducible linear representation ρ : GQ → GL(2,C)
such that the corresponding projective representation ρ : GQ → PGL(2,C) is
equal to P. With methods which have been applied by the author at several
occasions, e.g. in [O] , one can show that ρ can be chosen in such a way that the
central character χ : GK → C∗ of ρ, which is defined as the unique irreducible
constituent of the restriction of ρ to GK , has order dividing the invariant gd

which was defined in §2 and that χ is unramified outside all places which divide
the rational prime divisors of 2d and the infinite place. It should be remarked
however that this bound for the order of the central character χ of ρ is very
rough and can sometimes be improved considerably, e.g. by using results in
[SW ] on the isotropy of rational ternary quadratic forms over fields of roots of
unity of order a suitable power of 2. Especially, if the equation
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a = X2 − bY 2

has a rational solution (X,Y ) = (x0, y0) 6= (0, 0), then instead of gd we
can simply take 2. For a, b > 1 another improvement comes from the fact that
Q( 2

√
a, 2

√
b) is totally real. One result which is used in proving the claimed

bound for the order of the central character for ρ says that the central simple
Q- algebra A(a, b) which is defined by the 2-cocycle c is split by the cyclotomic
extension which is obtained from Q by adjoining to Q a primitive root of unity
of order gd/2; this can be seen quite easily by using the local global principle
about central simple algebras over number fields and the theory of central sim-
ple algebras over local number fields; for the theory of central simple algebras
over local and global number fields comp. [D] . We mention that this result is
also related to [SW ] , 4.15. From this one deduces that the central embedding

problem for GQ which is defined by the cocycle c2,gd
: G × G

c→ W2 →֒ Wgd

has a proper solution which is unramified outside the set of prime divisors of 2d
and infinity by using results in [HM ], especially 2.1, 6.1, and the global dual-
ity theorem of Tate and Poitou for which we refer to [P ] . Having chosen ρ in
such a way it follows that the Galois extension L/Q which corresponds to the
kernel of ρ has degree n = 4gd and that ρ is realizable over the field Q(Wgd

).
The conductor-discriminant formula, comp. [SE3] , Chapter VI, §3, Corollary
2, implies that the square of the conductor f(ρ) of ρ divides the discriminant
of L/Q, and therefore by the result of Hensel mentioned at the beginning of §2
the conductor f(ρ) divides fd. Put

Ra,b :=

{

λ⊗ ρ : λ : GQ →Wgd
any continuous character

such that f(λ⊗ ρ) divides fd

}

.

Clifford´s Theory [CL] implies that if M/Q is any quadratic subextension
of K/Q then for every ρ ∈ Ra,b there is a linear character ψ of GM such that ρ
is isomorphic to the representation which is induced by ψ:

ρ ∼= Ind
GQ

GM
(ψ).

Denote by κ(ψ) the representation of GL(1,AM ) (Hecke character) corre-
ponding to ψ by the Artin reciprocity homomorphism A∗

M/M∗ → Gab
M , where

Gab
M denotes the Galois group of the maximal abelian extension of M, and let

κ(ρ) := AutInd
GL(2,AQ)

GL(1,AM)(κ(ψ))

denote the automorphically induced representation of GL(2,AQ) in the sense
of [AC] , Chapter 3, sections 6 and 7. κ(ρ) is cuspidal, comp. [AC] , Chapter
3, section 7. It should be noted that the process of automorphic induction
developed by J. Arthur and L. Clozel in [AC] is very profound, involved and
powerful and can be applied in much more general situations. It is well known,
see e.g. [CM ] and [V ] that κ(ρ) corresponds to a modular form φ(ρ).
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§4. The case of wave forms

The following description of the connection between 2-dimensional Galois
representations of GQ and wave forms is taken from [SN1], §1 and Appendix
1, and from [V ] , section 3. Let ρ : GQ → GL(2,C) be an irreducible Galois
representation with conductor f . For any prime number p which is unramified
for ρ, i.e. which does not divide f , denote by sp ∈ GQ a Frobenius automorphism
and put ρp := ρ(sp). Following E. Artin one defines, comp. [HL],

L(s, ρ) :=
∏

p∤f det(Id− ρpp
−s), s ∈ C, Re(s) > 1,

where Id denotes the identity matrix of degree 2. This product can be
written as a Dirichlet series

L(s, ρ) =
∑∞

n=1 aρ(n)n−s, s ∈ C, Re(s) > 1.

If s∞ ∈ GQ is the Frobenius substitution at infinity, i.e. s∞ corresponds to
the complex conjugation automorphism, put ρ∞ := ρ(s∞). We assume that ρ
is even, i.e. that ρ∞ is a scalar matrix, and define α ∈ {0, 1} by

ρ∞ := (−1)α.Id.

If one assumes that all the L-series L(s, λ⊗ ρ), where λ any linear character
of GQ, are entire, then the complex valued function φ : H → C on the upper
half plane H := {z := x+ iy ∈ C : y > 0} which is defined by

φ(z) := φ(x, y) :=

:= 2
√
y · ∑n∈Z,n6=0 aρ(|n|)sign(n))αK0(2π |n| y)e2πinx, z = x+ iy ∈ H

where

K0(x) :=
∫ ∞

0
(1 + t2)−1/2 cos(xt)dt, x ∈ R, x > 0,

is a wave form for Γ(f) with eigenvalue 1
4 , i.e. it satifies the following three

conditions (i),(ii),(iii):

(i) ∆φ = − 1
4φ

where

∆ := y2( ∂2

∂x2 + ∂2

∂y2 )

is the Laplace operator on the upper half plane H

(ii)
∫

Γ(f)\H |φ(z)|2 dA(z) <∞ where dA(z) := dxdy
y2
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(iii) φ(γz) = φ(z) for all γ ∈ Γ(f),

where Γ(f) denotes the principal congruence subgroup modulo f of SL(2,Z).
If d = ab is a nontrivial decomposition such that a, b > 1 then the extension

Q( 2
√
a,

2
√
b)/Q is totally real and therefore for every representation ρ ∈ Ra,b

the matrix ρ∞ is a scalar matrix. Moreover, since every ρ is induced by a
onedimensional character all the Artin L-series L(s, λ ⊗ ρ), λ ∈ Hom(GQ,C

∗),
are entire. Hence in this case for every ρ ∈ Ra,b the modular form φ(ρ) is a
wave form for Γ(fd) with eigenvalue 1

4 .
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[M ] H. Maass: Über eine neue Art von nichtanalytischen automorphen Funk-
tionen und die Bestimmung Dirichletscher Reihen durch Funktionalgleichungen,
Mathematische Annalen, 121, 1949, 141-183

[O] H. Opolka: Central pairs, Galois theory and automorphic forms, Alge-
bras and Representation Theory, Kluwer Academic Publishers, 6, 2003, 449-459

[P ] G. Poitou: Cohomologie galoisienne des modules finis, Dunod, Paris,
1967

[SN1] P. Sarnak: Spectra of hyperbolic surfaces, Bulletin of the AMS, 40,
2003, 441-478

[SN2] P. Sarnak: Maass cusp forms with integer coefficients; in: A panorama
of number theory or the view from Baker’s garden, Cambridge University Press,
Cambridge, 2002; 121-127
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