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Zusammenfassung

Die Ausnutzung der Eigenmoden des freien Stromzerfalls ist Grundlage des hier vorge-

stellten Verfahrens zur Handhabung des rechnerischen Aufwandes bei der Modellierung von

Mehrfrequenz-Elektromagnetikdaten hoher Dichte über dreidimensionalen Leitfähigkeits-

strukturen, wie sie z.B. für luftgestützte Messungen typisch sind.

Die Methode basiert auf der Tatsache, daß jede Leitfähigkeitsverteilung ein charakte-

ristisches Spektrum an Eigenfunktionen des freien Zerfalls besitzt, wobei die zugehörigen

Eigenwerte die Zerfallskonstanten darstellen. Durch eine Entwicklung nach diesen Eigen-

moden kann man im Frequenzbereich jede beliebige elektromagnetische (EM) Anwort des

Leiters erhalten. Dies erfordert lediglich eine Überlagerung der Eigenmoden am Ort von

Sender und Empfänger mit quellenabhängigen Gewichten. Die Superposition ist aufgrund

ihres vergleichsweise geringen Rechenbedarfs sehr attraktiv. Allerdings wird die Effizienz der

Methode entscheidend durch den zur Ermittlung der Eigenmoden nötigen Arbeitsaufwand

bestimmt.

Die elektrischen Eigenmoden sind durch eine homogene Induktionsgleichung für das elek-

trische Feld definiert, deren Lösungen (in der hier anwendbaren quasistatischen Näherung)

zeitlich exponentiell abfallen. Die praktische Umsetzung erfolgt mittels Finiter Differenzen

auf einem versetzten Gitter und führt auf ein großes, dünnbesetztes Eigenwertproblem.

Für dessen Lösung wurden verschiedene Algorithmen ausprobiert, von denen der Implicitly

Restarted Lanczos Algorithmus in der Shift & Invert Variante am besten geeignet erscheint.

Er liefert jeden gewünschten Teil des diskreten Satzes an Eigenmoden.

Im allgemeinen basiert die Superposition auf dem kompletten Satz an Eigenmoden. Durch

Abspaltung von quasi-analytischen Feldanteilen gelingt es jedoch, die Konvergenz der Super-

position zu verbessern, so daß ein vorzeitiger Abbruch der Entwicklung möglich ist. Die

zugehörige partielle Synthese stützt sich auf eine nur kleine Teilmenge der Eigenmoden

mit niedrigsten Eigenwerten. Die verringerte Anzahl an benötigten Moden erleichtert die

Behandlung des Eigenwertproblems und führt zu einer deutlichen Reduzierung des damit

verbundenen numerischen Aufwandes.

Die Leistungsfähigkeit und Gültigkeit der approximativen Modellierung mittels Eigen-

moden wird anhand einfacher Leitfähigkeitsmodelle demonstriert. Außerdem wird die Me-

thode zur Bestimmung der EM Anwort von echt dreidimensionalen Leitfähigkeitsstrukturen

angewandt, wobei die Ergebnisse durch Vergleich mit veröffentlichten Modellierungsresul-

taten anderer numerischer Techniken bestätigt werden. Durch Simulation einer ganzen

Meßkampagne wird die besondere Effizienz der Eigenmoden-Modellierung hervorgehoben.

Abschließend wird eine weiterere Nutzbarkeit der freien Zerfallsmoden aufgezeigt. Bei

ihrer Anwendung in einem Inversionsverfahren können sie nicht nur als ein effizienter Vor-

wärtsoperator fungieren, sondern sie erlauben auch eine neue, geschickte Art der Berechnung

der Sensitivitäten des Models.
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Abstract

The utilisation of free-decay eigenmodes is presented as an approach to handle the computa-

tional effort involved in modelling multi-frequency electromagnetic responses with high data

density over three-dimensional conductors, as is substantial e.g. in airborne applications.

The method is based on the fact that each half space conductivity distribution owns

a characteristic, continuous spectrum of free-decay eigenfunctions and eigenvalues form-

ing the decay constants. By an expansion in terms of these eigenmodes, any arbitrary

frequency-domain electromagnetic response of the conductor can be obtained, simply re-

quiring the eigenmodes at positions of transmitter and receiver superposed with source

dependent weights. The superposition is attractive due to its comparatively low computa-

tional cost. However, the crucial factor regarding the method’s efficiency is the work which

is necessary to acquire the eigenmodes.

The electric eigenmodes are governed by a homogeneous induction equation for the electric

field, whose solutions (in the quasi-static approximation which is applicable here) decay

exponentially with time. Their determination using finite differences on a staggered grid

leads to a large, sparse eigenvalue problem. Of the different algorithms evaluated for its

solution, an implicitly restarted Lanczos algorithm in shift & invert mode is judged to be

the most appropriate. It yields any desired part of the discrete set of eigenmodes.

In general, the superposition is based on the full set of eigenmodes. Through separation

of quasi-analytical parts of the field, an accelerated convergence of the superposition is

achieved which allows for a truncation of the eigenmode expansion. The respective partial

synthesis works on a small subset of the eigenmodes associated with the smallest eigenvalues.

The decreased amount of necessary eigenmodes facilitates the treatment of the eigenvalue

problem and leads to a significant reduction in computational effort.

The capabilty and validity of the approximate eigenmode modelling method is demon-

strated for simple conductivity models. Furthermore, it is applied to model the responses

over truly three-dimensional conductivity structures, where confidence in the results is pro-

vided by comparison with published responses obtained with other numerical techniques.

The full efficiency of the method is presented by simulating a whole survey.

Finally, additional usefulness of the free-decay modes is shown for their application in an

inversion procedure. They provide not only an efficient forward operator, but they also offer

a new smart way of calculating the model sensitivities.
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1. Introduction

Electromagnetic methods are techniques of applied geophysics to obtain information about

regions of the earth which are not directly accessible for probing. In particular, frequency-

domain electromagnetic dipole measurements are commonly employed to explore the top-

most hundred meters of the subsurface. The parameter of investigation is the distribution

of the electric conductivity in the ground.

By means of the conductivity, one can deduce information about the properties of the

subsurface rock. Even though there is no non-ambiguous attribution of a conductivity value

to a single earth material, one can take advantage of the fact that the electric resistivity

of different earth materials varies over many orders of magnitude. This was initally used

in mineral exploration to locate very conductive ore bodies in their usually much more

resistive host rock. Another important application is the possibility to map aquifers due to

their contrast to the less conductive surrounding dry sand and rock, what significantly eases

the seach for drinking water in arid areas. In addition, the conductivity parameter allows

to distinguish between fresh water and the much more conductive salty seawater. Recently,

EM methods have been applied for environmental investigations, e.g. of hazardous waste

sites (Siemon et al., 2001) to detect unexploded ordnance buried in the ground, which should

stand out from the natural surrounding due to conductive metal parts.

The principle of electromagnetic dipole measurements is based on Maxwell’s equations.

According to these, an AC electromagnetic source induces secondary currents in conductive

materials, which themselves again generate secondary magnetic fields. Both the excited

primary field as well as the associated secondary response are compared and interpreted to

yield the desired conductivity information.

In Figure 1.1 as an exemplary measuring configuration, the helicopter-borne system of

the Federal Institute for Geosciences and Natural Resources of Germany (BGR) is depicted.

The EM system is located in the towed bird and consists of five horizontal coplanar coil

pairs with a separation of 6.7 m between transmitting and receiving coil. The horizontal

transmitting coils with alternating currents act as vertical magnetic dipoles (VMD). The

receiver coils measure the total magnetic field which consists of the primary field emitted by

the dipoles and the secondary field generated by the conductive subsurface. Knowing the
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Figure 1.1.: The principle of electromagnetic measurements demonstrated considering as
example the BGR helicopter-borne geophysical system. The graph was kindly
provided by Siemon et al. (2002).

geometry and strength of the exciting dipole, the primary field can be calculated. Thus, the

data used for further interpretation is the secondary field response normalised to the source

field. It is given in parts per million (ppm) of the primary field.

The system is designed to simultaneously take measurements at five different frequencies

in the range of 380 Hz to 192 kHz. According to the different corresponding skin depths,

this allows for the investigation of deep to shallow regions of the ground. The sample rate of

measurements is quite high and yields data every few meters along the flight path, depend-
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ing on the helicopter velocity. Consequently, a typical (airborne) EM survey comprises an

abundance of data for many locations at multiple frequencies. Even with today’s computer

equipment, the interpretation of the huge amount of data is still a challenge if more so-

phisticated earth models are used. Particularly with regard to the finer target structures in

nowadays applications, however, the description by simple one- or two-dimensional models

no longer is appropriate but there is a demand for models being truly three-dimensional.

The computational effort of 3D frequency-domain modelling is extremely high due to the

fact that usually a large complex system of equations has to be solved many times for a

number of source locations and frequencies. This applies for example to the finite difference

implementation of Newman and Alumbaugh (1995) as well as to the code of Avdeev et al.

(1998), which is based on the volume integral equation solution of Maxwell’s equations.

An important advance in modelling is suggested by Druskin and Knizhnerman (1994), who

show that it is possible to obtain the multi-frequency responses at almost the computational

cost of a single frequency using spectral Lanczos methods. The advantage of being able to

solve efficiently for multiple frequencies is retained in the further development of the spectral

Lanczos method (Druskin et al., 1999), but both still need to solve the system repeatedly

for different source positions.

Our approach is to avoid this repetition by exploiting eigenmodes. The striking feature of

free-decay modes is their independence of any source. For a given conductivity distribution

they have to be determined once only. This one set of eigenmodes then allows to obtain the

responses of arbitrary measuring configurations and frequencies through ordinary superpo-

sition at low computational cost. However, the critical point of this method is the effort

which is necessary to acquire the set of eigenmodes.

In this work, we show how to simulate electromagnetic responses using eigenmodes which

are determined by means of finite differences. First the theoretical basis concerning the

properties of free-decay modes and field continuation is compiled. Subsequently, in Chap-

ter 3, the simple case of a 2D conductivity structure in E polarisation is investigated as an

introduction to the basic concept of the method. Having demonstrated the new modelling

approach for the concise 2D example, we move on to the general 3D case in Chapter 4. Here

we focus on the practical implementation of the eigenvalue problem and its efficient numeri-

cal solution for determination of the desired eigenvalues and associated eigenfunctions. The

application of the obtained set of eigenmodes for the modelling of electromagnetic responses

is discussed in Chapter 5. Different ways of optimisation are analysed, leading to an ap-

proximate partial synthesis based on only a small fraction of all eigenmodes. Finally, in

Chapter 6, the validity and capabilities of this approximative eigenmode modelling method

are demonstrated for non-trivial conductivity structures.
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The inversion of multi-frequency EM data is even more challenging than its simulation,

since not only the model response, but also the sensitivity of the response to small changes

in the model needs to be calculated. In addition, the total workload is determined by

the number of necessary iterations in the inversion algorithm. In Chapter 7, we present

the beginnings of an inversion routine which is based on eigenmode modelling and a quite

efficient way to calculate the sensitivities. These are obtained from the eigenmodes which

are already available from the forward modelling at comparatively low computational cost.

In the last chapter, the experiences with the new modelling and inversion approach

are summarised and critically evaluated. We conclude with a short discussion of further

prospects of the method.



2. Theoretical basis

2.1. The eigenvalue problem

The process of electromagnetic induction is governed by Maxwell’s equations, in which

the displacement currents are neglected in the following. This quasistatic approximation

is valid when distances are much less than a wavelength in free space and displacement

currents are much smaller than conduction currents in the medium. This imposes on the

frequency f the constraints f � c/R and f � σ/ε, respectively, where c is the velocity

of light in vacuum, R is a characteristic length, σ is the electric conductivity, and ε is the

dielectric permittivity. Hence it is applicable in most cases of geophysical interest with a

typical length of the objects of investigation of R = 100 m, conductivities not smaller than

σmin = 10−5 S/m, and dielectric permittivity of about ε ∼ 10 ε0, where ε0 is the permittivity

of free space. In particular, here the approximation is allowed when frequencies less than

105 Hz are employed (Ward and Hohmann, 1988, p. 200). The magnetic permeability µ is

assumed to be that of free space, i.e. µ = µ0, and all media are assumed to be isotropic.

Starting from Maxwell’s equations in the quasistatic approximation,

∇× E(r) = −Ḃ(r), (2.1)

∇×B(r) = µ0 [σ(r)E(r) + Je(r)] , (2.2)

the induction equation

∇×∇× E(r) + µ0σ(r)Ė(r) = −µ0J̇
e
(r) (2.3)

is obtained after elimination of B. In these expressions r is the vector of position, E(r) and

B(r) are the vectors of the electric and magnetic field1, and σ(r) denotes the electric con-

ductivity. Je(r) is the source current density. The dotted variables signify time derivatives.

1Notation: In the sequel, vectors of the three-dimensional Euclidian space are underlined (e.g. r, E),
whereas vectors in a general n-dimensional vector space are printed as lower case bold-face letters (e.g.
v, ψ). The corresponding matrices appear as upper case bold-face letters (e.g. F).
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In the absence of an exciting source, equation (2.3) reduces to

∇×∇× E(r) + µ0σ(r)Ė(r) = 0. (2.4)

Since the time dependence does not occur in the coefficients, it can be split-off by an

exponential factor,
E(r, t) = e(r) exp(−λt), (2.5)

such that (2.4) leads to the eigenvalue problem

∇×∇× e(r) = λµ0σ(r)e(r) (2.6)

with the decay constant λ as eigenvalue of the vectorial eigenfunction e(r). According to

Landau and Lifschitz (1967, § 45) the eigenvalue is positive and the set of eigenfunctions

forms an orthonormal set, and therefore can be used as basis for the representation of solu-

tions of the inhomogeneous equation (2.3). Without diving too deeply into the underlying

theory we shall sketch the basic results only for a simple geometry, in which the domain of

interest is a (large) finite volume V , bounded by perfectly conducting walls ∂V . For r ∈ V
we assume 0 ≤ σ(r) ≤ σmax < ∞. Then the spectrum of decay constants is discrete and a

particular eigenmode can be represented by λn and en(r), 1 ≤ n ≤ ∞, where en is real.

2.1.1. Nature of the spectrum

The nature of the spectrum of decay constants is evaluated from comparison with results

which are valid for the scalar equivalent of (2.6). From the asymptotic distribution of

eigenfunctions of the scalar case for λ→∞ (Courant and Hilbert, 1968, p. 379), it can be

inferred (Weidelt, 1982, Appendix C) that the spectrum is discrete, if for bounded σ the

integral ∫
V
σ3/2(r) d3r (2.7)

is finite, i.e. if σ decreases faster then R−2, where R is the distance from some origin. The

eigenvalue spectrum is continuous for large λ, if the integral diverges, as for all layered

media and half space models with non-zero conductivity. It is reasonable to assume that

these properties hold correspondingly for the three-dimensional vectorial eigenmodes.

Required in the sequel is the basic integral theorem

∫
V

{
−p · ∇ ×∇× q + (∇× p) · (∇× q)

}
d3r

=
∮
∂V

(
p×∇× q

)
· n̂ da =

∮
∂V

(
n̂× p

)
·
(
∇× q

)
da, (2.8)

with n̂ as outward normal unit vector at ∂V and da as (unsigned) area element of ∂V . With

these preparations we can sketch the derivation of the following results.
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2.1.2. Positivity of decay constants λn

The eigenvalue problem (2.6) reads in terms of the discrete eigenmodes

∇×∇× en = λn µ0 σ en. (2.9)

Then scalar multiplication with en and integration over V yields on using (2.8) with

n̂× en = 0 for r ∈ ∂V (boundary condition at perfectly conducting walls)

λnµ0

∫
V
σ|en|2 d3r =

∫
V
|∇ × en|2 d3r. (2.10)

For ∇× en ≡/ 0 follows λn > 0.

2.1.3. Orthonormalisation

For n 6= m consider two modes en and em. First it is assumed that they are non-degenerate,

i.e. λn 6= λm. Then

∇×∇× en = λn µ0 σ en , ∇×∇× em = λm µ0 σ em. (2.11)

Crosswise scalar multiplication with em and en and integration of the difference over V using

(2.8) yields on account of the boundary conditions on ∂V

0 = (λn − λm) µ0

∫
V
σ en · em d3r. (2.12)

For λn 6= λm follows the orthogonality of en and em with respect to the weight function

σ(r). In the degenerate case λn = λm, the eigenfunctions en and em are orthogonalised by

Gram-Schmidt orthogonalisation (unless they are already orthogonal). After normalising en

by the condition ∫
V
σ |en|2 d3r = 1, (2.13)

we arrive at the orthonormalisation

∫
V
σ en · em d3r = δnm, (2.14)

where δnm is the Kronecker symbol. With this normalisation of en, the magnetic eigenmodes

bn, satisfying λnbn = ∇× en, ∇× bn = µ0 σ en, obey the unweighted orthonormalisation

∫
V
bn · bm d3r = (µ0/λn) δnm, (2.15)

as is deduced from (2.14) with the preceding equations and

∫
V
em · ∇ × bn d3r =

∫
V
bn · ∇ × em d3r. (2.16)
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2.2. Eigenmode expansion

The field for any exitation in the frequency-domain can be obtained by expanding E(r, ω)

into a series of free-decay modes (Weidelt, 1983, Appendix D). For a harmonic exitation

∼ exp(iωt) the field equation (2.3) reads

∇×∇× E + iωµ0σE = −iωµ0J
e. (2.17)

We assume the presentation

E(r, ω) =
∑
n

an(ω)en(r) (2.18)

and obtain after inserting this representation in (2.17) on using (2.9)

µ0

∑
n

an(λn + iω)σen = −iωµ0J
e. (2.19)

Multiplication by en and integration over V using (2.14) then gives the expansion coefficients

an = − iω

λn + iω

∫
V
Je(r) · en(r) d3r. (2.20)

2.2.1. Eigenmode expansion for magnetic dipole sources

The magnetic dipole is generated by a small current loop centered around r0 with oriented

contour C in direction of the current I. The area of the loop is A, its normal n̂ forms with

the oriented contour a right-handed system. Then the expansion coefficients (2.20) are

an = − iω

λn + iω
I
∮
C
en(r) · dr = − iω

λn + iω
I
∫
A

[∇× en(r)] · n̂ da

∼= − iω

λn + iω
m · ∇ × en(r0) (2.21)

with the magnetic moment

m = I n̂
∫
A

da = IAn̂. (2.22)

2.2.2. Eigenmode expansion for a vertical magnetic dipole

For a vertical magnetic dipole (VMD) with magnetic moment m = [0, 0,m]T the expansion

coefficients reduce to

an = − iω

λn + iω
m [∇× en(r0)]z (2.23)
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and the expansion of the electric field (2.18) reads

E(r|r0, ω) = −iωm
∑
n

en(r) [∇× en(r0)]z
λn + iω

. (2.24)

Remarkably, only eigenmodes at the positions of source r0 and receiver r do contribute to

the expansion. If source and/or receiver are located in the conductor, the eigenmodes form a

complete system of functions and solutions of (2.3) can be expressed solely by the expansion

(2.24) in terms of the eigenmodes. However, if both the source and the receiver are situated

in the air, as in airborne applications, the synthesis is incomplete. In this case, the solution

of (2.3) is given by

E(r|r0, ω) = E∞(r|r0, ω)− iωm
∑
n

en(r) [∇× en(r0)]z
λn + iω

, (2.25)

where the term E∞(r|r0, ω) accounts for the incompleteness of the expansion in the air in

the limit ω→∞, where all conducting material acts like a perfect conductor and the field in

the conducting half space vanishes. Thus, E∞(r|r0, ω) is the electric field which is observed

if all conducting material is replaced by a perfect conductor.

2.2.3. Eigenmode expansion for the magnetic field of a VMD

With

B(r|r0, ω) = − 1

iω
∇r × E(r|r0, ω), (2.26)

where ∇r indicates the operation on r, we can derive from (2.25) the representation of the

magnetic field. In case of a vertical magnetic dipole (VMD) at r0 with moment m, the

vertical component of the VMD magnetic field response is given by

Bzz(r|r0, ω) = Bzz,∞(r|r0) +m
∑
n

[∇× en(r)]z [∇× en(r0)]z
λn + iω

, (2.27)

where again Bzz,∞(r|r0) accounts for the non-vanishing field in the air in the limit ω→∞ (see

Appendix E.1). Due to [∇× en(r)]z = λnbzn(r), the vertical components bzn of the magnetic

eigenmodes may be substituted for the terms with the electric eigenmodes. Special care must

be taken if source r0 and / or receiver r are situated in the air, since the eigenvalue equation

(2.6) defines the electric eigenmodes only inside the conducting earth. Their determination

is described in the following. For simplicity, only a product grid with equal area elements

in the (x, y)-plane is considered.
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2.3. Eigenmodes in the air half space

In the insulating air half space, which is assumed to be in z < 0, we have

∇× E = −Ḃ, (2.28)

∇×B = 0. (2.29)

Therefore, Ḃ can be derived from a scalar potential ψ by

Ḃ = −∇∂ψ
∂z
. (2.30)

Using ∇ · Ḃ = 0 and Ḃ → 0 for (x, y) → ∞, it follows that ∇2ψ = 0. Let the plane

z = 0 be discretised into P elements and let for z ≤ 0 the functions ψp(z), p = 1, . . . , P,

be the potentials in the vertical column over cell p. Assembling these functions in the

P -dimensional vector function ψ(z) = [ψ1(z), . . . , ψP (z)]T , the discretised version of

−∇2
Hψ = −∂

2ψ

∂x2
− ∂2ψ

∂y2
=
∂2ψ

∂z2
= ψ′′ (2.31)

yields for ψ(z) the system of coupled ordinary differential equations

F ψ(z) = ψ′′(z), (2.32)

where F is a symmetric positive semi-definite matrix with eigenvectors vj and eigenvalues

η2
j ,

F vj = η2
j vj, j = 1, . . . , P. (2.33)

In z ≤ 0 the potential ψ can be expanded as

ψ(z) =
P∑
j=1

cj vj eηjz, (2.34)

where the coefficients cj are obtained from the boundary values Ḃz(z = 0), assembled in the

P -dimensional vector ḃz and satisfying ḃz = −ψ′′(z = 0). This yields

cj = − 1

η2
j

vT
j ḃz, ηj 6= 0. (2.35)

In summary, the magnetic field derivative Ḃ for z < 0 is defined completely by the verti-

cal components Ḃz at the earth-air interface. This relation is valid also for the magnetic

eigenmodes bn needed in the expansion (2.27) of the VMD field.



3. Preliminary 2D investigation:

E polarisation

As first access to the subject of free-decay mode modelling, we investigate the simple case

of a 2D conductivity structure in E polarisation with excitation by a line current. This

already gives valuable insight to the method of eigenmode modelling and shall be described

in detail, as it may serve as sketch for the procedure necessary to treat the 3D case.

We start with stating the governing equations for E polarisation and the resulting eigen-

value problem. For the practical implementation, the 2D conductivity structure is repre-

sented by a large rectangle with appropriate boundaries and is discretised by the method of

finite differences. The set of FD eigenvalue equations leads to a high dimensional eigenvalue

problem with a sparse, symmetric and positive definite system matrix.

Its solution can be obtained directly by classical methods only for modest sized problems.

In general, for realistical models the solution is rather possible by approximative means, e.g.

by Krylov subspace methods, of which we apply the Implicitly Restarted Arnoldi Method

(Lehoucq et al., 1998).

The resulting set of discrete (approximative) eigenvalues and respective eigenfunctions

is presented for a simple conductivity model. In addition, the application as the free-

decay modes in the expansion and synthesis of the electromagnetic field is demonstrated.

Furthermore, the convergence behaviour of the superposition is investigated, particularly

with regard to the possibility of a partial synthesis, where only a small subset of eigenmodes

is employed, nevertheless yielding a sufficently good field synthesis.

3.1. Basic equations

We consider a 2D model in the (y, z)-plane without variability in x-direction and focus on

the electric field of the TE-mode, which only has a x-component, E = (Ex, 0, 0)T. In this

case, the induction equation (2.3) is simplified to

−∇2
2 Ex(r) + µ0σĖx(r) = −µ0J̇

e
(r), (3.1)
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where r = (y, z)T and ∇2
2 := (∂2/∂y2 +∂2/∂z2). The free-decay modes satisfy the induction

equation without an exiting source (Je = 0) and again the time dependence can be split of

by an exponential factor

Ex(r, t) = Ψ(r) e−λt, (3.2)

yielding the eigenvalue problem

∇2
2 Ψ(r) + λµ0σΨ(r) = 0 (3.3)

with the positive decay constant λ as eigenvalue of the planar eigenfunction Ψ(r) = Ψ(y, z).

In analogy to the spatial eigenfunctions, all solutions to (3.3) form an orthogonal set of

planar eigenfunctions with σ(r) as weighting function and are denoted symbolically by

discrete quantum numbers. Their orthogonality relation reads

∫
lR2
σ(r) Ψk(r)Ψn(r) d2r = δkn. (3.4)

The eigenmodes shall be used to determine the electric field of an oscillating line current

of strength I(ω) located at source position r0 inside the conductor (z ≥ 0) or above it in

the air (z < 0). With its source current density

Je(r′|r0, ω) = I(ω)δ(r′ − r0) (3.5)

the expansion weights (2.20) are given by

an(ω) =
−iω

λn + iω

∫
lR2
Je(r′|r0, ω)Ψn(r′) d2r′ =

−iωI(ω)

λn + iω
Ψn(r0). (3.6)

Using (2.18) and the respective expansion weights (3.6) yields

Ex(r, ω) = Ex,∞(r, ω) +
∑
n

an(ω) Ψn(r) = Ex,∞(r, ω)− iωI(ω)
∑
n

Ψn(r0) Ψn(r)

λn + iω
(3.7)

as the eigenmode expansion of the electric field of an oscillating line current source. Again,

the term Ex,∞(r, ω) accounts for the incompleteness of the expansion in the air.

3.2. FD implementation

We consider a 2D conducting box in the region 0 ≤ y ≤ Ly and 0 ≤ z ≤ Lz with perfectly

conducting (σ =∞) bounding walls except at z = 0, as sketched in Figure 3.1.

The box is divided into (ny × nz) regular cells of size b(j) × c(k) and with conductivity

σ(j, k), for j = 1, . . . , ny, k = 1, . . . , nz. The discrete eigenmode values Ψ(j, k) are assigned
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Figure 3.1.: Schematic 2D grid used for finite differencing.

Figure 3.2.: FD situation at node Ψ(j, k) with its area of averaged conductivity σ̄(j, k).

to the grid nodes at y(j) =
∑j−1
j′=1 b(j

′) (j = 2, . . . , ny + 1, y(1) = 0) and z(k) =
∑k−1
k′=1 c(k

′)

(k = 2, . . . , nz+1, z(1) = 0). The distances between the cell centers, or the dimensions of the

averaged cell around each grid node, are bh(j) = 1
2 [b(j−1)+b(j)] and ch(k) = 1

2 [c(k−1)+c(k)].

Dirichlet boundary conditions apply at y = 0, y = Ly, and z = Lz, where Ψ = 0 has to

be fulfilled due to n̂× E = 0. At the boundary to the air half space, the grid is artificially

extended by one cell height (−c(1)) into the air and missing Ψ values are replaced by those

obtained using field continuation, which will be explained in detail below.

For the numerical treatment of the eigenvalue problem, the system equation (3.3) is set

up for each grid node value Ψ(j, k) and integrated over the volume prism p(j, k), which is

defined as the area bh(j) × ch(k) surrounding the node multiplied by the fixed extension a

in x-direction, p(j, k) := a bh(j) ch(k):

∫∫∫
V

∇2
2 Ψ(j, k) dp(j, k) = −

∫∫∫
V

λµ0 σ̄(j, k) Ψ(j, k) dp(j, k). (3.8)
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The used averaged conductivity σ̄(j, k) at the grid node is obtained from the conductivities

of the four surrounding cells, see also Figure 3.2, by

σ̄(j, k) =
1

4bh(j) ch(k)

 b(j) c(k)σ(j, k) + b(j−1) c(k)σ(j−1, k)

+ b(j−1) c(k−1)σ(j−1, k−1) + b(j) c(k−1)σ(j, k−1)

 . (3.9)

According to the integral theorem of Gauss, the first part of the volume integral can be

converted to a surface integral, yielding

∫∫∫
V

∇2 · (∇2Ψ(j, k)) dp(j, k) =
∫∫
∂V

∇2Ψ(j, k) · n̂ df(j, k), (3.10)

where f(j, k) denotes the area of the averaged cell surface which is normal to the respective

Ψ gradient. In the finite differences approximation, ∇2Ψ is replaced by the difference in

Ψ between two neighbouring grid nodes divided by the distance of their seperation. Using

(3.10), the system equation (3.8) in FD reads

Ψ(j+1, k)−Ψ(j, k)

b(j)
a ch(k) +

Ψ(j, k−1)−Ψ(j, k)

c(k−1)
a bh(j)

+
Ψ(j−1, k)−Ψ(j, k)

b(j−1)
a ch(k) +

Ψ(j, k+1)−Ψ(j, k)

c(k)
a bh(j)

= −µ0 λ σ̄(j, k) a bh(j) ch(k) Ψ(j, k).

(3.11)

Applying the transformation

Ψ̃(j, k) =
√
µ0 σ̄(j, k) b(j) c(k) Ψ(j, k) =:

1

d(j, k)
Ψ(j, k) (3.12)

through substitution of all values by Ψ(j, k) = d(j, k) Ψ̃(j, k), respectively, yields

−ch(k)

b(j)
d(j+1, k)Ψ̃(j+1, k)− bh(j)

c(k−1)
d(j, k−1)Ψ̃(j, k−1)− ch(k)

b(j−1)
d(j−1, k)Ψ̃(j−1, k)

−bh(j)
c(k)

d(j, k+1)Ψ̃(j, k+1) +

[
ch(k)

b(j)
+

bh(j)

c(k−1)
+

ch(k)

b(j−1)
+
bh(j)

c(k)

]
d(j, k)Ψ̃(j, k)

= λ µ0 σ̄(j, k) bh(j) ch(k) d(j, k)Ψ̃(j, k).

(3.13)

After multiplication with the transformation factor d(j, k) for the central node, one obtains

−ch(k)

b(j)
d(j, k) d(j+1, k)Ψ̃(j+1, k)− bh(j)

c(k−1)
d(j, k) d(j, k−1)Ψ̃(j, k−1)

− ch(k)

b(j−1)
d(j, k) d(j−1, k)Ψ̃(j−1, k)− bh(j)

c(k)
d(j, k) d(j, k+1)Ψ̃(j, k+1)

+

[
ch(k)

b(j)
+

bh(j)

c(k−1)
+

ch(k)

b(j−1)
+
bh(j)

c(k)

]
d2(j, k)Ψ̃(j, k) = λΨ̃(j, k),

(3.14)
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where the set of equations for all grid nodes now forms a symmetric system matrix. The

symmetry can be more easily seen if the equation is written as

δ(j, k) Ψ̃(j+1, k) + α(j, k) Ψ̃(j, k−1) + β(j, k) Ψ̃(j−1, k)

+ ε(j, k) Ψ̃(j, k+1) + γ(j, k) Ψ̃(j, k) = λ Ψ̃(j, k), (3.15)

using the abbreviations

α(j, k) = − bh(j)

c(k−1)
d(j, k) d(j, k−1), (3.16)

β(j, k) = − ch(k)

b(j−1)
d(j, k) d(j−1, k), (3.17)

γ(j, k) =

[
ch(k)

b(j)
+

bh(j)

c(k−1)
+

ch(k)

b(j−1)
+
bh(j)

c(k)

]
d2(j, k), (3.18)

δ(j, k) = −ch(k)

b(j)
d(j, k) d(j+1, k), (3.19)

ε(j, k) = −bh(j)
c(k)

d(j, k) d(j, k+1), (3.20)

and combining all non-vanishing Ψ̃l = Ψ̃(j, k) values inside the conductor, with l = 1, . . . , N

and N = (ny−1)nz, into a vector Ψ̃:

Ψ̃ =
[
Ψ̃(2, 1), Ψ̃(3, 1), . . . , Ψ̃(ny, 1), Ψ̃(2, 2), . . . , Ψ̃(ny, nz)

]T
, (3.21)

where the new index is given by l = j−1+(ny−1)(k−1) for j = 2, . . . , ny and k = 1, . . . , nz.

The left hand side of (3.15) then may be witten as a sparse matrix Ă with the five row

elements

Ă(l, l − (ny−1)) = α(l) = α(j, k),

Ă(l, l − 1) = β(l) = β(j, k),

Ă(l, l) = γ(l) = γ(j, k), (3.22)

Ă(l, l + 1) = δ(l) = δ(j, k),

Ă(l, l + (ny−1)) = ε(l) = ε(j, k).
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The matrix is symmetric due to

Ă(l, l − 1) = Ă(l − 1, l)

⇔ β(j, k) = Ă(l′, l′ + 1) = δ(l′) = δ(l − 1) = δ(j−1, k),

and

Ă(l, l − (ny−1)) = Ă(l − (ny−1), l)

⇔ α(j, k) = Ă(l′, l′ + (ny−1)) = ε(l′) = ε(l − (ny−1)) = ε(j, k − 1).

The FD eigenvalue problem in matrix notation is

ĂΨ̃ = λΨ̃ (3.23)

with Ψ̃ ∈ lRN , N = (ny−1)nz, and the matrix Ă ∈ lRN × lRN with the sparse structure as

show schematically in Figure 3.3.

Ă =



γ(1) δ ε
β γ(2) δ ε

. . .
. . .

β γ(ny−1) 0 ε
α 0 γ δ

α β γ δ

. . .
. . .

. . .

α β γ

. . .
. . .

. . .

γ δ

. . .
. . .

β γ δ
β γ(nz(ny−1))



k = 1

k = 2

.

..

k = nz

Figure 3.3.: Schematic sparse structure of 2D system matrix Ă for a ‘closed box’ without
consideration of the air half space (additional wall with σ =∞ also at z = 0).

This representation does not yet account for the non-vanishing values of Ψ in the air, at

the ‘artifical’ grid nodes Ψ(2, 0), . . . ,Ψ(ny−1, 0) at z = −c(0) = −c(1). How these planar

eigenfunctions in the air half space are considered in the system matrix is described in the

following section.

3.3. Field continuation into the air half space

Regarding the TE-mode (E polarisation), the electric field in the air half space is depending

on the conductivity structure of the subsurface due to a feedback of the induced currents on

the exciting field. The electric field E at the earth’s surface is not constant and thus also

the solutions to Laplace’s equation in the air half space are not constant. The field in the
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air can be calculated using field continuation, since it is unambiguously determined by the

field values at the earth’s surface, as shown in detail in Section A.1.

This property will be utilised for the field synthesis of airborne data, where the eigenmode

expansion is based on modes at positions of transmitter and/or receiver in the air. In

addition, the field continuation is employed in the FD implementation for grid nodes at the

earth’s surface, where at each case also the potential at one point in the air is necessary.

For simplicity, the equations of the field continuation are given for a grid with constant

horizontal spacing b(j) = bh(j) = ∆y. The potential Ψ(m, 0) at grid node with coordinates

((m−1)∆y,−c(0)) in the air is completely determined by the potentials Ψ(l, 1), with l =

2, . . . , ny, at the grid surface. According to (A.12) and (A.16), it holds for j = 1, . . . ,M

with M = ny−1,

Ψ(j + 1, 0) =
M∑
l=1

Wj,l(−c(0)) Ψ(l + 1, 1), (3.24)

with

Wj,l(z) =
2

M+1

M∑
n=1

sin
jnπ

M+1
sin

lnπ

M+1
exp

(
2
z

∆y
sin

nπ

2M+2

)
, j, l = 1, . . . ,M. (3.25)

A similar relation can be derived for arbitrarily non-regular grids.

Now for grid nodes at the earth’s surface (k = 1), the so far undefined terms α(j, k) Ψ̃(j, k−1)

in (3.15) may be expressed through a series of known surface values. Using (3.16), (3.12),

and (3.24) yields for k = 1 and j = 2, . . . , ny

α(j, 1) Ψ̃(j, 0) = α(j, 1)
1

d(j, 0)
Ψ(j, 0) = −bh(j)

c(0)
d(j, 1) d(j, 0)

1

d(j, 0)
Ψ(j, 0)

= −bh(j) d(j, 1)

c(0)

M∑
l=1

Wj−1,l(−c(0)) Ψ(l + 1, 1). (3.26)

With the abbreviation

wj,l := −bh(j+1) d(j+1, 1)

c(0)
Wj,l(−c(0)) (3.27)

the corrected system matrix A contains modified entries in the columns l = 1, . . . ,M of the

rows j = 1, . . . ,M , namely

A(j, l) = Ă(j, l) + wj,l, (3.28)

creating a dense submatrix for the surface grid nodes due to the field continuation, as

indicated schematically in Figure 3.4.
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A =



γ+w δ+w w w ε

β+w γ+w δ+w
... ε

. . . δ+w
. . .

w w . . . β+w γ+w 0 ε
α 0 γ δ

α β γ δ
. . . . . . . . .

α β γ
. . . . . .



,

Figure 3.4.: Schematic structure of 2D system matrix A for ‘open box’, including field con-
tinuation.

3.4. Numerical solution of the FD eigenvalue problem

The FD eigenvalue problem under consideration is

AΨ̃ = λΨ̃, (3.29)

with the vector of transformed eigenfunctions Ψ̃ ∈ lRN , N = (ny−1)nz, and the system

matrix A ∈ lRN × lRN as defined in the preceding sections. The matrix A is symmetric,

positive definite, and sparse with predominantly five non-zero elements per row, except for

M rows with each at most M additional elements, M = ny − 1, yielding not more than

n0 = 5 ·N +M2 = (5nz + ny−1) · (ny−1) non-zero matrix elements.

The classical strategy for solving the eigenvalue problem is to reduce the symmetric matrix

to tridiagonal form, using for example Householder reductions, and subsequent application

of a QR-factorisation procedure, see e.g. Press et al. (1986, pp. 462-474). The workload

incorporated in this method is of about (4/3 + 3)N3 operations for the determination of all

eigenvalues and eigenvectors. Since the algorithms are based on a dense matrix, storage of

O(N2) is required.

Obviously, due to its numerical complexity, this approach is feasible only for small sized

problems, perhaps up to N ≤ 103. A discussion of methods for the handling of large scale

eigenvalue problems is given by Saad (1992). The efficient treatment of those larger problems

relies upon approximate methods, working on a Krylov subspace of dimension much smaller

than N . A multitude of eigenproblem algorithms are provided by different authors and most

are freely available via the Internet.

Of those, we found the ARPACK package by Lehoucq et al. (1998) to be easily applicable

and yielding good results. Even though the software is intended to compute only a few
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eigenvalues and corresponding eigenvectors of a general N × N matrix, it is also capable

of determining the complete set of all eigenmodes. We compared those approximate modes

with the eigenmodes returned by the classic algorithm and observed a very good agreement.

3.5. Exemplary eigenmodes

The eigenmodes obtained with this method shall be demonstrated for the simple conductiv-

ity model of a uniform conductor with 0.01 S/m, which is confined to a box of dimensions

Ly = 1000 m and Lz = 100 m. The box is discretised using ny = 200 by nz = 10 cells with

constant size b(j) = ∆y = 5 m in y-direction and of increasing size with depth, varying from

c(1) = 4.96 m to c(nz) = 17.24 m. The corresponding eigenvalue problem has the dimension

N = 1990. The spectrum of all eigenvalues is given in Figure 3.5.

Figure 3.5.: Spectrum of all N = 1990 eigenvalues of a box with uniform conductivity of
0.01 S/m, discretised by a 200× 10 grid.

The eigenvalues are all positive with values in the range of 2.5 · 104s−1 – 3.8 · 107s−1, thus

spanning more than three orders of magnitude. Remarkably, the steepest increase exists

for the first (smallest) eigenvalues, such that already the eigenvalue for number n = 300

is more than a factor of 100 larger than the first eigenvalue. The observed distribution

is considered to be particularly favorable with regard to the field synthesis by eigenmode

expansion (3.7), since the eigenvalues appear in the denominator of the expansion term, and

thus contributions to the expansion diminish for increasing eigenvalues. This may allow for

a truncation of the expansion after some of the smallest eigenvalues. The discussion of such

a partial synthesis shall be defered to Section 3.6.
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Figure 3.6.: Isolines of electric eigenmodes inside the conductor corresponding to the five
smallest eigenvalues (left) and various small eigenvalues (right) of a box with
uniform conductivity of 0.01 S/m.

Preliminarily, the appearance of the eigenmodes belonging to the interesting small eigen-

values is analysed. In Figure 3.6, the discretised eigenfunction Ψ is depicted with isolines as

function of position inside the conductor, where the intensity associated with each isoline

may vary for different eigenvalues, since they were chosen to best represent the structure.

Primarily, the structure of the eigenmodes becomes finer with increasing eigenvalue. Start-

ing with one large lobe spanning the whole model box, for the first ten eigenvalues the box

is horizontally divided by multiple lobes where their number is corresponding to the eigen-

value number. This correlation does not hold for higher eigenvalues, where also additional

vertical zoning by lobes occurs while the number of horizontal lobes is reduced.

The observed dependence of the eigenmode structure on the eigenvalue size may be yet

another auspicious sign for the feasibility of a truncated expansion in the field synthesis.

Truncation of high eigenvalues may have the effect of damping field ‘oscillations’ caused by

variations in the conductivity structure which are very intense on small scales. This limita-

tion of model dissection is in good accordance with the requirements of realistic applications,

where it is not appropriate to fit models beyond the resolution given by the available data

and model discretisation.

Returning to the structure of the eigenmodes, another aspect is worth noting: In all cases,

in compliance with the boundary conditions the eigenmodes vanish at the three perfectly
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conducting walls inside the earth, whereas the modes do continue to the surface of the

box, where they show various patterns. Those surface modes are origin of the eigenmode

distribution in the air half space, which is necessary to know for the field synthesis in

airborne applications. The eigenmode potential in the air can be calculated using the

continuation equations (3.24) and (3.25). The resulting arrangement of the eigenmodes

inside the conductor and in the air is plotted in Figure 3.7 for some selected eigenvalues.

Figure 3.7.: Electric eigenmodes in the conductor and continued into the air for four small
eigenvalues of a box with uniform conductivity of 0.01 S/m.

In the following, the complete set of all eigenmodes continued into the air is employed to

perform a synthesis of the electromagnetic field for a typical airborne measurement.

3.6. Eigenmode synthesis and potential optimisations

We investigate the case of a multi-frequency transmitter-receiver pair, which is mounted at

a fixed distance, and is being towed along a flight line above the conducting box at a certain

height while taking field measurements at defined intervals. The measurement reading is the

secondary field at the receiver in relation to the primary field emitted by the transmitter,

given in parts per million (ppm). Of all those data, we focus on the values at one position

above the center of the box. For transmitter position r0 = (495 m,−25 m) and receiver at

r = (505 m,−25 m), the eigenmode expansion (3.7) with N = 1990 is performed:

Ex(r, ω) = Ex,∞(r, ω)− iωI(ω)
N∑
n=1

Ψn(r0) Ψn(r)

λn + iω
(3.30)

The term Ex,∞(r, ω) accounts for the limit ω→∞, where the field inside the conductor

vanishes, and the field above the conductor (z, z0 < 0) is determined by the superposition

of the source and its mirror with regard to the plane z = 0. For the employed box model
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holds (see Section A.3):

Ex,∞(r|r0) = −iωµ0 I

4π
log

{
cosh π(z+z0)

Ly
− cos π(y−y0)

Ly

}{
cosh π(z−z0)

Ly
− cos π(y+y0)

Ly

}
{

cosh π(z−z0)
Ly

− cos π(y−y0)
Ly

}{
cosh π(z+z0)

Ly
− cos π(y+y0)

Ly

} . (3.31)

Using the eigenmodes presented in the preceding section, the electric field is synthesised

for five frequencies (f1 = 0.5 kHz, f2 = 2 kHz, f3 = 10 kHz, f4 = 50 kHz, f5 = 200 kHz)

and displayed in Figure 3.8. Moreover, the field of a corresponding two-layered half space

Figure 3.8.: Synthesis of eigenmodes obtained from a box with uniform conductivity of
0.01 S/m for a range of frequencies in comparison with the analytical solution
of a corresponding layered half space. Transmitter and receiver are located at a
height of 25 m above the center of the box with a separation distance of 10 m.

(z1 = 100 m, σ1 = 0.01 S/m, and σ2→∞) is recorded for the whole frequency range, using

the analytic formulation given in Section A.2. There is a quite good agreement between the

two solutions for all frequencies under consideration.

The field expansion may be rewritten in the following form:

Ex(r, ω) = Ex,0(r, ω) + (iω)2I(ω)
N∑
n=1

Ψn(r0) Ψn(r)

λn(λn + iω)
(3.32)

with

Ex,0(r, ω) = Ex,∞(r, ω)− iωI(ω)
N∑
n=1

Ψn(r0) Ψn(r)

λn
. (3.33)

The magnetostatic term Ex,0(r, ω) can be obtained from the superposition of the source and
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its mirror, now with regard to the plane z = Lz to the perfect conductor, which is calculated

from (3.31) for r̄ = (y, z − Lz)T and r̄0 = (y0, z0 − Lz)T. One advantage of this formulation

is the accelerated convergence of the remaining expansion for larger eigenvalues due to the

additional factor 1/λn.

The progression of the field synthesis depending on the number of used eigenmodes is

shown in Figure 3.9 for two different conductivity models. Plotted is the error of the

modelled secondary field relative to the analytic solution of the corresponding layered half

space.

Figure 3.9.: Convergence of the relative error of the secondary field obtained from partial
eigenmode synthesis compared to the analytical solution for two models dif-
fering in conductivity σ and consequently also in penetration depth p of the
electromagnetic field with frequency f = 6.4 kHz.

As expected from the distribution of eigenvalues and (3.32), the field synthesis is most

affected by the smallest eigenvalues. We observe a steep decrease of the error within the first

15 % of the eigenvalues and respective -modes, while for additional modes the error remains

approximately constant at about 0.5 %. This small remaining error can be explained by

the limited extent of the box model which is compared to the infinitely extending half space

model.

Of much more significance is the fact that only a minor part of the eigenmodes yields

considerable contributions to the field in the eigenmode expansion. The number of significant

eigenmodes depends slightly on the conductivity model. For the frequency f = 6.4 kHz

under investigation, the field above the better conductor (σ = 0.1 S/m) with a skin depth

of p = 20 m shows modifications for the first 15 % of the eigenmodes, while the field of
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the less good conductor (σ = 0.01 S/m) with a skin depth of p = 63 m is formed mainly

by only the first 5 %. In both cases, one obtains a very good field synthesis with an error

of about 1 % or less if the expansion is truncated after 10 % of the smallest eigenvalues.

Even though this convergence behaviour has been evaluated for only two special models, we

anticipate a similar performance for arbitrary conductitity distributions with eventually a

modified truncation bound.

The feasibility of such a partial synthesis is of great advantage to our eigenmode modelling

code, since there is no need anymore to determine the complete set of eigenvalues and -

functions but it is sufficient to ascertain a small subset. For this purpose we can make full

use of the ARPACK package, which is designed to be most efficient in the determination of

only a few eigenvalues and corresponding -vectors. Besides the reduction of computational

time, the amount of required storage is drastically decreased.

3.7. Summary of 2D results

By means of the field of a 2D conductivity structure in E polarisation we have demonstrated

the technique of eigenmode modelling. The practical implementation of the governing equa-

tions is realised using finite differences on an arbitrarily discretised grid, yielding an eigen-

value problem with a real, symmetric, large, sparse, and positive definite system matrix. The

problem is solved approximately using the Implicitly Restarted Arnoldi Method (Lehoucq

et al., 1998). When performing the field synthesis of those eigenmodes, we observed very

good agreement with the fields predicted by analytical calulations. We investigated the

potential of the method with regard to an increase in efficiency through the use of a partial

synthesis combined with a modified expansion containing also analytically determined parts.

Altogether the preceding analysis shows some promising capabilities of the eigenmode

modelling procedure, which now shall be investigated below for the 3D case.
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4.1. Implementation of the eigenvalue problem with FD

In order to solve the eigenvalue problem (2.6) numerically in three dimensions, we employ

finite differences on a staggered grid, as sketched in Figure 4.1 and Figure 4.2.

Figure 4.1.: Schematic grid used for finite differencing.

The conducting subsurface is divided into nxnynz regular cells with uniform conductivity

σn = σ(i, j, k) and volume Vn = a(i) b(j) c(k), the cell edges are at x(i), x(i+ 1), y(j),

y(j+ 1), z(k) and z(k+1). To each cell are assigned three electric and three magnetic

eigenmode components, which are spread on the grid as outlined by Yee (1966). In the

staggered arrangement (Figure 4.2) the magnetic eigenmode components are assigned to

the center of the faces of the cell and the electric ones to the edges. For simplicity, the



26 4. Determination of the eigenmodes

Figure 4.2.: Yee grid of cell (i, j, k).

components are numbered using only integer indices, namely those of the associated cell,

though this does not reflect their actual coordinate on on the grid. For example ex(i, j, k)

is located at coordinate {xc(i), y(j), z(k)}, where xc(i) = [x(i+1) + x(i)] /2. The distances

between the midpoint coordinates xc(i), yc(j), zc(k) of cell (i, j, k) and its next neighbour

in positive direction are labeled ah(i+1), bh(j+1), ch(k+1), and we define ah(1) = a(1),

ah(nx+1) = a(nx) and the values in y and z direction respectively.

At the boundary to the air half space, the grid is artificially extended half a cell height

c(1)/2 into the air and missing values are replaced by those obtained using field continu-

ation, which will be explained in detail below. The other five bounding walls of the grid

are assumed to be perfectly conducting (Dirichlet boundary conditions), which demands

vanishing tangential components of the electric eigenmodes.

When establishing the finite difference version of the eigenvalue problem, it is necessary

to employ spatial averages of the conductivities to take into account the differences resulting

from the placement of the electric components on different edges of the cell. We integrate

over a prism centered around each electric component and calculate the volume-weighted

arithmetic average of the conductivity of the surrounding cells along the current path. The

average conductivity σ̄x associated with ex of cell (i, j, k) for example is (see also Figure 4.3)

σ̄x(i, j, k) =
1

4px(i, j, k)

 b(j) c(k)σ(i, j, k) + b(j−1) c(k)σ(i, j−1, k)

+ b(j−1) c(k−1)σ(i, j−1, k−1) + b(j) c(k−1)σ(i, j, k−1)

 ,
(4.1)

where px(i, j, k) = a(i) bh(j) ch(k) is the prism used for integration. The finite difference

approximation of (2.6) for component ex of cell (i, j, k) then can be written as

bz(i, j, k)− bz(i, j−1, k)

bh(j)
− by(i, j, k)− by(i, j, k−1)

ch(k)
= µ0 σ̄x(i, j, k) ex(i, j, k), (4.2)

where bz and by have to be replaced by the finite difference version of λb = ∇ × e, for
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Figure 4.3.: The grid cells and associated electric and magnetic components required for
the FD equation of ex(i, j, k). The prism px(i, j, k) with averaged conductivy
σ̄x(i, j, k) is shaded.

example

λbz(i, j, k) =
ey(i+1, j, k)− ey(i, j, k)

a(i)
− ex(i, j+1, k)− ex(i, j, k)

b(j)
. (4.3)

From (4.2) and (4.3) it is apparent that each electric component inside the grid is connected

with only twelve surrounding electrical components. Therefore, setting up the equations for

all electric components on the grid yields a matrix system with no more than 13 entries per

row or column. The matrix symmetry is conserved by the transformation

ẽx(i, j, k) =
√
µ0 px(i, j, k) σ̄x(i, j, k) ex(i, j, k), (4.4)

which mainly contains the square root of the average conductivity and the volume of the

integration prism belonging to the respective eigenmode component. Similarly, the trans-

formation has to be performed for the ey and ez components. The resulting final equations

are given at full length in Appendix B.1.

The ideal sparse structure of the matrix is disturbed for the horizontal components of the

first grid layer (k=1), where the boundary condition introduces additional elements into the

system matrix. Namely, instead of applying an equation like (4.3) to replace the magnetic

eigenmode component which is situated in the air half space, as by(i, j, k−1) in the above

example, it is determined using field continuation. The derivative of the continuation and

the explicit formulation of the continuation equations is given in Appendix C. In this place,

we content ourself with the qualitative description of the basic principle. Following (2.30),
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(2.34), and (2.35), the field continuation of one magnetic component needs all bz(i, j, k=1)

at the grid surface. Or, expressing the continuation solely through electric eigenmodes using

relations like (4.3), shows that all horizontal electric eigenmodes ex and ey with k = 1 do

contribute. This leads to a dense submatrix for the Nh = nx (ny−1) + (nx−1)ny nontrivial

horizontal electric eigenmode components of the top cells.

Altogether, excluding the vanishing tangential eigenmode components at the perfectly

conducting walls, the total number of nontrivial electric eigenmode components is

NA = nx(ny−1)nz + (nx−1)nynz + (nx−1)(ny−1)nz. (4.5)

The set of equations for each of those NA electric eigenmode components forms the system

matrix A, whose compilation is described in detail in Appendix B.2 and Appendix B.3.

4.2. Properties of the system matrix

The matrix form of the eigenvalue problem with dimension NA reads

A x = λ x, (4.6)

where x := ẽ is the vector of all electric eigenmode components. It seems to be advantageous

to order first all horizontal components in the vector with depth, thus assembling all ex and

ey for one layer before proceeding to the next deeper one. Subsequently, all vertical electric

components are sorted into the vector with depth. The resulting sparsity structure of the

complete system matrix A is illustrated in Figure 4.4 for an example of small size.

The matrix A has the properties of being real, symmetric, positive semi-definite, high

dimensional (NA ≈ 3nxnynz), and sparse with predominantly 13 entries per row or column,

except for Nh rows with at most Nh additional entries. Only the non-zero elements of the

matrix are stored using a Compressed Sparse Row (CSR) storage scheme (see e.g. Saad

(1995)), which does not account for the symmetry, but was chosen because it is commonly

used in sparse matrix software like SPARSKIT (Saad, 1994). This public domain code is

used to efficiently perform some of the required standard matrix operations.

Solving the posed large eigenvalue problem with direct methods like Householder reduc-

tion to tridiagonal form and suitable factorisation does not account for the sparsity of the

matrix and becomes not feasible when the grid size is increased. However, initially this

straightforward procedure is applied to a modest sized problem, as presented in Section 4.3,

to obtain a reliable solution as basis for a first investigation of the 3D eigenvalues and

eigenfunctions. In Section 4.5, more sophisticated methods for solving the large, sparse

eigenvalue problem are evaluated.
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Figure 4.4.: Sparsity structure of the matrix associated with a small 4 × 3 × 3 grid. The
dimension of the matrix is NA = 69, the FD non-zero elements are represented
by squares and the elements due to field continuation are marked with ×.

4.3. Exemplary 3D eigenmodes

We investigate the eigenmodes of a box with uniform conductivity of 0.01 S/m. The box is

divided into 16×16×8 = 2048 cells using a regular 160 m×168 m×25 m grid. The number of

unknown electric eigenmodes is NA=5640. Their eigenvalue spectrum ist is represented in

Figure 4.5. The striking characteristic of the spectrum is that about 1/3 of the eigenvalues

is equal to zero, and their respective eigenmodes are spurious modes (see Section 4.6), which

do not contribute to the field synthesis. It can be shown that this property is independent

of the values of the (positive!) conductivities assigned to each cell (since only the product

λσ enters in (2.6)) and that the number of zero eigenvalues equals Nv = (nx−1)(ny−1)nz.

Subsequently, only the positive eigenvalues need to be determined.

To give an idea how the eigenmodes look like, the modes at the earth’s surface associated

with the six smallest positive eigenvalues are illustrated in Figure 4.6. The distribution

of the intensity of the horizontal eigenmodes ex and ey is displayed as dotted and dashed

isolines, where in particular vanishing intensity is marked by a bold isoline. In addition,

the derivative of the vertical magnetic eigenmodes as calculated from the horizontal electric

ones is plotted as solid lines.
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Figure 4.5.: Eigenvalue spectrum of a 100 Ωm ‘half space’ box constisting of 2048 cells.

Figure 4.6.: Eigenmodes at the earth’s surface belonging to the six smallest positive eigen-
values of 100 Ω m ‘half space’ box constisting of 2048 cells. The intensity of
the horizontal eigenmodes ex and ey is displayed as dotted and dashed isolines,
and solid lines represent the derivative of the vertical magnetic eigenmodes ḃz.
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In this example, the eigenmodes show a nice symmetry reflecting the uniformity of the

subsurface. Satisfaction of the boundary conditions can be observed for ex and ey. The ver-

tical magnetic eigenmode sometimes vanishes for all surface gridpoints, as it occurs here for

the eigenvalues with number 1801, 1803, and 1805. Again, those modes yield no contribution

to the field synthesis, but so far their occurence cannot be predicted.

4.4. Characteristics of the eigenvalue spectrum

The eigenvalues λn of the real, symmetric and positive semi-definite system matrix A are

all real and non-negative. They can be divided into two groups with λn = 0 and λn > 0.

The zero eigenvalue (λn = 0) occurs with a high multiplicity of Nv(≈ 1
3
NA), which equals

the number of vertical electric components or the number of internal nodal points of the

grid. The associated eigenmodes are unphysical spurious modes which fulfill the eigenvalue

problem but are accompanied with an illegally divergent current density ∇ · (σen) ≡/ 0, as

shown in Section 4.6. Consequently, the application of these modes for the field synthesis

is not permitted.

The remainder of the NB = NA − Nv positive eigenvalues (λn > 0) are generally single

eigenvalues. Multiple eigenvalues can occur if the system is degenerated, e.g. due to a uni-

form conductivity structure. Besides the conductivity extrema σmin and σmax, the spectrum

of eigenvalues also depends on the overall model size as well as the employed discretisation.

More precisely, the eigenvalues are varying between the extrema

λmin :=
c1π

2

µ0σmaxL2
max

≤ λn ≤
c2π

2

µ0σminL2
min

=: λmax, (4.7)

with c1 and c2 being in the order of magnitude from 1 to 10. Lmax specifies the largest

dimension of the model and Lmin is the smallest cell dimension.

These bounds are illustrated by a simple example: For a uniform cube of conductivity σ

and side length L, bounded by perfectly conducting walls and discretised in small cubes of

side length L/n, the exact bounds of λ are

λmin =
2π2

µ0σL2

(
2n

π

)2

sin2
(
π

2n

)
→ 2π2

µ0σL2
for n� 1, (4.8)

λmax =
3π2

µ0σL2

(
2n

π

)2

cos2
(
π

2n

)
→ 12

µ0σ(L/n)2
for n� 1. (4.9)

Whereas λmax is bounded for a finite discretisation, it tends to infinity when refining the

discretisation (L/n→ 0). This is in agreement with the fact that the decay constants of a

physical body have no upper limit (see Section 2.1.1).

Thus, the positive eigenvalues λ1, . . . , λNB are clustered in the range λmin − λmax usually
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spanning a few orders of magnitude (depending on grid). The estimate (4.7) yields for the

example in Section 4.3

λmin = c1 2.8 · 104s−1 ≤ λ1 = 3.7 · 105s−1 ≤ λNB = 4.5 · 107s−1 ≤ λmax = c2 8.0 · 107s−1.

The schematic eigenvalue spectrum of A is

σ(A) =

λ0,1, . . . , λ0,Nv︸ ︷︷ ︸
≡0

, λ1, . . . , λm, . . . , λNB︸ ︷︷ ︸
>0

 ,
where λ0,j, j = 1, . . . , Nv denotes the zero eigenvalues which do not have to be acquired.

Likewise, very large eigenvalues λ > λm may not be needed due to their negligible small

contribution to the synthesis (see also discussion of partial synthesis in Section 3.6).

Consequently, we are searching for an efficient routine capable of obtaining the significant

eigenvalues {λ1, . . . , λm} from the interior of a spectrum. The algorithm should be designed

for large scale problems and take advantage of the sparsity of the matrix. Subsequently,

some canned routines published on the Internet are checked for this purpose.

4.5. Eigenvalue solver for the symmetric, indefinite system

matrix

4.5.1. Strategy for solving the eigenvalue problem

The established classical algorithms dealing with symmetric eigenvalue problems encounter

difficulties regarding memory storage and computational time when applied to high dimen-

sional problems, as already explained in Section 3.4. In addition, they cannot take advantage

of the sparsity of the matrix.

The only way out of this issue is to rely upon approximate methods, which essentially

consist in the following: Instead of treating the eigenvalue problem in the high dimensional

space RNA , the problem is attempted to be solved approximately in a subspace of smaller

dimension, called a Krylov subspace. A general survey of available subspace methods for

the treatment of large scale eigenvalue problems is given by Saad (1992). Several realised

algorithms by different authors are provided as source code and are freely available via the

Internet. Of those we investigate two program packages in different variants, for application

to the present eigenvalue problem.
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4.5.2. Implementation of ARPACK

The ARnoldi PACKage ARPACK (Lehoucq et al., 1998) is a collection of Fortran 77 sub-

routines capable of solving general large scale eigenvalue problems. The authors describe

the properties of their program as follows: The software is based on an algorithmic variant

of the Arnoldi process called the Implicitly Restarted Arnoldi Method (IRAM). When the

matrix A is symmetric, it reduces to a variant of the Lanczos process. The package is de-

signed to compute a few (K) eigenvalues and corresponding eigenvectors of a general N by

N matrix A. It is most appropriate for large sparse or structured matrices A, where struc-

tured means that a matrix vector product w = Av requires order N rather than the usual

order N2 floating point operations. Only the action of the matrix on a vector is needed.

Storage requirements are on the order of N · O(K) +O(K2) locations.

The ARPACK software determines the K eigenvalues with user specified features such as

those of largest algebraic part (LA), largest magnitude (LM), smallest algebraic part (SA),

smallest magnitude (SM) or both ends of the spectrum (BE). To obtain eigenvalues from

the interior of the spectrum, a spectral transformation is required.

To compute K selected eigenvalues and corresponding eigenvectors for the generalised

problem

Ax = Mxλ,

the shift and invert spectral transformation is recommended to accelerate convergence to a

desired portion of the spectrum. If (x, λ) is an eigen-pair for (A,M) and δ 6= λ then

(A− δM)−1Mx = xν , ν =
1

λ− δ
.

This transformation is efficient for finding eigenvalues near δ since the K eigenvalues νj of

C ≡ (A − δM)−1M that are largest in magnitude correspond to the K eigenvalues λj of

the original problem that are nearest to the shift δ in absolute value. These transformed

eigenvalues of largest magnitude (LM) are precisely the eigenvalues that are easy to compute

with a Krylov method. They are directly related to the original eigenvalues

λj = δ +
1

νj
.

According to the authors of ARPACK, shift & invert spectral transformations are very

effective and should even be used on standard problems (M = I) whenever possible. This

is particularly true when interior eigenvalues are sought or when the desired eigenvalues

are clustered. Usually in many cases a shift & invert strategy is required for reasonable

convergence.

The number of Lanzcos basis vectors Ncv used through the course of the computation de-
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fines the storage and work demands of the algorithm. The authors of ARPACK recommend

Ncv ≥ 2 ·K for good performance of the algorithm, the minimum Ncv ≥ K + 1 is manda-

tory. The work per major iteration is proportional to N · N2
cv, and occupied storage is

N · (Ncv + 5) +Ncv · (Ncv + 10).

For our real symmetric standard eigenvalue problem (M = I, N = NA), ARPACK offers

two computational modes:

Regular mode

The regular mode deals with the problem

Ax = xλ.

This simple mode has the advantage that one only needs to supply a (sparse) matrix vec-

tor product w = Av. However, to obtain the desired m smallest positive eigenvalues

{λ1, . . . , λm} always a large number of useless eigenvalues has to be calculated, too, since

only eigenvalues from the end points of the spectrum of A are available.

Selection of option SM or SA results in K = Nv +m necessary eigenvalues (including all

zero eigenvalues Nv ≈ 1
3
NA), with minimum storage requirements in the order of 4

9
N2
A:

σ(A) =

λ0,1, . . . , λ0,Nv ,

desired︷ ︸︸ ︷
λ1, . . . , λm︸ ︷︷ ︸

SA

, . . . , λNB

 .
Alternatively, all positive eigenvalues K = NB = NA −Nv are calculated with the selection

of option LM or LA. In this case, the required minimum storage is in the order of 2
3
N2
A:

σ(A) =

λ0,1, . . . , λ0,Nv ,

desired︷ ︸︸ ︷
λ1, . . . , λm, . . . , λNB︸ ︷︷ ︸

LA

 .
Both variants of the regular mode occupy almost the same amount of storage as a direct

(dense) method for eigenvalue calculation because we are forced to compute not only a few,

but K ' NA/2 eigenvalues.

Unfortunately, there is no simple shift δ in the form

(A− δI)x = xν , ν = λ− δ

which transforms {λ1, . . . , λm} in a way that {ν1, . . . , νm} or {|ν1|, . . . , |νm|} is at the end

of the spectrum without knowing the spectrum in advance.
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Shift & invert mode

The shift & invert mode acts on the modified eigenvalue problem

(A− δI)−1x = xν , ν =
1

λ− δ
.

The spectral properties of the matrix C = (A − δI)−1 are more favourable than those of

A. If the shift δ is arbitrarily chosen to be 0 < δ < λ1, all zero eigenvalues are transformed

to negative ones and all positive eigenvalues remain positive with their order reversed. The

transformed spectrum is:

σ(C) =

ν0,1, . . . , ν0,Nv , νNB , . . . ,
desired︷ ︸︸ ︷

νm, . . . , ν1,︸ ︷︷ ︸
LM


The transformed desired eigenvalues are the largest in magnitude, which ARPACK claims

easiest to compute and for which the IRAM will rapidly obtain good approximations to

the eigenvalues. Moreover, no additional unwanted eigenvalues have to be determined or

reserved storage for. The minimum required storage now depends on the number m of

desired eigenvalues and is NA · O(m) + O(m2). The main disadvantage of implementing

this mode is that one must provide a means to solve the linear system involving (A− δI)−1

either with a matrix factorisation or with an iterative method.

4.5.3. Implementation of TRLAN

As an alternative to ARPACK, we investigate the program TRLAN (Wu and Simon, 1998).

Its application is restricted to real symmetric matrices and it is designed to find a small

number of extreme eigenvalues and their corresponding eigenvectors. Besides the numerous

different implementations of the Lanczos algorithm available, the authors claim to have

developed a specialised version that only targets the case where one wants both eigenvalues

and eigenvectors of a large real symmetric eigenvalue problem that cannot use the shift &

invert scheme. In this respect, the code is very interesting and seems worth to be tried

out. However, first attempts in using this algorithm for our system matrix show acceptable

results only for very few eigenvalues, whereas the algorithm fails for ‘small numbers’ larger

than about 20.

Due to this unpredictable behaviour, we discontinue to further work on this matter.

Instead, we focus on detecting a proper iterative solver for the matrix inverse needed in the

shift & invert mode of ARPACK.
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4.5.4. Meeting the numerical demands

The discussion in the preceding sections shows that for our eigenproblem, the adequate

ARPACK solver with resonable storage requirements and acceptable convergence prop-

erties is IRAM in shift & invert mode. This mode implies to solve the linear system

(A− δI)−1x = b for x with in general 0 < δ < λ1, where λ1 is the smallest positive

eigenvalue of A.

The IRAM solver in shift & invert mode requires NA · O(K) + O(K2) memory storage

locations where K is the number of eigenvalues to be computed of the NA-dimensional ma-

trix. Whereas NA is predetermined by the employed grid, the number K may be arbitrarily

chosen to match the available memory. Therefore, one conceivable strategy to overcome

memory limitations is to sucessively calculate parts of the set of eigenmodes, each of size K.

Since the implemented Krylov method allows to calculate only eigenvalues from either end

of the spectrum, to acquire those eigenvalues from the interior of the spectrum a spectral

transformation is inevitable. The shift & invert spectral transformation mode solves the

modified eigenvalue problem

(A− δI)−1 x = ν x , where ν =
1

λ− δ
. (4.10)

Hereof, the K largest eigenvalues νk are obtained and transformed back to eigenvalues of

the original problem using

λk = δ +
1

νk
, (4.11)

yielding the K smallest original eigenvalues which are larger than the shift δ. Through

successivly increasing the shift δ, the determination of any desired portion of the spectrum

can be accomplished, at least theoretically.

Some precaution with this approach has to be taken regarding the preservation of the

orthogonality between all eigenmodes, which is essential for a successful field synthesis.

In practice, to calculate the action of the shifted matrix inverse on a vector causes some

difficulties. For any positive shift δ the system matrix becomes indefinite which restricts

the choice of an iterative solver, e.g. the well-known conjugate gradient technique cannot

be applied. We have tested several of the general iterative methods and preconditioners

provided as templates by Barrett et al. (1994) without satisfactory results, see Table 4.1.

Especially designed for indefinite, but symmetric systems are the algorithms SYMMLQ

and MINRES. We have implemented SYMMLQ (Paige and Saunders, 1975) as iterative solver

and obtained acceptable convergence rates for small positive shifts δ. However, for shifts

between the smallest and largest eigenvalue, the iterative solver does not converge anymore

(see Figure 4.7), if no preconditioning is applied. When preconditioning indefinite systems,

most of the standard techniques do not work: For example, using SYMMLQ with simple
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Figure 4.7.: Number of iterations needed by SYMMLQ depending on the shift δ of the system
matrix A when no preconditioning is applied.

Jacobi scaling as preconditioner increases the number of iterations by more than a factor of

two. Similar poor results yields the application of SSOR or several variants of the incomplete

Cholesky/LU decomposition preconditioner as provided by Saad (1994).

In addition, we have implemented a preconditioner suggested by Gill et al. (1992), which

is based on a modification of the Bunch-Parlett factorisation of a matrix Ã that somehow

approximates A. The factorisation is calculated using the sparse implementation provided

in the Harwell code MA27 (HSL, 2002). With the ‘exact’ Bunch-Parlett preconditioner,

calculated from Ã ≡ A, SYMMLQ solves the system (A− δI)−1 y = z after at most three

iterations, independently of the value of the shift. But this procedure is less reasonable,

nit preconditioner M
↘ no ILU(0) ILUT(5) ILUT(15) ILUK(1) ILUD(0) ILUD(10) ILUD(75)

CGNR 69 -1 -1 59 75 181 87 173
iterative BCG 54 146 132 26 38 74 40 72
solver BCGSTAB 41 -1 149 17 31 71 31 77

GMRES 92 -1 -1 17 30 175 29 -1
SYMMLQ 24 — not applicable (M is not symmetric positive definite) —

Table 4.1.: Number of iterations nit required of some iterative methods and precondition-
ers, as provided by Barrett et al. (1994), in comparison with SYMMLQ (Paige
and Saunders, 1975). The performance of the iterative solvers without precon-
ditioning is given in the first column (no). The treated indefinite system has
the dimension NA = 46. No convergence (nit > 4NA) is indicated by −1. Slow
convergence (nit > NA) is gained for most of the preconditioned solvers.
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since the work building the preconditioner exceeds the work necessary to directly solve the

system using the original Bunch-Parlett factorisation. Here the next task is to search for a

matrix with clever affinity to A, yielding an elaborate preconditioner at affordable cost.

Nevertheless, even if we should find the perfect preconditioner, the numerical optimisation

of the method seems to very close to its limit, since this will not substantially improve the

method further.

Facing so many problems due to the indefiniteness of the system matrix, which is caused

be the zero eigenvalues, it may be worth to reconceive the setup of the eigenvalue problem.

Since the zero eigenvalues and -modes have no importance for characterising the conductivity

structure, there might be a way to avoid their occurence in the system matrix. This aspect

shall be examined in the following.

4.6. Investigation of the spurious modes

4.6.1. Analysis

When solving the eigenvalue problem of the matrix described in the preceding sections,

one obtains a large number of eigenvalues equal to zero and the corresponding eigenmodes

are so called ‘spurious’ modes, which do not contribute to the field synthesis. The number

of spurious modes is Nv = (nx−1)(ny−1)nz, which is equal to the number of internal

nodal points of the grid. Evidently, the system has less degrees of freedom than forced and

presumed in our matrix. In order to avoid the spurious modes, we need to account for Nv

equations with side conditions of the system.

The side conditions may be derived from an analysis of the properties of the spurious

modes: Taking the divergence of the system equation (2.6)

∇ · [∇×∇× e(r)− λµ0 σ(r) e(r)] = 0 (4.12)

gives

∇ · [λσ(r) e(r)] = 0. (4.13)

The above equation is fulfilled for two cases: Either it is valid for λ 6= 0 if the other term,

∇· [σ(r)e(r)] = ∇· j(r) = 0, vanishes. Secondly, (4.13) is fulfilled for λ = 0 and ∇· j(r) ≡/ 0.

For the latter, the divergence-free condition of the current density j is not satisfied. The

case that both λ = 0 and ∇ · j(r) = 0 cannot occur for the eigenmodes.
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4.6.2. Elimination

In order to eliminate the spurious modes, we need side conditions that enforce the divergence

condition

∇ · [σ(r) e(r)] =
∂[σ(r) e(r)]x

∂x
+
∂[σ(r) e(r)]y

∂y
+
∂[σ(r) e(r)]z

∂z
= 0 (4.14)

of the current density j for all grid nodes, as indicated for one node in Figure 4.8. With the

Figure 4.8.: FD side condition contributions at one grid node.

abbreviations for the direction averaged current densities

jx(i, j, k) = σ̄x(i, j, k) ex(i, j, k),

jy(i, j, k) = σ̄y(i, j, k) ey(i, j, k),

jz(i, j, k) = σ̄z(i, j, k) ez(i, j, k),

the side conditions read in FD:

jx(i, j, k)− jx(i−1, j, k)

ah(i)
+
jy(i, j, k)− jy(i, j−1, k)

bh(j)
+
jz(i, j, k)− jz(i, j, k−1)

ch(k)
= 0. (4.15)

To substitute the side condition into the system matrix, it is appropriate to resolve (4.15)

for a vertical electric component,

ez(i, j, k) =
σ̄z(i, j, k−1)

σ̄z(i, j, k)
ez(i, j, k−1)

− ch(k)

σ̄z(i, j, k)

[
jx(i, j, k)− jx(i−1, j, k)

ah(i)
+
jy(i, j, k)− jy(i, j−1, k)

bh(j)

]
.

(4.16)
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For grid nodes at the surface of the first layer (k = 1), which adjoin to the air half space,

due to vanishing σ̄z(i, j, 0) in the air (4.16) is simplified to

ez(i, j, 1) = − ch(1)

σ̄z(i, j, 1)

[
jx(i, j, 1)− jx(i−1, j, 1)

ah(i)
+
jy(i, j, 1)− jy(i, j−1, 1)

bh(j)

]
. (4.17)

The system matrix is developed for the transformed electric components, see (B.3), there-

fore the elimination equations have to be set up for the transformed components, too. They

read

ẽz(i, j, k) =
σ̄z(i, j, k−1) dz(i, j, k−1)

σ̄z(i, j, k) dz(i, j, k)
ẽz(i, j, k−1)− ch(k)

σ̄z(i, j, k) dz(i, j, k)
·{

dx(i, j, k) σ̄x(i, j, k)

ah(i)
ẽx(i, j, k)− dx(i−1, j, k) σ̄x(i−1, j, k)

ah(i)
ẽx(i−1, j, k)(4.18)

+
dy(i, j, k) σ̄y(i, j, k)

bh(j)
ẽy(i, j, k)− dy(i, j−1, k) σ̄y(i, j−1, k)

bh(j)
ẽy(i, j−1, k)

}
,

where again for k=1 the term with ẽz(i, j, k−1) is missing due to σ̄z(i, j, 0) = 0. Accordingly,

each vertical electric component is substituted by four horizontal components of the same

layer and by additional four components of each of the above grid layers, yielding a total of

4 · k replacing horizontal components for one vertical component ez(i, j, k).

When (4.18) is successively applied for k = 1, . . . , nz, all ez(i, j, k) can be expressed in

terms of ex and ey only. This set of equations then can be used to eliminate all ez from

the system matrix and thereby reducing its dimension to NB = NA − Nv, the number of

non-spurious modes.

The number of non-zero matrix entries per row changes as follows: The number of elements

directly due to the FD stencil is reduced from 13 to 9, since the 4 associated vertical

components are replaced by 4 · k horizontal components each. Considering the multiple

use of some of the horizontal components, the 16 · k replacement terms in general lead to

6 · (2k − 1) supplementary elements in a row belonging to grid layer k.

Since the substitution acts only on the rows of the matrix, the increase of additional matrix

elements with depth obviously leads to a loss of the symmetry of the reduced matrix. In

particular, the system equation for elements of the first layer still contains only components

of the first two layers, whereas components of all deeper layer are always connected also

with elements of the first layer, and thus the system of equations no longer is symmetric,

see also Figure 4.9.
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Figure 4.9.: Sparsity structure of the reduced matrix associated with a small 4 × 3 × 3
grid. The dimension of the matrix is NB = 51, the FD non-zero elements are
represented by squares, the elements due to field continuation are marked with
×, and the additional side condition elements are shown as diamonds. The
squares in light grey indicate the former ez entries of the full system matrix, see
Figure 4.4 for comparison.

4.7. Properties of the reduced system matrix

The matrix form of the eigenvalue problem with the reduced dimension NB = Nhnz, where

Nh = nx(ny−1) + (nx−1)ny, reads

B x = λ x. (4.19)

Here x := ě is the vector of all horizontal electric eigenmode components and Nh denotes

the number of horizontal components per grid layer. The sparsity structure of B is sketched

in Figure 4.9.

The matrix B has the properties of being real, non-symmetric, and positive definite,

while being of smaller dimension (NB ≈ 2/3NA) but less sparse than the full system matrix

A. The moderate sparsity of B is mainly due to a total of Nh
∑nz
k=1 6(2k − 1) ≈ 6Nhn

2
z

entries introduced by the substitution of the vertical components, whereas the number of

predominant elements per row is reduced to nine and the number of N2
h elements caused by

the field continuation remains unchanged. Not taking into account any duplicate entries and
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using Nh ≈ 2nxny, B contains at most a total of approximately (12nz − 4 · 2− 13) · nxnynz
more non-zero elements than A.

As before, the Compressed Sparse Row (CSR) storage scheme (see e.g. Saad (1995)) is

employed, now being fully efficient due to the non-symmetry of the matrix. Particularly,

the advantages through the significant reduction in matrix dimension and the conversion to

a positive definite matrix do more than outweigh the slightly increased number of non-zero

elements and their associated workload when operating on the matrix.

The asymmetry of the matrix excludes the use of symmetric iterative solvers as e.g.

SYMMLQ, but most of the previously tested iterative solvers are still applicable. Usually,

asymmetry causes the iterative solver to converge slower than in a symmetric case. However,

when considering the much smaller matrix dimension, even an increased number of iterations

will not inhibit the overall decrease in the workload of the solver.

The profitable consequences of matrix reduction become obvious when discussing the

solution alternatives for the reduced eigenvalue problem, see Section 4.8.

4.8. Eigenvalue solver for the non-symmetric, definite

reduced system matrix

4.8.1. Choice of alternatives

The eigenvalues of the positive definite reduced system matrix B are all real and positive.

Accordingly, the schematic eigenvalue spectrum of the reduced matrix is

σ(B) =


desired︷ ︸︸ ︷

λ1, . . . , λm︸ ︷︷ ︸
>0, SA

, . . . , λNB

 ,
where now the desired small positive eigenvalues are extremal eigenvalues. Those eigenvalues

from either end of the spectrum can be determined using a simple, regular mode (in this

case ‘SA’ or ‘SM’) of IRAM, which does not require the matrix inverse.

However besides this straightforward way, we also consider the shift & invert mode, since

it is strongly recommended by the authors of ARPACK to achieve optimum convergence of

the algorithm and the linked computational time. A comparison of both modes as regards

storage and time demands is given in Section 4.9. Before, various iterative solvers for the

matrix inverse are surveyed as basis for the IRAM shift & invert mode.
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4.8.2. Survey of iterative solvers and preconditioners

First of all, the iterative solvers which were already used for the full system matrix (see

Table 4.1) are tested for a reduced matrix of corresponding size. Except for SYMMLQ they

are applicable to non-symmetric matrices, too. As a minor difference, the algorithms now

are employed in a sparse formulation as provided by Saad (1994). For the non-symmetric

matrix B and a constant right hand side vector b = (1, . . . , 1)T, the number of iterations

performed by the respective iterative solvers and preconditioners to solve Bx = b are given

in Table 4.2 (with different preconditioners than before in the last two columns).

nit preconditioner M
↘ no ILU(0) ILUT(5) ILUT(15) ILUK(1) ILUD(0) MILU(0) ILUK(3)

CGNR -1 17 17 -3 9 17 21 3
iterative BCG -1 12 12 -3 8 12 2 2
solver BCGSTAB 29 7 7 3 5 7 3 3

GMRES 25 7 7 -3 4 7 2 2

Table 4.2.: Number of iterations nit required of some iterative methods and preconditioners,
as provided by Saad (1994) in a sparse formulation. The treated non-symmetric,
definite system has the dimension NB = 34, which corresponds to NA = 46. No
convergence (nit > NB) is indicated by −1. Fast convergence (nit < 5) is gained
for several of the preconditioned solvers. Convergence but no correct solution is
indicated by −3.

Compared to the results for the former matrix A, throughout the number of iterations

needed is much less for the reduced matrix B. Especially the two newly tested precondi-

tioners need only 2-3 iterations, which makes them very attractive for further use.

The SPARSKIT package (Saad, 1994) offers a couple of other iterative solvers and pre-

conditioners beyond those implemented so far. For sufficiency, some more combinations

have been tested for a larger matrix of a 8 × 8 × 4 grid as listed in Table 4.3. Most types

of preconditioners are investigated for several values of the number of fill-in elements (lfill),

which refers to the number of additional elements in each row of the preconditioning matrix

compared to the original system matrix and indicates the complexity of the preconditioner.

A similar number of combinations with good convergence behaviour (nit < 5, highlighted

in bold face) is observed for the enlarged matrix. Important to note is that for the precon-

ditioner of type ILUK more fill-in elements (lfill = 6 instead of 3) are necessary to achieve

the same few iterations as for the small matrix. Since the optimum convergence rate of

the good iterative solvers is similar for each preconditioner, the best solver can be chosen

according to the work space required by its routines, which is given in Table 4.4:

The least expensive Conjugate Gradient method for the Normal Residual equation (CGNR)

is ignored due to its acceptable performance for only one preconditioner. Therefore, the

BiConjugate Gradient (Stabilised) method, (BCG) or (BCGSTAB), is considered to be the
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preconditioner M (lfill)

no J
a
co

b
i

S
S

O
R

IL
U

(0
)

M
IL

U
(0

)

ILUT( ) ILUTP( ) ILUK( ) ILUD( )

solver 5 10 15 5 10 15 0 1 3 6 0 1
CGNR -1 -1 -1 -1 -1 -1 -3 -3 -1 -1 -1 -1 403 -3 7 171 -1
BCG 156 112 -1 58 2 80 -3 -3 170 400 294 58 32 12 4 30 2
BCGSTAB 87 61 -1 39 3 43 -3 -3 167 -1 -1 39 17 7 3 17 3
TFQMR 115 81 365 43 3 51 -3 -3 141 -1 -1 43 19 7 3 17 3
GMRES 108 69 -1 43 2 43 -3 -3 -1 -1 -1 43 17 7 3 16 2
FGMRES 108 69 -1 43 2 43 -3 -3 -1 -1 -1 43 17 7 3 16 2
DQGMRES 76 64 -1 54 2 89 -3 -3 -1 -1 -1 54 17 7 3 14 2

Table 4.3.: Number of iterations nit required by several iterative methods and precondition-
ers to solveBx = b for x, where the rhs vector b is constant. The treated system
has the dimension NB = 448. The numbers associated with the precondition-
ers (lfill) specify the number of fill-ins per row, or the level of fill-in for ILUK,
respectively. No convergence (nit > NB) is indicated by −1. Fast convergence
occurs for nit < 5, convergence but no correct solution is indicated by −3.

iterative solver CGNR BCG BCGSTAB TFQMR GMRES FGMRES DQGMRES

work space 5N 7N 8N 11N > 32N > 32N > 32N

Table 4.4.: Work space demanded by iterative solvers when acting on a N -dimensional ma-
trix.

most efficient iterative solver for our specific problem. For the preconditioners the decision

is not so easy, since in general their complexity is not predictable from the number of fill-ins

but depends on the (shifted) matrix and rhs vector of the problem. Therefore, the set of

iterative solvers and preconditioners is tested once again being implemented in a realistic

ARPACK problem including a shift δ of the matrix and a right hand side vector which is not

constant. The shift δ needs to be less than the smallest eigenvalue of the matrix. According

to the estimate in (4.7) we set

δ =
π2

8µ0σmaxL2
max

, (4.20)

with choosing c1 = 1/8 very low to ensure δ < λ1.

The cost of the preconditioner is indicated by its number of non-zero elements nnzP , and

by their percentage of all non-zero system matrix elements nnzB, as given in the additional

two rows of the following Table 4.5.

Unfortuneatly, when acting on a more realistic problem, the convergence behaviour changes

drastically for some of the investigated preconditioners. We observe improved convergence

for the Incomplete LU factorisation with dual truncation strategy (ILUT) and additional col-

umn pivoting (ILUTP) for larger fill-ins (10, 15), whereas an increase of necessary iterations

occurred for ILUTP(5), no preconditioning, and most simple preconditioners as Jacobi scaling,

Symmetric Successive Over Relaxation (SSOR), and the Incomplete LU factorisation with
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preconditioner M (lfill)

no J
a
co

b
i

S
S

O
R

IL
U

(0
)

M
IL

U
(0

)

ILUT( ) ILUTP( ) ILUK( ) ILUD( )

solver 5 10 15 5 10 15 0 1 3 6 0 1
BCG 194 138 -1 60 -1 80 56 48 174 108 66 60 30 12 4 32 150
BCGSTAB 117 77 -1 39 -1 51 39 29 197 93 53 39 19 9 3 17 157
TFQMR 105 79 391 41 -1 53 39 29 199 101 49 41 21 9 3 17 153
GMRES 136 82 -1 50 -1 59 36 28 -1 -1 74 50 19 7 3 16 -1
FGMRES 136 82 -1 50 -1 59 36 28 -1 -1 74 50 19 7 3 16 -1
DQGMRES 92 74 -1 73 -1 87 32 30 -1 -1 115 73 18 7 3 15 -1

nnzP - 44
8

16
66

1

16
66

1

16
66

1

43
69

85
14

12
59

1

43
62

84
58

12
35

3

16
66

1

38
22

7

99
40

9

13
71

33

40
67

62
93

nnzP [%] - 3 100 100 100 26 51 76 26 51 74 100 229 597 823 24 38

Table 4.5.: Number of iterations nit required for solution of the problem (B − δI)x = b
with shift δ = 426 s−1 and a realistic, non-constant rhs vector b. The matrix
dimension is NB = 448 and its number of non-zero elements is nnzB = 16661.
The cost of the preconditioner is specified by its non-zero elements nnzP and its
size in percent of the system matrix elements nnzB. No convergence (nit > NB)
is indicated by −1. Acceptable convergence occurs for nit < 20 and is marked
with bold face.

single dropping and diagonal compensation (ILUD) for lfill = 1. One extreme declined case

is MILU(0) in turning from a very good preconditioner to a complete failure. This may be due

to the fact that the Modified Incomplete LU factorisation with zero fill-ins (MILU(0)) forces

the ILU factorisation to be exact for constant rhs functions, as only the case in our first

example (Table 4.3).

In view of the desired stability of the iterative solver, we focus on those combinations with

almost unaltered convergence behaviour, which are the simple Incomplete LU factorisation

(ILU(0)), ILUT(5), ILUD(0), and all variants of the level-k ILU (ILUK). Thereof, the first two

preconditioners are of moderate workload while showing a medium convergence rate. They

are omitted for further testing. The latter ones excel in the small numbers of necessary

iterations at expense of a costly preconditioner with many more elements than the original

matrix. However, the best cost/performance rate is demonstrated by ILUD(0), which is based

on only a small number of elements (≈ 1/4NB) while the number of iterations is comparable

with ILUK(1).

Nevertheless, the overall performance of both alternatives as regards total memory and

computation time needs can hardly be estimated from this analysis. It shall be investigated

for two grids of various size in the next section.
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4.9. IRAM time and memory requirements

Based on the experiences from the analysis of several iterative solvers and preconditioners for

the non-symmetric reduced system matrix, the most promising combinations were selected

for implementation into the IRAM eigenvalue solver. IRAM in shift & invert mode with

those various combinations of iterative solvers and preconditioners is compared to the direct

solver IRAM in regular mode for a small grid of 16× 16× 8 cells. Their respective memory

storage requirements and computational time needs are given in Table 4.6, where these

results were obtained on an Alpha EV6.7 (21264A) processor operating at 667 MHz.

IRAM mode solver precond. nnzP nit nOP memory time
reg LM - - - - 3842 498 Mb 10585.2 s
reg SM - - - - 3116 96 Mb 1105.0 s
s&i LM BCGSTAB no - 214676 1200 96 Mb 789.0 s
s&i LM BCG ILUD(0) 30322 64982 1200 104 Mb 495.3 s
s&i LM BCGSTAB ILUD(0) 30322 34682 1200 113 Mb 382.3 s
s&i LM BCGSTAB ILUK(3) 1880401 12678 1200 119 Mb 763.4 s
s&i LM BCGSTAB ILUK(6) 4930857 8050 1200 191 Mb 1073.6 s

Table 4.6.: Overall IRAM performance in regular (reg) and shift & invert (s&i) mode with
various preconditioners for a small grid of 16 × 16 × 8 cells. The matrix is of
dimension NB = 3840 with nnzB = 268129 non-zero elements, the employed
shift is δ = 34.8 s−1. All data are for determination of the Nh = 480 smallest
eigenvalues and associated modes, except for the first row (reg LM) where all 3840
eigenvalues are determined for reference. nOP specifies the number of matrix-
vector operations performed by IRAM and nit is the total number of iterations
in nOP calls of the iterative solver.

In all cases, the desired part of the eigenvalue spectrum are Nh of the smallest eigenvalues,

where the number Nh of horizontal modes in one layer was chosen at random. In the first

example listed (reg LM), in additon all other eigenvalues are obtained as by-products since

NB eigenvalues of largest magnitude had to be determined to get the Nh smallest ones of

interest. The workload in this case is comparable to the effort which is necessary for the

previous full system matrix.

As already expected from the ARPACK documentation, the IRAM in regular mode (SM)

turns out be less efficient than any of the shift & invert modes as regards execution time.

Even a simple shift & invert mode with BCGSTAB as iterative solver without preconditioning

needs only 70% of the time at no extra cost of memory. With application of a preconditioner,

the required computational time can be further reduced to about 35% of the regular mode

time. This is achieved with the ILUD(0) preconditioner, which needs additional 18% of the

memory. Furthermore, the analysis shows clearly that the preconditioner with the fewest

iterations nit not necessarily is the most appropriate as regards the overall performance. The

few iterations often are linked to an elaborate preconditioner, which needs advanced memory
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storage and non-negligible additional time for set up. Consequently, the ILUK preconditioner

is disregarded.

For validation, the efficiency of the three most relevant methods to solve the eigenvalue

problem is analysed for a larger grid of 24 × 24 × 14 cells. The results are represented in

Table 4.7.

IRAM mode solver precond. nnzP nit nOP memory time
reg SM - - - - 9761 484 Mb 28384.5 s
s&i LM BCGSTAB no - 720826 2760 679 Mb 20893.5 s
s&i LM BCGSTAB ILUD(0) 60186 145288 2760 717 Mb 8569.0 s

Table 4.7.: Overall IRAM performance in regular (reg) and shift & invert (s&i) mode with
optimum preconditioner for a grid of 24×24×14 cells. The matrix is of dimension
NB = 15456 with nnzB = 1377740 non-zero elements, the employed shift is δ =
15.5 s−1. All data are for determination of the Nh = 1104 smallest eigenvalues
and associated modes.

In principle, the performance results for the larger grid are similar to those of the smaller

grid (Table 4.6). For the most favorable shift & invert mode, the computational time is

significantly reduced to only about 30% of the time in regular mode. However, the additional

memory required is almost 50% in this case.

The search for an optimal iterative solver and precontioner is terminated at this point.

IRAM in shift & invert mode using the combination BCGSTAB with ILUD(0) is judged to be

a quite good choice, which reduces the CPU time to about 1/3 of that in regular mode at

the expense of about 50% additional memory. Certainly, there might be better iterative

methods, but their discovery, testing and implementation is left over for a future update of

the program.

4.10. The definite set of eigenmodes

The fundamental eigenvalue problem has been practically implemented using finite differ-

ences. The resulting large set of eigenvalue equations has been transformed to symmetry

and combined into a system matrix. We have investigated different methods to solve the re-

sulting large eigenvalue problem. The eigenvalue spectrum contained a respectable number

of zero eigenvalues and associated spurious modes. Exploiting the properties of the spurious

modes allowed for a significant reduction of the set of relevant system equations, yielding

a reduced, non-symmetric system matrix. The matrix is quite sparse, which is accounted

for when storing matrix elements and performing operations on the matrix. With IRAM

in shift & invert mode with BCGSTAB as iterative solver and ILUD(0) as preconditioner, we

have found an efficient and stable solver for the reduced, but still large, sparse eigenvalue
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problem. The output is a set of at most NB discrete eigenvalues λn and eigenmodes ěn for

the particular conductivity structure under investigation.

The completeness of the set of eigenmodes is fulfilled since the number of discrete eigen-

modes NB equals the number of degrees of freedom of the problem, which is defined by

the number of independent electric field components on the staggered grid. Those are

nx(ny−1)nz components ex in x-direction and (nx−1)nynz components ey in y-direction,

when taking into account that components at the grid walls inside the earth are predeter-

mined by the boundary conditions and that all vertical components are linearly dependent

on the horizontal ones.

The reduced eigenvectors ěn are numerically orthonormal when returned by the eigenvalue

solver algorithm. However, for further use of the eigenmodes in the field synthesis, they need

to obey the orthogonality relation (2.14) for full vectors with three components at every grid

cell. The horizontal components can be extracted from ěn. The missing vertical components

are determined from the equations for elimination of the spurious modes (see Section 4.6.2),

thus yielding the full transformed eigenmode vectors ẽn of dimension NA, which need to be

backtransformed to the original eigenvectors en using (4.4). At last, the staggered FD form

of the orthogonality relation (see also Appendix B.4)

NA∑
m=1

σ̄(m) êl(m) ên(m) p̄(m) = δln, (4.21)

with direction dependent averaged conductivities σ̄ and cell volumes p̄, yields the scaling

factors ηn as given in (B.25) to obtain the final eigenvectors ên = ηn ·en with the postulated

weighted normalisation.

In the next chapter, the application of the acquired eigenmodes for field synthesis and 3D

modelling is discussed.
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eigenmodes (3D)

5.1. Determination of the electromagnetic field response

The interesting feature of the modelling method based on the free-decay eigenmodes is

the variety of possible responses which can be obtained from the same set of eigenmodes.

For the conductivity structure under investigation, the set of characterising eigenmodes is

determined only once, as described in the preceding chapter. When the set of eigenmodes

(en, λn) is at disposal, the field response for any exitation in frequency-domain can be calcu-

lated from an eigenmode expansion. Especially, complete surveys may be easily modelled by

repeating the expansion for all used frequencies as well as transmitter and receiver positions.

In electromagnetic surveying horizontal loops are commonly used as transmitters, for

example in the helicopter AEM system of the BGR, Hannover. A horizontal loop with an

alternating current may be mathematically described by a vertical magnetic dipole (VMD)

at its center. Therefore, we will demonstrate the field synthesis from eigenmodes for the

vertical magnetic field Bzz of a VMD transmitter at rT with magnetic moment m(ω), which

is observed at receiver position rR. In the following, the frequency dependence of the

magnetic moment m is omitted since it is not relevant due to m being only a scaling factor

of the field. As already stated in (2.27), the eigenmode expansion for the VMD case is

Bzz(rR|rT , ω) = Bzz,∞(rR|rT ) +m
nT∑
n=1

[∇× en(rR)]z [∇× en(rT )]z
λn + iω

, (5.1)

where Bzz,∞(rR|rT ) accounts for the non-vanishing field in the air in the limit ω→∞. The

term can be calculated analytically (see Appendix E.1) from

Bzz,∞(rR|rT ) =
mµ0

4π

{
2(zR − zT )2 − %2

[(zR − zT )2 + %2]5/2
− 2(zR + zT )2 − %2

[(zR + zT )2 + %2]5/2
,

}
, (5.2)

where the horizontal distance % =
√

(xR − xT )2 + (yR − yT )2 is defined by the Cartesian

transmitter and receiver coordinates rT = (xT , yT , zT )T and rR = (xR, yR, zR)T, respectively.

The first term in (5.2) describes the primary field of the VMD source whereas the latter
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stands for its mirror image at z = 0, which in the high frequency limit corresponds to the

secondary field emerging from the conductor.

The expansion is performed for all discrete eigenmodes, therefore the series stops not

until the truncation number nT = NB is reached, where NB is the maximum number of

eigenmodes as defined in Section 4.7. Remarkably, the eigenmodes are required only at the

positions of transmitter and receiver. In particular, for airborne applications this implies

the need of all eigenmodes at the grid surface to be able to perform field continuation to

the desired heights. The modes at all other grid cells inside the conductor are disregarded

for the field synthesis, but they contain valuable information for a potential inversion (see

Chapter 7).

The capabilities of the eigenmode synthesis shall be introduced for a manageable example

of a uniform conducting box with 0.01 S/m of size 160 m×168 m×50 m, which is discretised

by a regular grid of 16×16×8 cells. Accordingly, the total number of available eigenmodes is

NB = [nx(ny−1) + (nx−1)ny]nz = 3840. A simulated survey flight line at 20 m flight height

above the uniform conductor is presented in Figure 5.1. Displayed is the secondary field in

parts per million (ppm) of the primary field of the source VMD, where the primary field is

given by the first term in (5.2). In addition to the field obtained by synthesis, the analytical

1D response of the corresponding layered half space (see Appendix D.2) is displayed for

reference.

Model grid of 16×16×8 cells.
Complete synthesis nT = 3840.

1D reference solution
(733, 353) ppm.

Figure 5.1.: Eigenmode synthesis along a flight line in x-direction across a uniform 100 Ωm
model box (left) of dimensions 160 m× 168 m× 50 m at height 20 m. The field
response is modelled for a frequency of 1800 Hz and a fixed transmitter-receiver
separation of 10 m. The synthesised secondary field is displayed by the curves
with symbols for its real (solid) and imaginary (dotted) part. For comparison,
the analytical 1D response of a corresponding layered half space is displayed by
the curves without symbols.
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The eigenmode synthesis yields a tolerable result for the imaginary part of the secondary

field, with deviations from the 1D reference solution which are obviously caused by the close

lateral boundaries of the box. However, the real part is just unusable since even in the center

of the box the field strongly differs from the 1D solution. Again, this behaviour seems to

be due to the limited extent of the model box. Furthermore, it might be caused by a too

coarse grid employed.

In order to avoid these difficulties, one could simply increase the dimensions of the model

box, which is admittedly linked to more demanding arithmetics. Instead, we reinvestigate

the synthesis method for possible improvements.

5.2. Revision of the synthesis - magnetostatic part

For deeper insight into the procedure, we specifically focus on the eigenmode synthesis for

a magnetostatic (ω=0) field. In this case, the expansion in (5.1) is simplified to

Bzz(rR|rT , ω = 0) = Bzz,∞(rR|rT ) +m
nT∑
n=1

[∇× en(rR)]z [∇× en(rT )]z
λn

. (5.3)

Using this relation, the general eigenmode synthesis may be rewitten as

Bzz(rR|rT , ω) = Bzz(rR|rT , 0) +m
nT∑
n=1

−iω
λn (λn + iω)

[∇× en(rR)]z [∇× en(rT )]z , (5.4)

where Bzz(rR|rT , 0) denotes the separated magnetostatic field part as defined in (5.3). If

one succeeds to obtain the magnetostatic part independently from the eigenmode synthesis,

the convergence of the expansion is accelerated due to an enhanced decay of the remaining

term for λn > ω.

The magnetostatic field Bzz(rR|rT , 0) is simply the superposition of the VMD magne-

tostatic fields of the source and its mirror source, which is reflected at the boundary to

the perfectly conducting half space at depth Lz = z(nz + 1), as sketched in Figure 5.2.

Accordingly, the field can be calculated from

Bzz(rR|rT , 0) =
mµ0

4π

{
2(zR − zT )2 − %2

[(zR − zT )2 + %2]5/2
− 2(zR + zT − 2Lz)

2 − %2

[(zR + zT − 2Lz)2 + %2]5/2

}
. (5.5)

Strictly speaking, also the infinite number of reflections at the - hopefully remote - vertical

perfectly conducting side walls would have to be added but are disregarded.

The modified synthesis with the analytically determined magnetostatic part is performed

for a flight line as in the previous example, which is shown in Figure 5.3. The magnetostatic

part is purely real, therefore the imaginary part of the field synthesis remains unchanged.
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Figure 5.2.: Sketch for calculation of the magnetostatic VMD field.

Model grid of 16×16×8 cells.
Complete synthesis nT = 3840.

Magnetostatic part
BSzz(rR|rT , 0) = (718, 0) ppm

Figure 5.3.: Eigenmode synthesis as in Figure 5.1 with the straightforward synthesis (S1)
and the newly revisioned synthesis (S2) with the magnetostatic part separated.
The magnetostatic part was analytically determined to 718 ppm.

The newly obtained real part is labeled with S2 and the previous real part of the straight-

forward synthesis (S1) is also plotted for comparison. As regards the real part, the synthesis

with separated magnetostatic part yields a far better agreement with the 1D reference so-

lution of 733 ppm, being slightly smaller in the center and a little raised towards the sides

of the box. In this example, the major part of the field is the magnetostatic with 718 ppm,

whereas the eigenmode synthesis is necessary to reproduce only a small field portion. This

behaviour is easily explained from the ratio of the angular frequency ω = 1.13 · 104 Hz to

the eigenvalues of range λ1 = 1.37 · 105 s−1 and λNB = 1.99 · 107 s−1. Thus, the terms in

the magnetostatic expansion (5.3) are at least (λ2
1 + ω2)/ω2 = 148 times larger than the

corresponding real part of the terms in (5.4). The contribution of the magnetostatic part

decreases for higher frequencies, which might affect the capabilities of the new synthesis

method S2. But as the examples in Section 5.4 for larger frequencies show, nevertheless the

separation of the magnetostatic part still allows for an improved synthesis.



5.3. Further refinement of synthesis - frequency proportional part 53

5.3. Further refinement of synthesis - frequency

proportional part

Having in mind the good results achieved with the analytic determination of part of the real

field response, we are asking for an equivalent procedure working on the imaginary part.

And indeed, a further convergence acceleration is possible by removing also the frequency

proportional term of the expansion (5.4), yielding

Bzz(rR|rT , ω) = Bzz(rR|rT , 0) + iωBiω
zz(rR|rT ) +m

nT∑
n=1

(
iω

λn

)2 [∇× en(rR)]z [∇× en(rT )]z
λn + iω

,

(5.6)

with

Biω
zz(rR|rT ) = −m

nT∑
n=1

1

λ2
n

[∇× en(rR)]z [∇× en(rT )]z . (5.7)

The latter sum of the frequency proportional field Biω
zz can be calculated without relying

on the eigenmodes along the following reasoning: The primary electric field of the VMD is

given by

EP = iωẑ ×∇Ψ, Ψ =
µ0m

4π

(
1

|rR − rT |
− 1

|rR − r′T |

)
, (5.8)

where rT is the transmitter position and r′T its position mirrored at Lz = z(nz + 1). For

low frequencies and a layered conductivity distribution EP gives rise to the electric current

density J = σEP , from which the frequency proportional Biω
zz is easily calculated by Biot-

Savart. In a laterally non-uniform earth, EP creates also polarisation charges with the

polarisation electric field −∇Φ, which is superposed on EP . Therefore

E = iω{ẑ ×∇Ψ−∇Φ}. (5.9)

With J = σE and ∇ · J = 0 we obtain as equation determining Φ

−∇ · {σ∇Φ} = ∇ · {σ∇× (ẑΨ)}. (5.10)

This is the simple equation for the scalar electric potential in direct current sounding, which

is easily solved. The rhs represents the charges accumulated at points with a current flow

parallel to the conductivity gradient. The resulting current flow J = σE is proportional to iω

and excites a magnetic field according to Biot-Savart, which contributes Biω
zz , the frequency

proportional term. Its determination is described at great length in Appendix E.2.

When performing the synthesis with also the frequency proportional part separated (S3)

and replaced by a quasi-analytic expression, one obtains the result as shown in Figure 5.4.
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Model grid of 16×16×8 cells.
Complete synthesis nT = 3840.

Magnetostatic part
BSzz(rR|rT , 0) = (718, 0) ppm

Figure 5.4.: Eigenmode synthesis as in Figure 5.3 with the straightforward synthesis (S1)
for the imaginay part, the synthesis with the magnetostatic part separated (S2),
and the newly refined synthesis (S3) with also the frequency proportional part
separated.

Now also the imaginary part of the synthesised field is in excellent agreement with the

approved 1D solution. With two modifications to the original synthesis, we have achieved

good modelling results even for a relatively small model grid of very limited extent.

5.4. Check of synthesis for multiple frequencies

In view of the planned application of the eigenmode synthesis method for multi-frequency

data modelling, we also need to prove that the method works simultaneously on various fre-

quencies. In Figure 5.5 the set of eigenmodes of the previous example is used for simulating

analogous flight lines for transmitters operating at three different frequencies (f = 380 Hz,

f = 8600 Hz, and f = 41000 Hz).

For the lowest frequency investigated, almost perfect agreement with the 1D reference

solution can be observed for real as well as imaginary part. The conformity is even better

than for the case f = 1800 Hz examined so far. However, for larger frequencies some

deviations are revealed. Already for f = 8600 Hz, the real part differs by almost ±20% from

the reference value along the flight line, while the deviations of the imaginary part are smaller

but yet clearly visible. The deviations of the synthesised field for the highest frequency have

assumed alarming proportions. In this case, neither the real nor the imaginary part resemble

the reference solution anymore.

At first, this form of dependency on frequency is a little astonishing, since higher fre-

quencies imply smaller penetration depths in the conductor. Accordingly, we would have
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8600 Hz

Model grid of 16×16×8 cells.
Complete synthesis nT = 3840.

380 Hz

1800 Hz

41000 Hz

Figure 5.5.: Eigenmode synthesis check for various frequencies. The large diagram shows
the result for a medium frequency of f = 8.6 kHz. The tiny panels con-
tain analogous plots for three different frequencies (f = 380 Hz, f = 1.8 kHz,
f = 41 kHz), while all other parameters remain unchanged.

expected less influence of the boundaries in this case, in contrast to the observed effect.

Alternatively, the increase in disagreement may be due to the reduced contribution of the

quasi-analytically replaced parts of the field for higher frequencies. As already mentioned

in Section 5.2, relevant for the size of contribution is the ratio (λ2
n + ω2)/ω2, what can be

easily seen from splitting the expansion term in (5.6) into its real and imaginary part and

comparing to the expansions for the separated field portions. The ratio of quasi-analytical

to pure eigenmode field becomes unfavourable in reducing from 148 for f=1800 Hz to only

1.3 for f = 41000 Hz, thus a fairly large part of the field is build by the eigenmodes. The

failure of the synthesis in this case indicates that either there is a problem concerning the

eigenmodes (e.g. resolution or grid spacing no longer appropriate for reduced penetration

depth) or that the eigenmodes correctly describe the magnetic field inside the box with

perfectly conducting walls, which however for a small box has no similarity to the field of

an infinitely extending layered half space. For the latter, comparison with the 1D reference
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solution makes no sense. Under this assumption, the validity of the good results for lower

frequencies is generated mainly by the quasi-analytical parts, which were established for

infinitely extending models, too.

A further discussion on the appropriate reference model is defered to Section 5.7. Next,

we primarily concentrate on other possibilities to optimise the synthesis with regard to the

workload, aiming at being able to treat larger grids with reasonable effort. Hopefully, the

grid size can be increased to a point where we no longer have to deal with such strong

boundary effects.

5.5. Optimisation of synthesis

As an introduction to possible optimisation capabilities of the eigenmode synthesis, let us

summarise the steps implemented so far to improve the method. For the sake of clarity, the

three versions are written in abbreviated form:

1. Straightforward synthesis S1

BS1
zz = Bzz,∞ + m

nT∑
n=1

1

λn + iω

[
∇× eRn

]
z

[
∇× eTn

]
z
. (5.11)

2. Synthesis S2 with separated magnetostatic part (ω = 0)

BS2
zz = Bzz,∞ +Bzz,0︸ ︷︷ ︸

|

−m
nT∑
n=1

iω/λn
λn + iω

[
∇× eRn

]
z

[
∇× eTn

]
z
. (5.12)

Bzz(ω = 0) magnetostatic field, calculated by aid of mirror dipoles

3. Synthesis S3 with separated (ω = 0) and frequency proportional part

BS3
zz = Bzz(0) + iω Biω

zz︸︷︷︸
|

+m
nT∑
n=1

(iω/λn)2

λn + iω

[
∇× eRn

]
z

[
∇× eTn

]
z
. (5.13)

frequency proportional term, determined by Biot-Savart

When looking at the change of the expansion coefficient, it becomes obvious that through

separation of the (quasi-)analytical parts of the synthesis, we have achieved a significant

overall decrease of the expansion coefficients combined with a broadening of the range of

their values. Using S3, the coefficients span more orders of magnitude compared to S1 for

the same set of eigenvalues, as pictured in Figure 5.6.

For the given example, the largest real part coefficient is decreased by two orders of

magnitude when using the more sophisticated synthesis method (S3), and the smallest is

diminished even by almost six orders of magnitude. The effect is yet stronger for the

imaginary part, where the largest coefficient in the expansion is reduced by four and the
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smallest by eight orders of magnitude. Therefore, a truncation of the expansion at nT � NB

could be possible at cost of only a small loss in accuracy, since the larger eigenvalues yield

only negligible contributions to the synthesis.

Figure 5.6.: Magnitude of expansion coefficient in synthesis for f = 8600 Hz with methods
S1, S2, and S3 when applied to the eigenmodes associated with the model as
employed in Figure 5.5. The eigenvalues range from λ1 = 1.37 · 105 s−1 to
λNB = 1.99 · 107 s−1.

Figure 5.7.: Magnitude distribution of expansion term in synthesis S3 for various frequencies.
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The general validity of such a partial synthesis is certainly dependent on the employed

frequency. In Figure 5.7, the convergence behaviour of the expansion term is plotted for

various frequencies used in practice.

The absolute value of the expansion coefficient increases with increasing frequency. How-

ever, what is more relevant for the convergence of the expansion is the rate of relative change

in values. Similarly for all frequencies, we observe a steep decrease of the coefficient within

the first few hundred eigenvalues, becoming more shallow for adjacent higher ones. Based on

this plot, one could try to truncate the expansion after for example 10% of all eigenvalues,

since at that point the coefficients are already decreased by several orders of magnitude for

all frequencies.

When aiming at finding an appropriate truncation criterion, not only the expansion coef-

ficients have to be taken into account, but also the extremal amplitudes of the eigenmodes

may be important due do their quadratic appearance. For the previously used example

model, we investigate the extremal values [∇× en]z of each eigenmode and plot their spec-

trum in Figure 5.8.

Figure 5.8.: Extremal amplitudes of the vertical magnetic eigenmodes, determined at the
surface of the uniform conducting model, as employed for the previous figures.

At the surface of the grid, the amplitudes of the vertical components of the curl of the

electric eigenmodes are varying between 0.0
√

Ω m−2 and 0.02
√

Ω m−2 in absolute value.

Remarkably, for a large number of non-zero eigenvalues (here 1800), the associated vertical

magnetic eigenmodes bn,z = 1/λn [∇ × en]z vanish on the grid surface. But this seems to

be especially associated with the property of a uniform conductor, since vanishing magnetic

modes are not observed for real 3D conductivity structures.
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With regard to truncation of the synthesis, the distinctive increase of amplitude for larger

eigenvalues is a little disadvantageous. However, the increase is only by a factor of 10–20

compared to the amplitudes for small eigenvalues. Thus, even if squared, the variation in

eigenmode amplitude does not significantly affect the convergence behaviour of the synthesis,

which seems to be dominated by the expansion coefficient. In particular, this is valid for

airborne applications, where the amplitudes are further reduced due to field continuation.

So far, we have investigated the convergence of the eigenmode synthesis only for one

special case of a uniform conducting box. Nevertheless, based on the positive experiences,

we make the assumption that such a partial synthesis, accomplished with only a small part

of eigenmodes, should be possible for any conductivity structure. Instead of analysing the

expansion terms in detail for various examples, we focus on the results. In the following,

partial syntheses are performed with predefined but arbitrarily chosen truncation level. The

quality of the approximation is judged from a comparison of the synthesis with analytic

solutions or other published results.

5.6. Partial synthesis

Beyond the full synthesis implemented so far, now an approximation in the form of a partial

synthesis is applied. The partial synthesis consists of an expansion of eigenmodes which

is truncated after nT terms of a maximum number NB. Always, ordering of eigenmodes

with increasing eigenvalues is assumed, thus only the modes with smallest eigenvalues do

contribute to the synthesis.

For the previously used example, where the full synthesis is presented in Figure 5.5, also

a partial synthesis with nT = 480 is performed. The truncation number corresponds to

the number of horizontal components in one layer of the 16 × 16 × 8 grid. The results are

displayed in Figure 5.9.

In addition, the same procedure is executed for a horizontally enlarged grid of 24×24×8

cells, which are each of same size as before. In this case, the truncation number is nT = 1104.

When only this subset of eigenvalues and modes is determined from the eigenvalue problem

using the appropriate IRAM shift & invert routine with Ncv = 2nT Lanczos basis vectors

(see Section 4.5.2), the memory requirements are compareable to those of the smaller grid

with full synthesis, as given in Table 5.1.

grid NB nT memory CPU time synthesis type
24×24×8 8832 1104 498 Mb 4.84 h partial
16×16×8 3840 3840 490 Mb 3.25 h full
16×16×8 3840 480 101 Mb 0.36 h partial

Table 5.1.: Computational effort for determintion of eigenmodes of small and enlarged grid
using full and partial synthesis.
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Model grid: 16×16×8
nT = 480

Model grid: 24×24×8 −→
nT = 1104

Figure 5.9.: Partial synthesis with nT = Nh for previous small grid of size 160 m× 168 m×
50 m (left) and horizontally enlarged model of size 240 m× 252 m× 50 m.

At similar computational effort, however the achieved synthesis for the larger grid is in

much better agreement with the 1D reference solution, especially as concerns the center of

the grid. Here the conformance in shape is pretty good, but yet there is an offset in value.

Towards the lateral boundaries of the box, the synthesised field deviates quite strongly as

before. For the smaller grid, no deterioration of the partial synthesis in comparison to the

full synthesis (Figure 5.5) is visibile, thus indicating that for the chosen truncation value

the partial synthesis yields a quite good approximation to the full one.

Through optimisation of the synthesis we are now able to treat larger grids, but other

than expected, the increased grid size did not significantly improve the boundary effects.

Therefore, as already addressed as a potential problem in Section 5.4, we question the

reference model.

5.7. Reference model

Until now an infinitely extending two-layered half space with corresponding depth and

conductivity for the first layer and perfectly conducting second layer, with its analytic

solution defined by (D.25) and (D.34), served as reference model for the uniform conducting

box employed for the eigenmode problem. We assumed acceptable aggreement of both

models at least in the center far away from any boundaries. The validity of this assumption

for our limited sized model grid shall be tested by means of the two models sketched in

Figure 5.10. For the box model it is important to note that the perfectly conducting walls

do continue into the air half space, thus requiring fulfillment of the boundary conditions
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a) b)

Figure 5.10.: Infinitely extending half space (a) and laterally limited box model (b).

Figure 5.11.: Analytical field responses for half space and box model.

there also. Compliance with the boundary conditions is achieved by the use of additional

mirror dipoles. Their positions are shown in Figure 5.12 and will be discussed later.

The lateral mirrors add significant amounts to the total field, since their primary field

decays only with the third power of the horizontal distance to the receiver (see e.g. (D.34)),

whereas the box has only a horizontal extension of 240 m× 252 m. The resulting secondary

field is plotted in Figure 5.11 as ”1D”box in comparison to the pure 1D half space field (1D)

without any mirrors.

The outcome of the mirror analysis is very disappointing in showing extremly strong

deviations of the 1D solution for both the real and imaginary part of the field. Unfortunately,

the differences are not confined to regions close to the walls of the box, as one could have

expected, but affect also the center of the box. In the center there is a region with nearly

constant values, yet there exists an offset which is more than 30% of the 1D result for the

real part. Therefore, it is impossible to just consider the synthesis for a central area and to

abandon the outer regions of the box, at least for the small box considered here.

To achieve satisfactory agreement of the box field with the half space field at least for

an interior part of the box, the box dimensions need to be enlarged much further, which

is analysed in Section 5.8. Such an increase of box dimensions always involves additional
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grid cells, even when an irregular grid with expanding cell size towards the edges is used.

Accordingly, the size of the eigenvalue problem is drastically increased and will soon reach

the computational limits.

For testing and verification of the eigenmode modelling method, only grids of practicable

size can be investigated. Thus, in the following the lateral walls no longer may be neglected

but need to be considered for the field synthesis. In particular, the determination of the

quasi-analytic parts of the field needs to be revisited to take the boundaries into account,

too.

At the bounding walls the tangential electric components have to vanish due to the perfect

conductivity. In cylindrical coordinates (%, ϕ, z), the electric field of a vertical magnetic

dipole only has a ϕ̂-component Eϕ. Accordingly, the horizontal Cartesian components are

obtained from Ex = −(∆y/%)Eϕ and Ey = (∆x/%)Eϕ with % =
√

(∆x)2 + (∆y)2. From

these relations it can be easily seen that e.g. vanishing Ex on the wall at y = 0 can be

achieved by superposing the field of the source VMD at (xT , yT ) by the field of its mirror

at (xT ,−yT ). In analogy, vanishing Ey at all x = 0 requires a VMD mirror at (−xT , yT ).

However, the latter mirror accounts only for the original source VMD but not for the

previously added mirror, which also produces a non-vanishing Ex part at y = 0. This needs

to be compensated by a ‘corner’ mirror at (−xT ,−yT ). Similarly, additional mirrors are

required to fulfill the boundary conditions on the other walls of the box. In total, eight

mirrors of first order have to be considered, as is demonstrated in Figure 5.12.

Figure 5.12.: Top view of model box and inside position of VMD (black). The lateral mirrors
of the VMD with different orders (n) are indicated in grey.

Due to the limited extent of the box, the first order mirrors do significantly contribute

also to the field at the more distant walls. Therefore, the mirror VMDs need to be mirrored

at the distant walls, which yields the second order mirrors. In principle, this procedure has

to repeated until the next order of mirrors does not sensibly affect the result. If mirrors

up to the order n are included, the contributions of altogether (2n+ 1)2 VMDs have to be
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calculated. A value of n ≈ 15 − 20 turned out to be necessary for the reference field of

the example box with dimensions 240 m × 252 m × 50 m, which corresponds to more than

1000 VMD positions.

A similar number of VMD mirrors is required for the quasi-analytical parts of the field

synthesis. As regards the magnetostatic field, the numerical effort is quite viable due to

the simplicity of the governing equations. A lot more complicated is the situation for

determining the frequency proportional part inside the box. As discussed in Appendix E.2,

in this case for both the transmitter and the receiver the respective mirrors need to be

taken into account. How the box quasi-analytical parts obtained in this manner modify the

synthesised field is depicted in Figure 5.13.

The synthesised field with the properly determined quasi-analytical parts, labeled 3D box,

is in perfect agreement with the box reference field (”1D”box) for its real as well as its

imaginary part. In particular, one can be highly pleased with this result when considering

the fact that it was obtained from an approximate partial synthesis. The accuracy of the

box partial synthesis for various frequencies is stated in Figure 5.14. To visualise the small

deviations, the relative error of the synthesis compared to the reference field is plotted.

The relative error is analysed separately for the real and imaginary part. For all frequen-

cies below 50 kHz, a relative error of less than 1.5% is observed for both field parts, where

the errors of the two lowest frequencies are hardly visible due to their overlapping in the

per mill range. The average error increases with frequency, where in general the real part

is overestimated while the imaginary part is underestimated. The synthesis of the highest

frequency is kind of an exception. The error of its real part is at very acceptable values

(mostly 1%), however the imaginary part is modelled much to small with an error of around

8% (note that the curve in Figure 5.14 is scaled by a factor of 1/2 for a better view of

the other ones). The exceptionally large error in the imaginary part of the high frequency

probably can be attributed to both the early truncation of the synthesis and the quite coarse

grid used for determination of the eigenmodes.

Nevertheless, one can be very content with the overall performance of the partial synthesis

over a broad frequency range. Through the use of the appropriate reference model, we

were able to prove the high accuracy of the implemented approximate eigenmode modelling

method. The used box model is of rather theoretical interest and primarily for verification

of the developed algorithms. Certainly, for practical applications one will aim to reduce the

box effects as far as possible to resemble the real nature, which in principle leads back to

the infinitely extending model we started at. However, for this purpose the model grid has

to be carefully chosen, which will be discussed in the next section.

Through the preceding investigation we gained valuable experience for the later appraisal

and classification of modelling results for measured data, since one will always keep in mind

that the output validity is strictly speaking limited to the box model.
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100 Ωm box
240 m× 252 m× 50 m
(24× 24× 8 grid)

Used eigenmodes:
1104 of 8832

Figure 5.13.: Partial synthesis with quasi-analytical parts determined for box model in com-
parison with the reference field of a VMD inside a box, which was calculated
using mirror dipoles of order n = 20. In addition, the previously used partial
synthesis with 1D quasi-analytic parts as well as the 1D reference field are
plotted.

Figure 5.14.: Relative error of the partial synthesis with box quasi-analytical parts compared
to the box reference field for various frequencies along positions of a central
flight line (h = 20 m).
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5.8. Choice of appropriate grid

The reference box field determined from the layered half space field of a set of mirror

dipoles is an elementary tool to quickly estimate the required grid size to achieve a box field

indistinguishable from the infinitely extending field. The straightforward calculation allows

to simply test the influence of a variety of different grid parameters as lateral extension and

depth but also the important dependence on frequency.

For the measuring configuration used in Figure 5.11 and the central grid point, first the

course of the field for expanding horizontal size is investigated. In Table 5.2, the field at the

grid center is given depending on the box size Lx in x-direction, where simultaneously the

size in y-direction is increased with Ly = 1.05 · Lx.

secondary field deviation from ∞
Lx[m] <[ ppm] =[ ppm] <[%] =[%]

100 329.5 648.1 -67.98 -59.63
150 370.5 1147.5 -63.99 -28.53
200 559.3 1397.9 -45.64 -12.93
240 686.3 1493.1 -33.30 -7.00
300 815.0 1557.6 -20.79 -2.98
400 923.5 1591.5 -10.24 -0.87
500 970.9 1600.4 -5.64 -0.32
750 1010.5 1604.7 -1.79 -0.05

1000 1020.9 1605.3 -0.78 -0.01
1500 1026.5 1605.4 -0.23 -0.01
2000 1027.8 1605.4 -0.11 -0.01
∞ 1028.9 1605.5

Table 5.2.: Dependence of the box field (mirror order n = 20) on the horizontal size of the
box, observed at its center. The box is uniformly conducting (0.01 S/m) till the
depth of 50 m. The secondary field of the VMD operating at 8.6 kHz at 20 m
height is analysed at 10 m distance.

In this example configuration with f = 8600 Hz, the horizontal size of the box should be

greater than ∼ 500 m to achieve an error of less than a few percent in the center for both real

and imaginary part. With regard to the application of the algorithm for multiple frequencies,

the dependence of the deviation between modelled field and 1D field on the frequency is

important to consider. As can be observed from the last two columns of Table 5.2, the real

part is more affected by the limited size of the box than the imaginary part. Therefore,

in further investigations it is sufficient to ensure an acceptable deviation for the former.

In Figure 5.15, the deviation of the real part is plotted for various frequencies over the

horizontal size of the box.

In general, the deviation decreases with increasing frequency, as one would expect from the

reduced skin depth p, which is defined by p = 1/
√
µ0πσf and listed Table 5.3. Accordingly,
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Figure 5.15.: Relative deviation between the real part of the synthesised field and the 1D
solution, depending on the horizontal dimension of a 100 Ωm box of 50 m
depth. The field is compared at a point close to the box center at 20 m flight
height for various frequencies. The grid sizes for 5% and 1% deviation are
marked.

frequency [ Hz] 380 1800 8600 41000 192000
skin depth [m] 258.2 118.6 54.3 24.9 11.5

Table 5.3.: Skin depths p in 0.01 S/m conductor depending on frequency f .

the lowest frequency employed is relevant for the estimation of the required horizontal

extension of the model grid. In this case, a minimum size of about 600 m would lead to

an error of less than 5% in the grid center for all frequencies. However, since in practical

applications a good agreement with the half space field will be required not only for one

point, but rather for a central area, the demand of a deviation less than 1% at the center

is more realistic. Thus, a horizontal size of roughly 1000 m would be preferable for this

example.

Besides the lateral perfectly conducting walls, also the perfect conductor below the depth

Lz does not reflect most geological structures or conductivity distributions occuring in na-

ture. The survey region more likely may be described by a terminating uniformly conducting

half space. This can be simulated even with the perfect conductor, which is inevitable for

the eigenvalue problem setup, if it is placed sufficiently deep. The adequate depth can

be determined from increasing its value up to the point where the field does not change

anymore, as listed in Table 5.4 for the initial example.
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half space field box field
Lz[m] <[ ppm] =[ ppm] <[ ppm] =[ ppm]

25 2704.9 844.9 2276.2 824.8
50 1028.9 1605.4 686.3 1493.1
75 877.1 1910.9 524.8 1724.1

100 905.1 1986.9 525.1 1781.5
150 930.7 1991.6 535.3 1792.7
200 930.7 1989.3 536.0 1792.4
300 930.4 1989.4 536.0 1792.4
500 930.4 1989.4 536.0 1792.4

Table 5.4.: Dependence of half space field (Lx = Ly = ∞) and box field for Lx = 240 m,
Ly = 252 m on the depth Lz to the perfect conductor. As before, the box is
uniformly conducting (0.01 S/m) and the secondary field of the VMD operating
at 8.6 kHz at 20 m height is analysed at 10 m distance.

For the given configuration and a medium frequency, the appropriate depth is about

250 m. As before, the depth certainly also depends on the used frequency and is greatest

for the smallest frequency. Here more than 500 m are necessary to achieve a constant field

for f = 380 Hz.

In addition to the parameters lateral size, depth, and VMD frequency investigated so far,

the optimum grid depends first of all on the conductivity structure of the subsurface. Due

to the enormous amout of possible conductivity distributions, we confine the discussion of

its influence to only a qualitative analysis. With increasing conductivity the skin depth is

reduced and accordingly the grid dimensions may be smaller. But for any more complex

structure, the appropriate grid dimensions can be hardly estimated.

Based on these experiences, one should aim to reach grid sizes as large as computationally

viable. Whereas limitation of the number of grid cells arises from the circumstances of the

computing equipment (memory, available CPU time), also the cell size may not be arbitrarily

chosen to achieve the desired total size. The maximum cell size rather needs to be set

according to the expected skin depths of the used VMDs. For instance Peltoniemi et al.

(1996) recommend a cell size less than one-quarter of the skin depth of the structure under

investigation for the numerical modelling of airbore EM anomalies using integral equations.

When the modelling is perfomed using finite differences, Newman and Alumbaugh (1995)

set the minimum cell size at about one-half the skin depth of the most conductive scatterer.

Furthermore, they mention that for irregular grids an increasing ratio of the dimensions of

the largest cell to the smallest cell causes an increase in solution time.

The skin depths in a conductor of 0.01 S/m are given in Table 5.3 for the various frequen-

cies used so far. The skin depths p for other conductivities σ can be quickly estimated using

the relation p ∼ 1/
√
σ. Thus an increase in conductivity by a factor of one hundred reduces

the skin depth to one-tenth. Taking into accout these values for the range of employed
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frequencies and possible conductivities, it follows that the cell size in the region of interest

should not exceed a few to around ten meters.

One good compromise and conceivable strategy to obtain sufficiently large models could be

the use of irregular grids, with horizontally (nearly) constant cell spread in a central region

and expanding cell dimensions around towards the bounding walls. In vertical direction,

expanding cell height with depth is favourable because it accounts both for the declining

resolution capability and the less demanding restrictions at cell size which need to be suitable

for only larger skin depths, since fields with smaller skin depth do not penetrate into greater

depths.



6. Verification of the solution and

applications

In the preceding chapter we have demonstrated the remarkable capabilities of the 3D mod-

elling method based on eigenmodes for simple conductivity models. However, we still need

to prove its successful operation for conductivity structures being truly three-dimensional.

In this case, there are no longer corresponding simple analytical solutions which can be used

to check the validity of the eigenmode modelling result, but more elaborate procedures to

obtain a reference solution are necessary.

One possible source of reliable and independently determined reference solutions are pub-

lished modelling results. In the next section, we compare our eigenmode modelling against

such solutions.

6.1. Comparison with results obtained from alternative

modelling methods

6.1.1. 3D body in a uniform half space

In order to demonstrate the functionality of the eigenmode modelling method for a three-

dimensional conductivity structure, we investigate the simple model of a well conducting

block in an otherwise uniform, less conductive environment.

The airborne electromagnetic response of such a 3D body has been simulated by Newman

and Alumbaugh (1995) using staggered finite differences as well as an integral equation

method. Their results for a vertical magnetic dipole source are reproduced in Figure 6.1.

The VMD is operating at 900 Hz and transmitter and receiver are separated by a fixed

distance of 10 m, while their flight line is at 20 m height. The conductivity model consists of

a 1 Ωm block of dimensions 20 m×200 m×75 m, which is embedded in a uniform background

of 100 Ωm with its top at 50 m depth. The overall model dimensions are not stated except

for the extension in x-direction, which seems to be 670 m. Unfortunately, also any details
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about the employed gridding are missing, which does not allow for an exact reproduction of

the model. However, since the authors describe the model as a 3D body residing in a half

space, we assume that all boundaries are far enough away to show no influence.

Some precaution is necessary when analysing the field responses, since in the article the

definition of the field components differs slightly from our notation. The authors use the

term total field for the total field with the free space response or primary field removed, which

we label secondary field, whereas they use secondary field for the difference in the responses

of the model with and without the 3D body, what we will call scattered field according to

the plot annotation in Newman and Alumbaugh (1995). In Figure 6.1, the latter response is

given in the left diagram whereas the secondary field in ppm of the primary field is plotted

in the right panel.

These field responses shall be used to verify the eigenmode modelling results. For the

Figure 6.1.: Integral Equation and direct FD modelling by Newman and Alumbaugh (1995).
For the conductivity model sketched in a), the secondary field (Hz) of a VMD
with f = 900 Hz along a flight line is plotted for both methods. In addition, the
field with the 100 Ωm background response removed (Scattered Hz) is displayed.
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eigenmode determination, we reconstruct the conductivity structure using an irregular grid

of 50 × 50 × 14 cells. Thereof, the interior 30 cells in x and y direction have an equal

horizontal size of 10 m × 11 m, while the size of the surrounding cells is increased by a

factor of 1.25 towards the grid boundaries, yielding a total grid size of 1131 m × 1244 m.

The vertical grid extension is 175 m with a constant cell height of 12.5 m. Accordingly, for

this grid the total number of discrete eigenmodes is 68600. At acceptable numerical effort,

of those eigenmodes the 500 modes with smallest eigenvalues are obtained and used for a

partial synthesis of the responses of the measuring configuration as described above.

The synthesis results for the secondary field above the 3D body are displayed in Figure 6.2,

a) and labeled as 3Dbox. The corresponding results of Newman and Alumbaugh (1995) are

placed aside for easy comparison. Here in b) the field is plotted over the absolute midpoint

position in the grid with its center at 335 m, whereas in a) the soure-receiver midpoint

position is given relative to the grid center (and the 3D body). In all cases, perfect symmetry

of the responses oriented relatively to the 3D body can be observed for both the real and

the imaginary field part. In addition, also the absolute values along the flight line are in

quite good agreement. However, to compare the variation of the field in detail, the scattered

response is much more appropriate.

To determine the scattered field, the response of the uniform 100 Ωm box is calculated an-

alytically using mirror dipoles up to the order of 20 and is plotted in a) as ”1D”box analytic.

In addition, also for the uniform box a partial eigenmode synthesis is performed (”1D”box).

The result shows a small offset to the analytical field, which indicates the size of the inaccu-

racies caused by the approximate partial synthesis and the employed gridding. The scattered

response is calculated from the difference of the modelled responses with and without the

3D body and is also shown as 3Dbox-”1D”box.

For a more quantitative verification, in Figure 6.3 the modelled scattered field response

is plotted together with a comparative representation of the reference solution, which has

been read from the diagram in b) and is reproduced in a).

We achieve an excellent agreement of the real part of the eigenmode modelled field

(3Dreal-”1D”box) and the reference solution (FDreal) in an interior region of about 100 m

extent. Farther outwards, the modelled real values are slightly smaller than the real refer-

ence field, namely about 3 ppm at the field maximum at 60 m distance from the center and

almost 5 ppm at 140 m distance, which is the greatest interval considered in Newman and

Alumbaugh (1995). At even larger distances, one would expect a vanishing scattered field

due to the diminishing contribution of the 3D body. However, for the real part there is an

offset of −2.5 ppm, which indicates that either the used grid is still to small and / or that

not enough eigenmodes are determined for the partial synthesis. Though when investigat-

ing the imaginary part of the response, one can deduce that the latter seems not to be the

main reason, since the number of eigenmodes is sufficient to generate a vanishing imaginary
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a)

Irregular grid: 50× 50× 14, model size: 1131 m× 1244 m× 175 m.
Used eigenmodes: 500 of 68600.

b)

c)

Figure 6.2.: Partial eigenmode modelling (3Dbox) in a) for the secondary field observed
above the conductivity structure sketched in c). In addition, another mod-
elling is performed for the uniform 100 Ωm background (”1D”box), for which
also the analytic solution (”1D”box analytic) is plotted. The scattered field
(3Dbox-”1D”box) is obtained from the difference of the two modelling results.
For comparison with the non-uniform secondary field, the solution of Newman
and Alumbaugh (1995) is reproduced in b).

a)

Irregular grid: 50× 50× 14, model size: 1131 m× 1244 m× 175 m.
Used eigenmodes: 500 of 68600.

b)

c)

Figure 6.3.: Scattered secondary field from partial eigenmode modelling (3D-”1D”box) in a)
in direct comparison with the results of Newman and Alumbaugh (1995) (FD).
Their original solution is reproduced in b).
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scattered field away from the 3D body. Above the 3D structure, the imaginary part of the

modelled response is in quite good agreement with the reference field, especially as regards

the trend in the whole region of comparative data, with values being at most 2.5 ppm to

high at the extrema of the field response. In all probability, those small deviations are

caused by the rather coarse grid employed, where the 3D body is represented by only two

cells in x-direction.

In order to specify more precisely the effects of gridding and box choice, the same con-

ductivity structure is investigated using a grid with greater depth extent. Instead of the

throughout regular spacing in z-direction as in the previous example, now for an enlarged

grid with 20 vertical cells the initial cell height of 12.5 m is increased by a factor of 1.2 below

a depth of 150 m, thus resulting in a total size of Lz = 397.5 m.

For this discretisation, the full set of eigenmodes consists of 98000 eigenvalues and asso-

ciated modes. Again, thereof the 500 smallest have been determined and used to form the

partial synthesis of the field response. Its scattered secondary field is displayed in Figure 6.4

in panel b) in comparison to the previous result depicted in panel a).

a)

Irregular grid: 50× 50× 14,
model size: 1131 m× 1244 m× 175 m,

used eigenmodes: 500 of 68600.

b)

Irregular grid: 50× 50× 20,
model size: 1131 m× 1244 m× 397 m,

used eigenmodes: 500 of 98000.

Figure 6.4.: Scattered secondary field from partial eigenmode modelling (3D-”1D”box) in
direct comparison with the results of Newman and Alumbaugh (1995) (FD) for
grids of different depth and vertical discretisation: The previously used grid in
a) with 14 regular cells up to 175 m depth and enlarged grid in b) with 20 cells
of inreasing size below 150 m, yielding a total depth of almost 400 m.

For the deeper grid, the imaginary response remains almost unchanged, whereas a slightly

better overall agreement of the real part can be observed. In fact there is no longer a perfect

agreement for the region directly above the the 3D body (±10 m), but instead now the field

at the maxima at ±60 m shows no deviations and also at the greatest distance of ±140 m the



74 6. Verification of the solution and applications

error is reduced to less than 3 ppm. In addition, the offset to the vanishing field towards the

grid boundaries is reduced for the real part, whereas it is slightly increased for the imaginary

part. The poorer fulfillment of no remaining scattered field at large distances, now also in

the imaginary part, may be due to the reduced fraction of the set of eigenmodes (now only

0.51% instead of 0.73% before) used for the partial synthesis.

Nevertheless, taking into account the approximate nature of the partial eigenmode mod-

elling and the inaccuracies inherent in the method of finite differences, the obtained results

for both grids demonstrate the good performance of our new approach.

Now that we have gained confidence in the functioning of the eigenmode modelling

method, let us contrast its numerical challenges. In Table 6.1, the three most important

parameters characterising the storage needs of the eigenvalue problem are listed for the two

grids used above. In general, the values refer to the advanced method based on the reduced

system matrix B (see Section 4.7). In addition, for the smaller grid also the corresponding

values for working on the original system matrix A (see Section 4.2) are given to recall the

improvements achieved by the modified eigenvalue problem setup.

50× 50× 14 grid 50× 50× 20 grid
system matrix A reduced matrix B reduced matrix B

dimension NA, NB 102214 (78 Gb) 68600 (35 Gb) 98000 (72 Gb)
non-zero elements 2.63 · 107 301 Mb 2.47 · 107 283 Mb 2.80 · 107 320 Mb
1 eigenmode 1.56 Mb 1.05 Mb 1.50 Mb

Table 6.1.: Numerical challenges of the large eigenvalue problem associated with the grids
of 50× 50× 14 and 50× 50× 20 cells.

For the grids under consideration, the dimension of the eigenvalue problem is in the order

of magnitude 104 to 105. The corresponding dense system matrix or the complete set of all

eigenmodes would demand a memory storage of several ten Gb, which is totally impractical

to utilise. Fortunately, the system matrix is quite sparse. If this fact is exploited and only

the non-zero matrix elements are stored using the sparse storage format CSR (Compressed

Sparse Row), which demands only one integer (4 Byte) and one real (8 Byte) value per

element, a total memory of about 300 Mb is necessary to hold the system matrix. The most

relevant parameter is the storage requirement for each eigenmode, which is two real values

multiplied with the matrix dimension when assuming the use of two Lanczos basis vectors

per mode in IRAM (see Section 4.5.2). Accordingly, the memory needs for the eigenvectors

of the somewhat larger grid are almost 50% higher than for those of the smaller grid. After

all, this still is slightly less than the amount which would be required even for the small grid

if the eigenvalue problem was solved for the original system matrix A.

Besides the parameters mentioned above, non-negligible additional storage is necessary

for determination of the field continuation elements, the preconditioner and the iterative

solver as well as for the normalisation of the final eigenvectors. However, these demands
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50× 50× 14 grid 50× 50× 20 grid
uniform box non-uniform box non-uniform box

IRAM shift & invert regular shift & invert shift & invert
iterativer solver BCGSTAB - BCGSTAB BCGSTAB

preconditioner ILUD - ILUD ILUD

memory 2.0 Gb 1.6 Gb 2.0 Gb 2.5 Gb
CPU time 10.9 h 22.1 h 15.9 h 21.4 h

Table 6.2.: Numerical effort for the determination of the smallest 500 eigenmodes of the
reduced system matrix B for two grids of different vertical size.

shall not be dicussed in detail but we rather give a summary of the total numerical effort,

which is listed in Table 6.2.

When comparing the results of both grids for IRAM in shift & invert mode with BCGSTAB

as iterative solver and ILUD as preconditioner, the overall memory demand is increased by

25% or 0.5 Gb for the larger grid. Thereof, more than 320 Mb account for additional

eigenvector elements and most of the rest will be due to a more elaborate preconditioner.

As is visible from the comparison of regular and shift & invert mode for the smaller grid,

in this case the iterative solver and preconditioner already occupy 0.4 Gb. However, with

this additional memory cost we gain significant reduction in execution time by more than

six hours to only 16 h of CPU time. Furthermore, the execution time depends on the

conductivity structure in the modes, resulting in much less time for a uniform conductor

than for the model with the 3D body. This property is mainly due to the convergence

behaviour of the iterative solver.

All specifications refer to results obtained on an Alpha EV6.7 (21264A) processor op-

erating at 667 MHz with 4 Gb of working memory, running Compaq Tru64 UNIX V5.0A

(Rev. 1094), and programs which are written in Fortran.

6.1.2. 2D body in a uniform half space

Besides the model of a 3D body in a uniform half space investigated so far, Newman and

Alumbaugh (1995) also present responses of more general models, which are considered to be

very difficult to be simulated numerically with 3D IE methods. In these cases, the responses

are stated as obtained from their 3D FD calculations.

In the following, the method of eigenmode modelling shall be applied to some of the

general models for which the FD solution is available for comparison. The conductivity

structures under investigation are a 2D body in a uniform half space, a faulted half space,

and their combination consisting of a 2D body in a faulted half space.

At first, as the most similar model to the previous example, a conductive 2D body (1 Ωm)

in a uniform half space of 300 Ωm is studied. The body now has an infinite extent in

strike direction, which in the finite model is approximated by the maximum box extent in
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y-direction. Its width in x-direction is 20 m and its top is at 50 m depth as before, whereas

the vertical size of the body is increased to the vertical box dimension minus the upper 50 m.

The simulated responses for a central flight line at 20 m height using the same measuring

configuration as before (VMD operating at 900 Hz with a transmitter-receiver separation of

10 m) are displayed in Figure 6.5.

a)

Irregular grid: 50× 50× 20, model size: 1131 m× 1244 m× 397 m.
Used eigenmodes: 500 of 98000.

b)

c)

Figure 6.5.: Partial eigenmode synthesis (3D ES) in a) for the secondary field observed above
a conductive 2D body in a uniform 300 Ωm half space as sketched in c). The
solution of Newman and Alumbaugh (1995) is reproduced in b) and in addition
the values are copied into plot a) and labeled as FD. Furthermore, the 1D
response of the uniform background is shown (1D).

The responses obtained from partial eigenmode modelling show a very similar course along

the flight line as the FD solution, yet the calculated values possess an almost constant offset

of about 10 ppm for both the real and imaginary part. Comparison with the 1D response

of the background at positions away from the 2D body shows deviations of similar amount,

especially for the imaginary part, thus pointing at boundary effects as a possible cause.

Taking into account the greater skin depth p = 205.5 m of the 300 Ωm background, versus

p = 118.6 m at 100 Ωm, the larger grid of the previously used ones with 20 cells in vertical

direction is employed. The form of discretisation and consequently the total size of the model

remains unchanged. Even though this model yields acceptable results for the 3D body in a

100 Ωm half space, it seems not quite appropriate for this conductivity structure. Hence an

enlarged model is set up which contains the same number of cells but is more irregular and

has a total size of 2394 m× 2633 m× 595 m (compared to 1131 m× 1244 m× 397 m before).
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a)

Irregular grid: 50× 50× 20, model size: 2394 m× 2633 m× 595 m.
Used eigenmodes: 500 of 98000.

b)

c)

Figure 6.6.: Partial eigenmode synthesis (3D ES) for the same model as in Figure 6.5 dis-
cretised by the same number of cells forming a more irregular grid of larger size
(2394 m× 2633 m× 595 m).

The reponses using the eigenmodes determined on the larger grid are given in Figure 6.6.

We observe an improved agreement of the imaginary part with almost perfect reproduc-

tion of the FD values except for positions directly above the 2D body. In addition, for

positions away from the body, the solution converges towards the values of the 1D back-

ground response and shows no significant influence of the box walls in the displayed flight

line sector. The use of a larger grid seems to not affect the real part of the field response

in a quite extended area of ±200 m adjacent to the body. Only at greater distance, a

modification of the response is visible, which is now smoothly decaying even below the 1D

background response by about 6 ppm.

The minor improvement of the synthesis through the use of a larger model size may

indicate that the deviations in the real part response are due to a too rough approximation

in the partial synthesis. Truncating the synthesis after the first 500 eigenmodes may be

too early, since the distribution of eigenvalues is significantly different due to the greater

conductivity contrast (300 Ωm/1 Ωm compared to 100 Ωm/1 Ωm before) and the greater

volume of the 2D body. In Figure 6.7, we compare the eigenvalue spectra of the two models

with the 3D body (Figure 6.4, b)) and the 2D body (Figure 6.5), which are discretised by

the same grid, as well as the spectrum of the 2D body model for the larger grid (Figure 6.6).

The difference in conductivity structure leads to a spectrum with throughout smaller

eigenvalues for the 2D body model. The ratio between largest (obtained) and smallest
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Figure 6.7.: Partial eigenvalue spectrum of a 3D body in a 100 Ωm half space in comparision
with the spectrum of a 2D body in a 300 Ωm half space, which is discretised by
the same grid as well as by a larger one.

eigenvalue is 20 for the 3D body and 40 for the 2D body. Significant is the change in

curve slope, where the 3D body spectrum exhibits a nearly constant low gradient after the

first 200 eigenvalues, whereas the 2D body spectrum shows this feature not until eigenvalue

number 300. The discretisation and irregularity of the grid noticeably affects the eigenvalue

spectrum, too. For the 2D body on the more irregular larger grid, the eigenvalues are even

smaller and the curve reaches no constant low gradient - or eventually one could estimate

its beginning after more than 470 eigenvalues.

Based on these experiences, the eigenmode modelling of the 2D body on the larger grid

is repeated using a partial synthesis constisting of the first 700 eigenmodes. The results are

displayed in Figure 6.8.

The use of the enlarged set of eigenmodes for the partial synthesis leads to only a minor

improvement of the real response, where the offset to the FD solution is reduced by about

2 ppm in the region of the 2D body. The imaginary response is unaltered and in good

agreement with the FD response.

The determination of 40% more eigenvalues demands an increased computational effort.

The calculation of the smallest 700 eigenvalues of the matrix with dimension NB = 98000

using IRAM in shift & invert mode with again BCGSTAB as iterative solver and ILUD as

preconditioner requires 2.8 Gb of memory and takes 44.0 h, whereas the same calculation

of 500 eigenvalues needs 2.5 Gb storage and takes only 25.5 h to complete.

As regards the balance between benefit and expense, the achieved slight improvement

does not justify the additional computational effort with a more than 70% longer execution

time, especially when taking into account the explicitly stated approximate nature of the
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a)

Irregular grid: 50× 50× 20, model size: 2394 m× 2633 m× 595 m.
Used eigenmodes: 700 of 98000.

b)

c)

Figure 6.8.: Partial eigenmode synthesis (3D ES) for the same model as in Figure 6.6 and
discretised by the same grid, using 700 eigenmodes instead of just 500 modes
before.

method.

Possibly, the main part of the deviation in the real response could be caused by the

quite coarse grid employed to discretise the model. The minimum cell volume is 10.0 m ×
11.0 m × 12.5 m at the horizontal grid center and upper part of the model. Thus the 2D

body is represented by only two cells in x-direction.

The use of a finer grid while maintaining the overall grid extent, which seems to be

necessary to avoid box effects, would lead to an eigenvalue problem of such a large dimension,

that it is unmanageable with the computer equipment, on which the method is presently

implemented. However, the transfer to a multi-processor unit with more than 4 Gb of

memory is beyond the scope of this work.

6.1.3. Faulted half space

Next, we consider the model of a 2D faulted half space consisting of a 100 Ωm block and a

300 Ωm block which divide the model in x-direction at 10 m left to the model center, where

previously the left boundary of the 2D body was located. The same measuring configuration

as before is assumed to simulate the field response.

The model is discretised in the same manner as for the last example of the previous

section, using 50× 50× 20 cells to form a grid of 2394 m× 2633 m× 595 m size. To limit the

computational effort, again only 500 eigenmodes belonging to the smallest eigenvalues are
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determined. The results of the partial eigenmode modelling compared to the FD solution

of Newman and Alumbaugh (1995) are displayed in Figure 6.9. For appraisal of the results

away from the vertical contact, also the 1D responses of the respective two uniform half

spaces are plotted.

a)

Irregular grid: 50× 50× 20, model size: 2394 m× 2633 m× 595 m.
Used eigenmodes: 500 of 98000.

b)

c)

Figure 6.9.: Partial eigenmode synthesis (3D ES) in a) for a faulted half space of 100 Ωm
and 300 Ωm, as sketched in c). The solution of Newman and Alumbaugh (1995)
is reproduced in b), where it is given by the solid lines, whereas the symbols in
b) show the solution for the faulted half space and a 2D body, as discussed in
Figure 6.10. The solid line values of b) are copied into plot a) and are labeled
as FD. Furthermore, the 1D responses of the two respective uniform half spaces
are shown as 1D.

In analogy to the observations made when investigating the 2D body model, also for the

faulted model the imaginary part is much better reproduced than the real part of the field

response. The imaginary responses obtained from the partial eigenmode synthesis are in

very good agreement with the FD solution and converge towards the 1D response above the

100 Ωm block. Merely for points above the 300 Ωm block, away from the vertical contact, the

modelled values are slightly higher than the 1D response and show small oscillations when

getting closer to the model boundary. On the contrary, the real part converges towards the

1D response above the less conductive part, whereas its modelled values are up to 15 ppm

lower than the FD solution and the respective 1D response when the measuring configuration

is moved across the vertical contact above the better conducting block.



6.1. Comparison with results obtained from alternative modelling methods 81

6.1.4. 2D body in a faulted half space

Let us now focus on a more complicated conductivity model, which is created from the

combination of the two previous ones. It consists of a centered 2D conductive body, whose

left boundary conincides with the vertical contact between a 100 Ωm and a 300 Ωm block,

where the body is embedded in the latter one starting at 50 m depth.

a)

Irregular grid: 50× 50× 20, model size: 2394 m× 2633 m× 595 m.
Used eigenmodes: 500 of 98000.

b)

c)

Figure 6.10.: Partial eigenmode synthesis (3D ES) in a) for the secondary field observed
above a faulted conductivity structure with 2D body as sketched in c). The
solution of Newman and Alumbaugh (1995) is reproduced in b), where it is
given by the symbols, whereas the solid lines show the solution for the 2D body
in a uniform half space of 300 Ωm as discussed in Figure 6.5. The symbol values
of b) are copied into plot a) and are labeled as FD.

Also for this quite ambitious conductivity structure, the approximative eigenmode mod-

elling method yields pretty good results. The real part of the modelled response shows

almost the same qualitative course along the flight line as the FD solution, with values

about 10 ppm lower above the less conductive part increasing to about 30 ppm at the

100 Ωm side of the fault. Nevertheless, the influence of both the 2D body and the fault is

explicitly identifiable. The imaginary part of the response is in very good agreement with

the FD solution in whole area of FD data.

The observed deviations of the real response correspond to the results found for the two

separate models investigated before. Accordingly, we assume that the agreement of the

modelled solution with the FD one might be further improved for this model, when a larger

set than 500 eigenmodes is available for the partial synthesis and/or a finer grid affords a

better representation of the conductivity structure.
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6.2. Information content of the eigenmodes

In the previous sections, we confirmed the applicability of the eigenmode synthesis for

modelling the frequency-domain response along a single flight line over various conductivity

structures. Even though this is a typical modelling task, the eigenmode modelling was not

intended to primarily serve as a method to calculate a few responses along a single flight line.

In this case, the workload for the determination of the eigenmodes is disproportionate to the

numerical effort of direct modelling methods as FD or integral equations. However, if the

number of desired forward models increases, the increase in computational cost of the direct

methods is linearly aligned, whereas the eigenmode modelling involves almost negligible

additional effort. To take full advantage of the whole range of the method’s opportunities,

it is most adequate to be used for the simulation of a full survey with multiple measuring

positions and frequencies, which shall be demonstrated in Section 6.3.

Before, we take a closer look on the shape of the eigenmodes. In particular, the modes

are investigated for the same model as in Section 6.1.1, which is specified in Figure 6.11

with both a vertical section and a plane view.

a) b)

Figure 6.11.: Model of a conductive 3D body in a uniform half space of 100 Ωm. Its dimen-
sions are specified by a vertical section in a) and a plane view in b), which are
both at the center of the 3D body.

The eigenmodes of this well conducting 3D body in a uniform, less conductive box are

compared to the modes of the uniform conductive box alone. In Figure 6.12, some selected

eigenmodes obtained at the surface are illustrated for the two conductivity structures which

differ only in the existence of the 3D body.

In both examples, the intensity of the vertical magnetic eigenmodes at the grid surface

is displayed by color scales and contour lines. For each conductivity model, the modes

belonging to the six smallest eigenvalues are presented. Each magnetic eigenmode can be

represented as superposition of a toroidal mode (Bz ≡ 0) and a poloidal mode (associated

Jz ≡ 0). In the special case of a uniform box these modes are decoupled such that each

magnetic eigenmode is either toroidal or poloidal. Therefore in case of the uniform box
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a) b)

Figure 6.12.: Eigenmodes for the six smallest eigenvalues observed at the earth’s surface
above two different conductivity structures. Their vertical magnetic compo-
nent is displayed for an interior section of a large grid. The modes in a) belong
to the model with a 3D body as defined in Figure 6.11. In b), the modes
originating from a uniformly conducting box are depicted.

model b) the modes with eigenvalues λ1, λ3, and λ5 are toroidal magnetic modes. They do

not contribute to the eigenmode synthesis. Moreover, in model b) some of the eigenvalues

are degenerate (e.g. λ2 and λ3). Nothing similar can be observed for the non-uniform

conductivity model in a). Here, the modes show nice symmetry with respect to the more

conductive body, whose position is indicated by the yellow box.

Now that we have an idea of how strongly the eigenmodes depend on the conductivity

structure, it might be more clearly to imagine how the field synthesis works. If one takes

the diagrams for the first six eigenmodes and performs - just in thought - a graphical

superposition of the mode pictures, it is obvious that this results in a complicated pattern

with fine structures, from which variations of the field response may be obtained for arbitrary

positions of source and receiver. The set of eigenmodes contains an abundance of information
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which remains even unused for such a survey modelling. Especially for airborne applications,

only the modes at the earth’s surface are of interest because only those are required for the

field continuation to transmitter and receiver heights.

Nevertheless, the determination of the eigenmodes at all points inside the conductor is

not just an inevitable by-product of the algorithm but becomes quite valuable information

if the modelling is implemented as a forward operator in an inversion procedure. In this

case, the eigenmodes can be utilised to obtain the sensitivity matrix at comparatively low

computational cost. In Chapter 7, the application of the eigenmodes for the inversion is

discussed in detail.

6.3. Simulation of a full survey

As a novel feature, the eigenmode modelling method allows to simulate a multi-frequency

EM survey based on several hundred measuring positions in an acceptable period of time.

This is possible since the method is not in need of performing an elaborate forward modelling

for each source, position, and frequency, as it is required e.g. in conventional FD simulations,

but in eigenmode modelling it suffices as repetitive task to carry out the partial synthesis

at rather low computational cost.

As shown in Figure 6.13 for one frequency, a survey consisting of 40 flight lines in x-

direction with 50 transmitter-receiver positions on each line is simulated, covering an area

of 500 m × 522 m above the model of the conductive 3D body in a 100 Ωm surrounding

(Figure 6.11). The field responses are obtained for six frequencies in the range between

380 Hz and 192 kHz, assuming a flight height of 20 m.

The time necessary to calculate the total number of 12000 responses was only 75 minutes

for the synthesis plus 21.4 hours for determination of the 500 used eigenmodes, which equals

an average of only 7 seconds per single 3D forward model1. This performance time is judged

to be very competitive, for example when compared to the execution time of 28 minutes

(13.6 hours for 29 source positions) for a similar FD forward model as stated by Newman

and Alumbaugh (1995), which however was achieved already eight years ago.

The colored contour representation of the field response in Figure 6.13 nicely shows the

sphere of influence of the conductive body. The deviation in the field response is highest

in direction normal to the strike of the body, whereas in strike direction the impact on the

response is very limited. Especially for the real part, the scattered response directly along

the body is very small. The field responses for the other frequencies than 900 Hz yield very

similar spatial distributions, however at different ranges and amplitudes.

1Again, this performance was achieved on an Alpha EV6.7 (21264A) processor operating at 667 MHz. A
total of 1.14 Gb of memory is required for the synthesis.
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Figure 6.13.: Survey of flight lines in x-direction with 50 source positions on each line, taken
at a flight height of 20 m. The locations of transmitter-receiver centers are
indicated by the plus signs. The data was simulated for the model of the 3D
body (Figure 6.11).

These multi-frequency responses are presented along an exemplary flight line in x-direction

across the center of the body, as shown in Figure 6.14 for the real part of the field. For

all frequencies, the typical signature of the body - as having two accompaning maxima

and a local minimum directly above - can be observed in the response. Furthermore, there

is an additional local minimum at each flank of the main anomaly for the three higher

frequencies. The responses of the two highest frequencies are almost congruent for this

example. The strength of the response and also of the anomaly amplitude decreases with

frequency, such that for the lowest frequency the signature of the body can hardly be seen

in this representation.

The ranges of the field response differ even more for the imaginary part. Therefore, in

Figure 6.15, its variation in the region of the body is plotted normalised to the respective

imaginary response at 250 m distance to allow for a comparison of the signature shapes.

Remarkably, the type of anomaly changes completely within the considered frequency range.

Whereas for the three frequencies up to 1800 Hz the body is indicated by an overall positive

anomaly, the signature is virtually inverted for higher frequencies, where the existence of the

body is signified by first a strong decrease of the field followed by a small local maximum

when approaching to the body center.
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Figure 6.14.: Real part responses along a flight line across a conductive 3D body embedded
in a uniform half space of 100 Ωm, as specified in Figure 6.11. The field
is synthesised for 6 different frequencies in the range between 380 Hz and
192 kHz.

Figure 6.15.: Variation of imaginary part of the field response relative to the values at 250 m
distance from the grid center, displayed for the same model and frequencies as
used in Figure 6.14.



7. Inversion

7.1. General considerations

For application to realistic geophysical problems, a program not only to numerically sim-

ulate data but one to actually interpret electromagnetic dipole measurements is essential.

This task is accomplished by an inversion procedure, which converts the measured electro-

magnetic response to a 3D earth conductivity model.

An inversion consists of three major elements, each of which by itself is quite demanding.

First a method of forward modelling is required to predict the response from any conduc-

tivity model. Secondly, a method of calculating sensitivities is needed to describe how the

data change when small perturbations are made to the model. And thirdly an iterative

optimisation algorithm is necessary to generate the desired earth model which satisfactorily

reproduces the measured data, starting from the computed response of an inital model and

its associated sensitivities.

The first of these topics was addressed in detail in the preceding chapters. It has been

shown that the eigenmode modelling method can be considered as an efficient approximate

procedure to simulate multi-frequency airborne EM responses. In the following, we discuss

the implementation of the latter two tasks. A novel way of sensitivity calculation arises

from the availability of the set of eigenmodes for the earth model used in forward modelling.

In analogy to the field response determination, also the sensitivities can be calculated us-

ing a straightforward expansion of the eigenmodes, which is explained in Section 7.3. As

optimisation algorithm we employ an iterative linearised inversion using the Marquardt

method.

The Marquardt method essentially consists of an iterative improvement of an estimated

starting parameter vector x0 ∈ lRN (e.g. of a uniform half space), where N is the number

of parameters, which is performed in k steps until the diminishing vector of data residuals

rk ∈ lRM indicates a sufficient agreement between measured data yobs ∈ lRM and modelled

data yk ∈ lRM , where M is the number of data used in the inversion. As long as the

parameter vector xk yields no satisfactory response, the next (k + 1) approximation is
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calculated from

xk+1 = xk +
(
ST
kSk + µ2IN

)−1
ST
k rk, (7.1)

with µ2 being the regularisation parameter of Marquardt and Sk ∈ lRM × lRN the sensitivity

or Jacobian matrix of iteration k. The elements of the sensitivity matrix are defined as

Sijk :=
∂fi(xk)

∂xjk
(7.2)

with fi(xk) being the functional to obtain data i belonging to the conductivity model of

parameter vector xk. The elements of Sk can be determined at low computational cost

if the free-decay modes of the model xk are known. These modes are available from the

forward modelling necessary to calculate the residual vector rk. The eigenmode description

of the respective theoretical data vector yk is recalled in the next section. In addition, the

appropriate choice of parameters is discussed. Subsequently, the sensitivity calculation is

stated explicitly for the present problem.

7.2. Data and parameter organisation

The data is assumed to be due to a multi-frequency airborne electromagnetic survey, using

mf frequencies simultaneously at mp different measuring positions of transmitter (rT ) and

receiver (rR). The data is the complex valued secondary field BS
zz(rR|rT , ω) in parts per

million (ppm) of the primary field BP
zz(rR|rT , ω) of the transmitter.

We use real arithmetic and treat the real and imaginary part of each data separately, this

yields the total number of M = 2 ·mp ·mf data values to invert for. They are stored in the

data vector y ∈ lRM , with the index i = 2mp(if − 1) +mp(ic− 1) + ip for the position index

ip = 1, . . . ,mp, frequency index if = 1, . . . ,mf , and component index ic = 1, 2 for real and

imaginary part.

The eigenmode expansion for the secondary magnetic field is according to (5.6) given by

BS
zz(rR|rT , ω) = BS

zz(rR|rT , 0) + iωBiω
zz(rR|rT )

+ m(ω)
nT∑
n=1

(iω/λn)2

λn + iω
[∇× en(rR)]z [∇× en(rT )]z , (7.3)

where the frequency-proportional part Biω
zz is calculated using Biot-Savart (see Section 5.3).

Following (5.5), the secondary magnetostatic part is defined by

BS
zz(rR|rT , 0) = −µ0m(ω)

4π

2(zR + zT − 2Lz)
2 − %2

[(zR + zT − 2Lz)2 + %2]5/2
, (7.4)
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with %2 = (xR − xT )2 + (yR − yT )2, and it is calculated taking into account also lateral

mirrors of rT through summation of (7.4) for various r′T . Respectively, the primary field is

given by

BP
zz(rR|rT , ω) =

µ0m(ω)

4π

2(zR − zT )2 − %2

[(zR − zT )2 + %2]5/2
, (7.5)

where again it is calculated through summation of (7.5) for various r′T which are lateral

mirrors of rT with regard to the box model.

Finally, the output data of the forward modelling is

Bppm
zz (rR|rT , ω, γ) := <=

{
BS
zz(rR|rT , ω)

BP
zz(rR|rT , ω)

· 106

}
, (7.6)

where γ indicates either the real or the imaginary part returned by the operator <= with

complex argument. This equation describes the functional f(x) for all data.

The dependence on parameter vector x is only implicit. The conductivity distribution

determines the set-up of the eigenvalue problem, of which the eigenmodes for the later

synthesis are obtained. For the forward modelling, the parameter set used consists of the

conductivities σ(ix, iy, iz) of the initial grid cells (ix, iy, iz) with ix = 1, . . . , nx, iy = 1, . . . , ny,

and iz = 1, . . . , nz. Therefore, the number of parameters is np = nxnynz.

For the inversion, the conductivity could be parameterised also by the cells used in the

forward model, and the underdetermined system should be stabilised by an additional

smoothness constraint, e.g. Occam method (Constable et al., 1987). Another possibility

is to combine several cells of the forward model to larger, uniform conductive blocks, yield-

ing Nx ×Ny ×Nz cells on the inversion grid. Either way, the total number of blocks in the

inversion is defined as N , yielding a parameter vector x ∈ lRN .

The inverse problem needs to allow only for positive parameters, which can conveniently

be achived using a log parameterisation. We define the log parameter vector elements as

x(j) = ln [σ(j)] for j = 1, . . . , N block cells.

7.3. Sensitivity calculation

An efficient calculation of the sensitivities (7.2) depends on the complexity of the data

functional derivative ∂f(xk), which becomes quite simple if an eigenmode formulation like

in (7.3) - (7.6) is available. Using the volume integral equation method, small variations

δE(rR|rT , ω) of the electric dipole field, which are caused by small variations in conductivity

δσ(r′), are given by

δE(rR|rT , ω) = −iωµ0

∫
K+
δσ(r′)E(r′|rT , ω)G(r′|rR, ω) d3r′ +O

(
||δσ||2

)
. (7.7)
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G is Green’s dyad, which fulfills the differential equation

∇′ ×∇′ × G(r′|rR, ω) + iωµ0σ(r′)G(r′|rR, ω) = Iδ3(r′ − rR), (7.8)

and can be written in terms of the eigenmodes as

G(r′|rR, ω) =
∑
n

en(r′)⊗ en(rR)

µ0(λn + iω)
. (7.9)

In addition, using (2.24) the electric field of a vertical magnetic dipole can be expressed as

E(r′|rT , ω) = −iωm(ω)
∑
n

en(r′) [∇× en(rT )]z
λn + iω

. (7.10)

Accordingly, with (7.9) the variation of E is given in terms of the eigenmodes as

δE(rR|rT , ω) = −iωµ0

∫
K+
δσ(r′)E(r′|rT , ω)

∑
n

en(r′)⊗ en(rR)

µ0(λn + iω)
d3r′

= −iω
∫
K+
δσ(r′)

∑
n

E(r′|rT , ω) [en(r′)⊗ en(rR)]

(λn + iω)
d3r′

= −iω
∫
K+
δσ(r′)

∑
n

[E(r′|rT , ω) · en(r′)]

(λn + iω)
en(rR) d3r′.

Using B = −(1/iω)∇ × E, where the curl operator has to be applied with respect to the

receiver position rR, it follows for the magnetic field of a VMD

δB(rR|rT , ω) =
∫
K+
δσ(r′)

∑
n

[E(r′|rT , ω) · en(r′)]

(λn + iω)
∇× [en(rR)] d3r′.

If only the vertical component of the field is considered, it may be written as

δBzz(rR|rT , ω) =
∫
K+
δσ(r′)

∑
n

E(r′|rT , ω) · en(r′)

(λn + iω)
[∇× en(rR)]z d3r′

=
∫
K+
δσ(r′)E(r′|rT , ω) ·

∑
n

en(r′) [∇× en(rR)]z
(λn + iω)

d3r′.

With (7.10) substituted for the electric field, small variations of the vertical component of

the magnetic field are given by

δBzz(rR|rT , ω) = −iωm(ω)
∫
K+
δσ(r′)F (r′|rR, ω) · F (r′|rT , ω) d3r′, (7.11)

with

F (r′|r, ω) =
∑
n

en(r′) [∇× en(r)]z
λn + iω

. (7.12)
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For the variations, the reciprocity δBzz(rR|rT , ω) = δBzz(rT |rR, ω) is valid as well. In

addition, the term F (r′|r, ω) is, except for the prefactor −iωm(ω), equal to the electric field

at position r′ induced by a vertical magnetic dipole located at r . If the arbitrary variation of

conductivity δσ(r′) is focused on a single cell of the parameter model, all desired sensitivities

may by calculated by an eigenmode expansion.

We investigate such a small conductivity variation δσ(rl) = σ(rl)− σ0(rl), which is con-

fined to cell l only. The background conductivity σ0 generates the undisturbed field B0
zz.

The total varied field is in good approximation given as

Bzz = B0
zz + δBl

zz, (7.13)

where δBl
zz is the variation due to the change of conductivity only in cell l. The partial

derivative ∂Bzz/∂σ(rl) is with σl := σ(rl) given by

∂Bzz

∂σl
=
∂B0

zz

∂σl
+
∂δBl

zz

∂σl
≈ 0 +

∂ δBl
zz

∂ δσl

∂ δσl
∂σl

=
∂ δBl

zz

∂ δσl

∂ (σl − σ0)

∂σl
=
∂ δBl

zz

∂ δσl
· 1. (7.14)

Using (7.11) it follows

∂ δBl
zz(rR|rT , ω)

∂ δσ(rl)
= −iωm(ω)F (rl|rR, ω) · F (rl|rT , ω)

∫
Vl

d3r′, (7.15)

where rl is associated with cell l which has the volume Vl.

Since x is the parameter vector of log conductivities with elements xj = ln[σj], the

sensitivity term in (7.2) can be obtained from

Sij =
∂fi
∂xj

=
∂fi
∂σj

∂σj
∂xj

=
∂fi
∂σj

∂ exp[xj]

∂xj
=
∂fi
∂σj

exp[xj] = σj
∂fi
∂σj

. (7.16)

For calculation of the sensitivity term we need to take into account that the data available

for inversion is not the total field but the secondary one. Equation (7.6) describes the

functional f(x) for each discrete data (i = 1, . . . ,M) as:

fi(x) : Bppm,i
zz := <=i

{
106

BP,i
zz

·BS,i
zz

}
, for Bi

zz associated with riR|riT , ωi(, γi). (7.17)

The primary field BP,i
zz in (7.17) is independent of the conductivity, and the secondary field

may be written in terms of the total field Bi
zz as BS,i

zz = Bi
zz −BP,i

zz . Then it follows

∂fi
∂σj

=
∂Bppm,i

zz

∂σj
=

∂

∂σj
<=i

{
106

BP,i
zz

·
(
Bi
zz −BP,i

zz

)}
=

106

BP,i
zz

· <=i
{
∂ Bi

zz

∂σj

}
, (7.18)

where the total field derivative ∂ Bi
zz/∂σj is given by (7.14) and (7.15).
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Finally, using (7.16) and (7.18) yields for the elements of the sensitivity matrix

Sij =
∂fi(x)

∂xj
= σ(rj) ·

106

BP,i
zz

· <=i
{
−iωim(ωi)V (rj)F (rj|riR, ωi) · F (rj|riT , ωi)

}
.

(7.19)

When using (7.12), each element of the sensitivity matrix S with dimension (M ×N) can

be calculated from the product of two eigenmode expansions consisting of the modes at

positions of transmitter, receiver, and the respective parameter cell.

Alternatively, equation (7.19) is expressed in terms of the electric field E instead of F ,

using (7.10) and (7.12). The element of the sensitivity matrix S for data point i and log

conductivity parameter j is in real arithmetic given by:

Sij =
σ(rj)V (rj)

ωim(ωi)

106

BP,i
zz

<=i
{
i E(rj|riR, ωi) · E(rj|riT , ωi)

}
, (7.20)

with V (rj) being the volume of the cell surrounding rj with conductivity σ(rj). It is based

on two electric dipole fields, which are generated at positions of transmitter and receiver,

and which both are observed at the parameter cell j inside the grid.

7.4. Inversion algorithm

To simplify matters, we implement a straightforward version of an iterative linearised in-

version using a Marquardt method which works on combined block parameters without any

regularisation or smoothness constraints.

The Marquardt algorithm basically consists of two nested loops, see also its schematic

illustration in Appendix F. In the outer loop (k), starting from a given parameter set xk

(initial or optimal from last iteration) the sensitivity matrix Sk is calculated. In the inner

loop (l), the regularisation parameter µ2
l is varied systematically to determine an optimum µ2

which yields a local minimum of the residual rk. The associated improved parameter vector

xk+1 is returned to the outer loop. The algorithm stops if the respective root mean square

value RMSk =
√

rk · rk/M falls below a predefined tolerance bound (here RMStol = 1.0) or

if there is an improvement of less than 0.1% between two outer iterations. Otherwise, the

outer loop iteration continues with the calculation of Sk+1.

The starting parameter vector x0 is preset to the values of an arbitrary uniform half space.

The theoretical data vector yk is determined from the parameter set xk using forward

modelling based on a partial eigenmode expansion. In addition, the set of eigenmodes

provided hereby is used to calculate the sensitivity matrix Sk from the relations given in

Section 7.3.

The inverse
(
STS + µ2IN

)−1
in (7.1), necessary to determine the improved parameter
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vector xk+1, is calculated using the spectral representation of the real symmetric STS matrix

STS = V ΛV T, (7.21)

with Λ = diag(ν1, . . . , νN) being a diagonal matrix containing the eigenvalues νj of STS in

decreasing order. The matrix V is orthogonal (V T = V −1) and its columns j contain the

eigenvectors belonging to νj. It follows for the inverse

(
STS + µ2IN

)−1
= V

[
diag(νj) + µ2IN

]−1
V T = V diag(

1

νj + µ2
)V T, (7.22)

which allows for a variation of µ2 at very low computational cost. The regularisation pa-

rameter µ2 is estimated from the eigenvalues of STS and initially set to the largest one

(µ2 = ν1). After each inner iteration, µ2 is reduced by a constant factor (here fµ = 2.0)

unless this leads to an increase of RMS in the first iteration. In this case, instead µ2 is

increased by the constant factor fµ. The variation of µ2 is continued until we encounter

a minimum RMS value or lacking improvement of RMS (less than 0.5% change between

successive inner iterations). The optimum µ2 defines the updated parameter vector xk+1

which is returned to the outer iteration loop. For the outer loop, the stopping criterion

holds as described above. In addition, both loops have an upper iteration limit.

Before presenting the first inversion results obtained with this algorithm in Section 7.6,

let us discuss the resolution inherent in the available data.

7.5. Parameter resolution

For investigation of the data resolution capabilities, we focus on the most simple case of a

1D layered half space structure. In the considered example, it consists of two layers of equal

thickness (25 m) with resistivities ρ1, ρ2, and a perfectly conducting half space below.

We analyse the 1D airborne responses of this structure for four different frequencies

(f1 = 380 Hz, f2 = 1.8 kHz, f3 = 8.6 kHz, and f4 = 41.0 kHz), which are obtained for

a transmitter-receiver separation of 10 m at 20 m flight height. In particular, we are in-

terested in the variation of the responses depending on changes of the layer resistivities.

Therefore, we calculate the RMS deviation between the responses of a test structure with

resistivities ρ1, ρ2 and the responses of a reference structure with ρR1, ρR2, respectively. The

distribution of this RMS value in a test range of several hundred Ωm for both resistivities is

displayed in Figure 7.1 for two reference models with the same resistivities but interchanged

sequence with depth.

In case of the more resistive layer on top (panel a) in Figure 7.1), one can observe a well
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a) b)

Figure 7.1.: Variation of the 1D field response of a layered half space consisting of two layers
with resistivities ρ1, ρ2 which are each 25 m thick, and a perfectly conducting
half space below. Plotted is the dependence on the layer resistivities given
relative to a reference response, which is for ρR1 = 300 Ωm, ρR2 = 100 Ωm in
panel a) and the reversed sequence (ρR1 = 100 Ωm, ρR2 = 300 Ωm) in b).

defined minimum of RMS where the test resistivity coincides with the reference one. The

contour lines around this point are nearly elliptical with the semimajor axis approximately

in direction of ρ2.

However, in the reversed situation with the more conductive layer on top (panel b)),

the isolines of RMS no longer resemble ellipses but are degenerated to nearly parallel lines

extending in direction of ρ2. Accordingly, there is no well defined point of a minimum.

For the latter, this implies that the considered data is not sensitive to the resistivity

of the second layer. Starting at an arbitrary point in the parameter space, at first an

inversion algorithm will always follow the steep gradient towards the correct value ρ1 of

the upper layer. When reaching ρ1 however the RMS value is already quite low, and there

is no significant gradient anymore towards the actual ρ2 of the lower layer. Thus, usually

the inversion procedure stops with an acceptable RMS and ρ1, but a resistivity ρ2 barely

modified from the starting value.

Based on the RMS distribution in the former case, here one would expect an almost

equal good resolution of both layer parameters. Certainly, when starting far away from the
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true solution the gradient in direction of ρ1 prevails, but when getting closer also the value

of ρ2 will be adjusted. Keeping in mind these resolution possibilities observed for the 1D

response, we now proceed to the inversion using the 3D response.

7.6. First inversion results

The basic performance of the elementary inversion algorithm is demonstrated for a small

model and simple conductivity structures. The forward model grid has a size of 80 m ×
88 m× 50 m and consists of 8× 8× 8 cells. Thus, there exists a total number of NB = 896

discrete eigenmodes, of which throughout the inversion a subset of nT = 112 modes with

the smallest eigenvalues is determined and available for the response synthesis as well as the

sensitivity calculation.

In all the following examples, the input data for the inversion is assumed to be without any

noise and is obtained from 3D forward modelling for four different frequencies (f1 = 380 Hz,

f2 = 1.8 kHz, f3 = 8.6 kHz, and f4 = 41.0 kHz), where always a transmitter-receiver

separation of 10 m and a flight height of 20 m is implied while the number and distribution

of measuring positions differs.

In anlogy to the previously discussed example with good parameter resolution, first we

investigate the model of the above box with two different resistivities forming two layers

of equal thickness with the more resistive 300 Ωm block on top of a 100 Ωm block, as

sketched in Figure 7.2 a). As theoretical data for the inversion we simulate the 3D airborne

responses along one flight line in x-direction (at y = 49.5 m) with mp = 7 source positions,

thus yielding M = 56 real data values for mf = 4 frequencies. The inversion grid consists

of N = 1 × 1 × 2 blocks whose boundaries coincide with the model layer boundaries. The

starting model was chosen to be a uniform conductor with ρ1 = ρ2 = 50 Ωm as block

parameters.

The process of the resultant inversion is illustrated in Figure 7.2. In the upper panel b), the

RMS of the residual rk,l is plotted versus the total number of iterations, where the iterations

invoking the outer loop k with recalculation of the sensitivity matrix are marked by vertical

lines. Likewise, the associated parameter model xk,l versus overall iteration is given in the

lower panel c). Initially, a strong decrease in RMS is achieved by adjustment of the upper

layer parameter ρ1, which reaches a value close to the true one after four outer iterations,

while the second parameter remains close to its starting value. However, its value is mostly

modified during the subsequent iterations up to outer loop eight. At this point, already an

acceptable agreement (RMS > 5) of the inversion result with the true model is obtained.

All further iterations yield fine improvements of the ρ2 resistivity, leading to a decrease of

RMS below RMStol = 1. This rather stringent stopping criterion was chosen to demonstrate
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b)

c)

a)

Figure 7.2.: Inversion over a layered structure with ρ1 = 300 Ωm and ρ2 = 100 Ωm in a box
of 80 m×88 m×50 m (model in a)). The inversion is performed for N = 1×1×2
block parameters using M = 56 data. The decrease of RMS in the course of
the iteration is plotted in panel b), where recalculation of the sensitivity matrix
is indicated by the vertical dotted lines with numbers (k) above. Likewise, the
associated two block resistivities versus iteration are displayed in c).

the possible precision of the algorithm despite its approximate sensitivity matrix (from only

a partial set of eigenmodes). And indeed, for the considered example with perfect data and

a simple conductivity structure, the inversion algorithm based on eigenmodes allows for a

recovery of the exact model in about 70 overall iterations. The sequence of adjustment of

the model parameters corresponds to their sensitivity as identified in Section 7.5.

As second example, a vertically faulted model (100 Ωm/300 Ωm) as sketched in Fig-

ure 7.3 a) is considered. Here, the number of theoretical data is doubled to M = 112 and

belongs to two flight lines (at y = 49.5 m, y = 60.5 m) in x-direction with together mp = 14

transmitter-receiver locations. The inversion grid was chosen to have N = 2× 1× 1 blocks
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b)

c)

a)

Figure 7.3.: Inversion over a faulted structure with ρ1 = 100 Ωm and ρ2 = 100 Ωm in a box
of 80 m × 88 m × 50 m. The inversion is performed for N = 2 × 1 × 1 block
parameters using M = 112 data. The achieved RMS versus overall iteration is
plotted in panel b), and likewise the associated two resistivity parameters are
displayed in c).

whose boundaries coincide with the boundaries of the model’s uniform regions as before.

And again, the starting model was selected to be a uniform conductor with ρ1 = ρ2 = 50 Ωm

as block parameters.

The result of the inversion for this configuration is given in b) and c) of Figure 7.3. In

contrast to the previous example, no section with a steep decrease of the residual RMS

can be observed but rather a moderate decrease in almost evenly distributed steps is per-

formed. Furthermore, no prefered adjustment of one of the model parameters takes place.

Both parameters are significantly modified from the beginning and exhibit almost the same

deviation at each iteration step.

This indicates a similar sensitivity of both model parameters in agreement with our ex-

pectation. Due to the symmetry of the structure with respect to the data locations the
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‘geometrical weight’ in the sensitivity should be equal. The different resistivities and re-

spective skin depths are expected to have only minor influence since no depth resolution

is required. The initial resistivities of the model are obtained with high accuracy by the

inversion algorithm in about 100 iterations.

Finally a less simple conductivity structure, which is somehow a combination of the

previous ones, is investigated. Now the resistivity features a vertical as well as a horizontal

discontinuity, produced by a 300 Ωm block, which occupies one upper quarter of the model

box with otherwise 100 Ωm resistivity, see a) in Figure 7.4.

b)

c)

a)

Figure 7.4.: Inversion over a block structure with ρ2 = 300 Ωm and three surrounding
blocks with ρ1,3,4 = 100 Ωm in a box of 80 m × 88 m × 50 m. The inversion
is performed on a grid with N = 2 × 1 × 2 block parameters using M = 392
data. The achieved RMS as well as the used value of the Marquardt parameter
versus overall iteration is plotted in panel b), and likewise the associated four
resistivity parameters are displayed in c).
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As before, the inversion grid cells are chosen to match the model’s uniform regions, which

is possible by N = 2 × 1 × 2 blocks of equal volume. The starting resistivity of each of

the four blocks is set to 50 Ωm. To account for the increased number of parameters, also

an enlarged data set is employed for the inversion. The theoretical data contains M = 392

real values and belongs to seven flight lines in x-direction with seven transmitter-receiver

locations per line.

In this case, the original version of the inversion algorithm does not successfully find the

initial model, but the algorithm stops due to lacking RMS improvement after only four outer

iterations with a model showing only certain similarities in the relative distribution of the

resistivities. Further investigation shows that the stopping of the algorithm is caused by a

too stringent RMS improvement criterion, which results in a reverse of the search direction

for the optimum value of the Marquardt parameter as soon as a slight increase in RMS is

encountered.

However, due to the approximate nature of the sensitivity matrix (which is calculated

from only a partial set of the eigenmodes), the distribution of RMS value as function of the

Marquardt regularisation parameter has not a single global minimum but exhibits several

local minima. To take this distribution into account and find the global minimum, the

inversion algorithm based on eigenmodes needs a less stringent RMS stopping/reversing cri-

terion. In the present modified version of the algorithm, we simply allow for a RMS increase

of up to 5% compared to the best RMS value of the previous outer iteration while main-

taining the search direction for the Marquardt parameter. As a result, the small increase of

RMS between outer iteration 4 and 5 (see Figure 7.4, b)) no longer causes a breakdown of

the inversion procedure, but further reduction of the Marquardt parameter leads to a new

minimum and the iteration continues. With a quite high number of inner iterations, finally

the true resistivity model is recovered by the inversion procedure.

To accelerate the convergence of the solution, additional constraints should be posed

on the model parameters. These could be similar smoothness constraints as suggested in

Section 7.2 for the underdetermined case.

However, for this paper we shall confine ourself to the above presented straightforward

version of the algorithm, since it suffices to show that the inversion based on eigenmodes

works in principle. We have demonstrated the relevance of the partial set of approximate

eigenmodes not only for the forward operator but also for the sensitivity calculation in an

inversion procedure.



8. Conclusion

In the present paper, we have investigated the eigenmodes of freely decaying currents in a

conductor as basis of a new technique for three-dimensional modelling of frequency-domain

electromagnetic responses. Key concept of the method is that the free-decay eigenmodes

need to be determined only once for the earth model under exploration, since they are an

inherent characteristic of the conductivity structure and thus independent from any source.

As soon as the set of eigenmodes is available, it allows for the simulation of arbitrary elec-

tromagnetic field responses through superposition of the eigenmodes at low computational

cost.

According to the structure of the method, our work focused on two major parts:

1. The determination of the set of discrete eigenmodes, especially handling of the numer-

ical challenges associated with the large eigenvalue problem, which is usually at least

of dimension 105.

2. The performance of the eigenmode synthesis, including optimisation through separa-

tion of quasi-analytical parts and suggestion of a partial synthesis as well as validation

of these approximations.

We have developed a program which is capable of modelling 3D multi-frequency responses

based on an approximate expansion in terms of the free-decay eigenmodes. When applying

the method, we experienced the following merits and limits:

• Applicability to multi-frequency surveys: The method has proven to work reliably

in a broad range of frequencies (102 Hz − 105 Hz), but increased inaccuracies for the

highest used frequency (192 kHz) indicate that the allowed range depends on the

chosen discretisation of the grid. High frequencies are associated with small skin

depths and thus require small grid cells. However, there is a trade-off between fine

discretisation and a large overall model dimension, which is inevitable for suppression

of boundary effects. Since the total number of cells is defined by the available memory,

even the implementation of irregular grids alleviates the problem just a little.
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• Arbitrary measuring configuration: In principle the eigenmode expansion is possi-

ble at any location inside or above the conductor. Yet it is especially practical for

airborne applications, where one can take advantage of the faster decay of small struc-

tured modes with height, which causes a better convergence of the expansion. Less

eigenmodes are required and accordingly, the computational effort is lower.

• Competitiveness of the technique: A slight drawback is the quite high amount of

memory storage required to hold and solve the large eigenvalue problem. Also the

computing time taken to determine the eigenmodes exceeds the average solution time

of direct forward modelling techniques (FD, IE) for a few responses. However, the per-

formance of the eigenmode modelling method is outstandingly good if a huge number

of data needs to be simulated, corresponding to the survey application it was intended

for.

The present implementation of the method contains the option for an improvement which

should be realisable in a quite straightforward way. The eigenvalue problem is solved using

standard routines of ARPACK, of which there exist also parallel versions that are available

in the package P ARPACK (Lehoucq et al., 1998). Since the eigenmode determination

occupies the major part of the total computation time of the method, the use of the parallel

solver should lead to a considerable reduction in time.

Last but not least, the free-decay modes exhibit some promising capabilities regarding the

enhancement of an inversion procedure. The preference of the eigenmodes is not restricted

to the implied forward modelling problem, but applies to the sensitivity calculation as well.

One future task certainly is the upgrade of the presented basic inversion algorithm e.g. to

include parameter regularisation.



A. Additional information about

E polarisation

A.1. Field continuation into the air half space

When investigating the eigenmode method for E polarisation, a procedure to obtain field

values in the air half space is necessary for consideration of the boundary conditions as well

as the synthesis of airborne field responses, as is stated in Section 3.3.

For simplicity, the derivation of the field continuation is given according to Weidelt (2000,

personal communication) for a two-dimensional grid in the yz-plane with constant hori-

zontal spacing ∆y. The potential Ψm(−∆z) := Ψ(m, 0) at grid node with coordinates

((m−1)∆y,−∆z) in the air is completely determined by the potentials Ψl(0) := Ψ(l, 1),

l = 1, . . . , ny+1, at the grid surface. It holds

∇2Ψl(z) = 0 in z < 0 with Ψ1(z) = Ψny+1(z) = 0. (A.1)

In FD, this reads for the different grid nodes with Ψ′′(z) :=
∂2Ψ

∂z2

m = 2 :
−2Ψ2(z) + Ψ3(z)

(∆y)2
+ Ψ′′2(z) = 0, (A.2)

2 < m < ny :
Ψm−1(z)− 2Ψm(z) + Ψm+1(z)

(∆y)2
+ Ψ′′m(z) = 0, (A.3)

m = ny :
Ψny−1(z)− 2Ψny(z)

(∆y)2
+ Ψ′′ny(z) = 0. (A.4)

Or combining all left hand side equations into the matrix C yields



2 −1

−1 2 −1

−1 2 −1
. . .

−1 2





Ψ2(z)

Ψ3(z)

Ψ4(z)
...

Ψny(z)


= (∆y)2



Ψ′′2(z)

Ψ′′3(z)

Ψ′′4(z)
...

Ψ′′ny(z)


. (A.5)
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With the vectors Ψ(z),Ψ′′(z) ∈ lRM , whereM = ny−1, and the sparse matrixC ∈ lRM × lRM ,

the problem reads in short

CΨ(z) = (∆y)2 Ψ′′(z). (A.6)

Ansatz for the solution of (A.6) is

Ψ(z) =
M∑
n=1

cnvn eλnz , z < 0, (A.7)

where vn are the eigenvectors of the matrix C, obtained from

Cvn = µnvn. (A.8)

According to the theorem of Gershgorin (Stoer and Bulirsch, 1978, p. 77) holds for the

eigenvalues µn

0 ≤ µn ≤ 4. (A.9)

Substitutuion of (A.7) in (A.6) and comparison with (A.8) for each n yields

µn = (∆y)2 λ2
n ⇐⇒ λn =

√
µn

∆y
. (A.10)

In order that Ψ(z) attains the boundary values Ψ(0) at the surface, we multiply (A.7) for

z = 0 by vT
n and exploit the orthonormality of the eigenvectors vn to obtain

cn = vT
n ·Ψ(0) =⇒ Ψ(z) =

M∑
n=1

vnv
T
n ·Ψ(0) eλnz. (A.11)

Written in components gives for m = 1, . . . ,M

Ψm+1(z) =
M∑
l=1

Ψl+1(0)
M∑
n=1

vmnvln eλnz =:
M∑
l=1

Wm,l(z)Ψl+1(0), (A.12)

with

Wm,l(z) :=
M∑
n=1

vmnvln eλnz. (A.13)

Since Wm,l(z) = Wl,m(z), the field continuation matrix W is symmetric.

In the present simple case, the eigenvalues and eigenvectors can be given in closed form:

The nth eigenvalue is

µn = 4 sin2
(

nπ

2M+2

)
, n = 1, . . . ,M, (A.14)



104 A. Additional information about E polarisation

and the mth component of the nth eigenvector reads

vmn =

√
2

M+1
sin

(
mnπ

M+1

)
, m = 1, . . . ,M, (A.15)

with v0n = v(M+1)n = 0. Therefore

Wm,l(z) =
2

M+1

M∑
n=1

sin
mnπ

M+1
sin

lnπ

M+1
exp

(
2
z

∆y
sin

nπ

2M+2

)
, m, l = 1, . . . ,M (A.16)

is the weight, with which Ψm(0) contributes to the calculation of Ψm(z) (or the weight of

the contribution of Ψm(0) to the calculation of Ψl(z), respectively). For z = 0 follows, as

expected, Wm,l = δml.

A.2. Field of a line current above a two-layered half space

The electric field of an oscillating line current of strength I(ω) located at source position

r0 = (y0, z0)T in the air (z0 < 0) observed at point r = (y, z)T with z0 < z < 0 above a

two-layered half space is given by (see e.g. Ward and Hohmann (1988, pp. 242))

Ex(r, ω) = Ex,0(r) +
−iωµ0I

π

∫ ∞
0

cosλ(y − y0)

λ+ rTE(λ)
exp[λ(z − z0)] dλ, (A.17)

with the primary field

Ex,0(r) =
−iωµ0I

4π
log

(y − y0)2 + (z + z0)2

(y − y0)2 + (z − z0)2
, (A.18)

and where rTE is the reflection coefficient for the two-layered half space. For the special

case of a first layer with thickness Lz and conductivity σ1, and a perfectly conducting half

space below, the reflection coefficient is given by

rTE(λ) = u1(λ) coth[u1(λ)Lz], with u2
1(λ) = λ2 + iωµ0σ1. (A.19)

The integral in (A.17) can be evaluated numerically using Fast Hankel transformation for

the Bessel function of order ν = −1
2
,

J−1
2
(r) =

(
2

πr

)1
2

cos(r), (A.20)
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which approximates the integral

g(r) =
∫ ∞

0
f(λ) cos(λr) dλ (A.21)

by

g(rm) =
(
π

2rm

)1
2

+∞∑
n=−∞

f(λn)
√
λn H̃−1

2
(m− n), (A.22)

with rm = 1
λm

= r0 · 10
m
10 for arbitrary r0 > 0. H̃−1

2
(n) are the predetermined Hankel filter

coefficients.

A.3. Field of a line current source inside a 2D box

For the field synthesis discussed in Section 3.6, the electric field not only of a half space

model, but also of a limited box model is required. The electric field of an oscillating line

current source at r0 inside a 2D box, which extends from 0 ≤ y ≤ Ly and −∞ ≤ z ≤ Lz, is

for z0 < 0 given by Weidelt (2000, personal communication) as derived below.

The line current at r0 is located inside the above defined box with z < 0. It holds:

∇2Ex = iωµ0 I δ(r− r0), with (A.23)

Ex = 0 for


z = 0, 0 ≤ y ≤ Ly (a),

y = 0, 0 > z > −∞ (b),

y = Ly, 0 > z > −∞ (c).

(A.24)

The ansatz

Ex(r|r0, ω) =
∞∑
n=1

cn(ω, z, r0) sin
nπy

Ly
(A.25)

fulfills conditions (b) and (c). It is inserted into the differential equation, yielding:

∞∑
n=1

[
−n

2π2

L2
y

cn(z) + c′′n(z)

]
sin

nπy

Ly
= iωµ0 I δ(y − y0) δ(z − z0). (A.26)

Due to ∫ Ly

0
sin

mπy

Ly
sin

nπy

Ly
dy =

Ly
2
δmn, (A.27)

subsequent multiplication of (A.26) with sin
mπy

Ly
gives

− n2π2

L2
y

cn(z) + c′′n(z) =
2iωµ0 I

Ly
sin

nπy0

Ly
δ(z − z0). (A.28)
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The cn(z) need to meet the following requirements:

cn(0) = 0, (A.29)

cn(−∞) = 0, (A.30)

c′n|
z=z+

0

z=z−0
=

2iωµ0 I

Ly
sin

nπy0

Ly
. (A.31)

The source causes a singularity at z0, which is evident at the discontinuity of the derivative.

It follows:

cn(z) =
2iωµ0 I

πn
sin

nπy0

Ly


sinh

πnz

Ly
e
nπz0
Ly , 0 ≥ z ≥ z0,

sinh
πnz0

Ly
e
nπz
Ly , z ≤ z0 ≤ 0.

(A.32)

According to this is

Ex(r|r0, ω) =
2iωµ0 I

π

∞∑
n=1

1

n
sin

nπy

Ly
sin

nπy0

Ly


sinh

πnz

Ly
e
nπz0
Ly , 0,≥ z ≥ z0

sinh
πnz0

Ly
e
nπz
Ly , 0 ≥ z0 ≥ z.

(A.33)

The electric field owns the reciprocity Ex(r|r0) = Ex(r0|r). The above series can be refor-

mulated using

2sin
nπy

Ly
sin

nπy0

Ly
= cos

{
nπ

Ly
(y − y0)

}
− cos

{
nπ

Ly
(y + y0)

}
, (A.34)

and

0 ≥ z ≥ z0 : 2 sinh
πnz

Ly
e
nπz0
Ly

0 ≥ z0 ≥ z : 2 sinh
πnz0

Ly
e
nπz
Ly

 = e
nπ(z+z0)

Ly − e
−nπ|z−z0|

Ly , (A.35)

yielding

Ex(r|r0) =
iωµ0 I

2π
(A.36)

∞∑
n=1

1

n

{
cos

nπ(y − y0)

Ly
− cos

nπ(y + y0)

Ly

}{
e
nπ(z+z0)

Ly − e
−nπ|z−z0|

Ly

}
.

According to Gradshteyn and Ryzhik (1994, p. 48 (1.448/2.)) is

∞∑
n=1

pn

n
cosnx =

1

2
ln

1

1− 2p cosx+ p2
, |p| < 1, (A.37)
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and it follows

Ex(r|r0) = −iωµ0 I

4π
(A.38)

log

{
cosh

π(z + z0)

Ly
− cos

π(y − y0)

Ly

}{
cosh

π(z − z0)

Ly
− cos

π(y + y0)

Ly

}
{

cosh
π(z − z0)

Ly
− cos

π(y − y0)

Ly

}{
cosh

π(z + z0)

Ly
− cos

π(y + y0)

Ly

} .

This result can also be obtained by conformal mapping.



B. Full 3D system matrix using all

electric field components

B.1. Component notation

The system equation is approximated using finite differences on a staggered grid, as de-

scribed in Section 4.1. To state explicitly, the allocation of the field component with index

(i, j, k) to the grid position reads for the electric and magnetic eigenmodes

ex(i, j, k) − xc(i), y(j), z(k),

ey(i, j, k) − x(i), yc(j), z(k),

ez(i, j, k) − x(i), y(j), zc(k),

bx(i, j, k) − x(i), yc(j), zc(k),

by(i, j, k) − xc(i), y(j), zc(k),

bz(i, j, k) − xc(i), yc(j), z(k).

The average conductivities σ̄x, σ̄y, and σ̄z associated with ex, ey, and ez of cell (i, j, k) are

given by

σ̄x(i, j, k) =
a(i)

4px(i, j, k)

 b(j) c(k)σ(i, j, k) + b(j−1) c(k)σ(i, j−1, k) +

b(j−1) c(k−1)σ(i, j−1, k−1) + b(j) c(k−1)σ(i, j, k−1)

 ,
σ̄y(i, j, k) =

b(j)

4py(i, j, k)

 a(i) c(k)σ(i, j, k) + a(i−1) c(k)σ(i−1, j, k) +

a(i−1) c(k−1)σ(i−1, j, k−1) + a(i) c(k−1)σ(i, j, k−1)

 ,(B.1)

σ̄z(i, j, k) =
c(k)

4pz(i, j, k)

 a(i) b(j)σ(i, j, k) + a(i−1) b(j)σ(i−1, j, k) +

a(i−1) b(j−1)σ(i−1, j−1, k) + a(i) b(j−1)σ(i, j−1, k)

 ,
where the prisms used for integration are

px(i, j, k) = a(i) bh(j) ch(k),

py(i, j, k) = ah(i) b(j) ch(k), (B.2)

pz(i, j, k) = ah(i) bh(j) c(k).
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The matrix symmetry is conserved by the transformations

ẽx(i, j, k) =
√
µ0 px(i, j, k) σ̄x(i, j, k) ex(i, j, k),

ẽy(i, j, k) =
√
µ0 py(i, j, k) σ̄y(i, j, k) ey(i, j, k), (B.3)

ẽz(i, j, k) =
√
µ0 pz(i, j, k) σ̄z(i, j, k) ez(i, j, k).

The transformation is valid for points with σ̄x(i, j, k) 6= 0, σ̄y(i, j, k) 6= 0, and σ̄z(i, j, k) 6= 0

only. Using the abbreviations

dx(i, j, k) = 1/
√
µ0 px(i, j, k) σ̄x(i, j, k),

dy(i, j, k) = 1/
√
µ0 py(i, j, k) σ̄y(i, j, k), (B.4)

dz(i, j, k) = 1/
√
µ0 pz(i, j, k) σ̄z(i, j, k),

the system equations for the transformed electric components read:

λ ẽx(i, j, k) = dx(i, j, k)· (B.5){[
a(i) ch(k)
b(j)

+
a(i) ch(k)
b(j−1)

+
a(i) bh(j)
c(k)

+
a(i) bh(j)

c(k−1)

]
dx(i, j, k) ẽx(i, j, k)

− a(i)ch(k)
b(j−1)

dx(i, j−1, k) ẽx(i, j−1, k) − a(i)ch(k)
b(j)

dx(i, j+1, k) ẽx(i, j+1, k)

−
a(i)bh(j)

c(k−1)
dx(i, j, k−1) ẽx(i, j, k−1) − a(i)bh(j)

c(k)
dx(i, j, k+1) ẽx(i, j, k+1)

+ ch(k) dy(i, j−1, k) ẽy(i, j−1, k) − ch(k) dy(i+1, j−1, k) ẽy(i+1, j−1, k)

− ch(k) dy(i, j, k) ẽy(i, j, k) + ch(k) dy(i+1, j, k) ẽy(i+1, j, k)

+ bh(j) dz(i, j, k−1) ẽz(i, j, k−1) − bh(j) dz(i+1, j, k−1) ẽz(i+1, j, k−1)

− bh(j) dz(i, j, k) ẽz(i, j, k) + bh(j) dz(i+1, j, k) ẽz(i+1, j, k)


λ ẽy(i, j, k) = dy(i, j, k)· (B.6){[

ah(i) b(j)
c(k)

+
ah(i) b(j)

c(k−1)
+
b(j) ch(k)

a(i)
+
b(j) ch(k)
a(i−1)

]
dy(i, j, k) ẽy(i, j, k)

−
ah(i)b(j)

c(k−1)
dy(i, j, k−1) ẽy(i, j, k−1) − ah(i)b(j)

c(k)
dy(i, j, k+1) ẽy(i, j, k+1)

− b(j)ch(k)
a(i−1)

dy(i−1, j, k) ẽy(i−1, j, k) − b(j)ch(k)
a(i)

dy(i+1, j, k) ẽy(i+1, j, k)

+ ah(i) dz(i, j, k−1) ẽz(i, j, k−1) − ah(i) dz(i, j+1, k−1) ẽz(i, j+1, k−1)

− ah(i) dz(i, j, k) ẽz(i, j, k) + ah(i) dz(i, j+1, k) ẽz(i, j+1, k)

+ ch(k) dx(i−1, j, k) ẽx(i−1, j, k) − ch(k) dx(i−1, j+1, k) ẽx(i−1, j+1, k)

− ch(k) dx(i, j, k) ẽx(i, j, k) + ch(k) dx(i, j+1, k) ẽx(i, j+1, k)





110 B. Full 3D system matrix using all electric field components

λ ẽz(i, j, k) = dz(i, j, k)· (B.7){[
bh(j) c(k)
a(i−1)

+
bh(j) c(k)

a(i)
+
ah(i) b(k)
b(j−1)

+
ah(i) c(k)
b(j)

]
dz(i, j, k) ẽz(i, j, k)

− bh(j) c(k)
a(i−1)

dz(i−1, j, k) ẽz(i−1, j, k) − bh(j) c(k)
a(i)

dz(i+1, j, k) ẽz(i+1, j, k)

− ah(i) b(k)
b(j−1)

dz(i, j−1, k) ẽz(i, j−1, k) − ah(i) c(k)
b(j)

dz(i, j+1, k) ẽz(i, j+1, k)

+ bh(j) dx(i−1, j, k) ẽx(i−1, j, k) − bh(j) dx(i−1, j, k+1) ẽx(i−1, j, k+1)

− bh(j) dx(i, j, k) ẽx(i, j, k) + bh(j) dx(i, j, k+1) ẽx(i, j, k+1)

+ ah(i) dy(i, j−1, k) ẽy(i, j−1, k) − ah(i) dy(i, j−1, k+1) ẽy(i, j−1, k+1)

− ah(i) dy(i, j, k) ẽy(i, j, k) + ah(i) dy(i, j, k+1) ẽy(i, j, k+1)


In the above equations, terms printed in bold face represent contributions which will be

omitted for the first layer, in which the terms in the air are calculated separately using field

continuation. The additional equations for the separate calculation of the bold terms in

(B.5) and (B.6) are

λ ẽx(i, j, 1) = dx(i, j, 1) · a(i)bh(j) ḃy(i, j, 0), (B.8)

λ ẽy(i, j, 1) = dy(i, j, 1) · ah(i)b(j) ḃx(i, j, 0), (B.9)

where ḃx(i, j, 0) denotes the x-component of the time derivative of the non-transformed

magnetic eigenmode at height −c(1)/2, and ḃy(i, j, 0) respectively, which are calculated

using the continuation relations stated in Appendix C.2.

B.2. Vector notation

When setting up the FD eigenvalue problem, it is more convenient to combine all non-

trivial electric components ex, ey, ez of e(r) at the sampling points r of the grid into one

NA-dimensional vector e:

e = [e(1), . . . , e(m), . . . , e(NA)]T

= [ex(1), . . . , ex(mx), . . . , ex(nxe), ey(1), . . . , ey(my), . . . , ey(nye),

ez(1), . . . , ez(mz), . . . , ez(nze)]
T .

The total number of non-trivial components is NA = nxe + nye + nze with

nxe = nx(ny−1)nz components ex,

nye = (nx−1)nynz components ey, and

nze = (nx−1)(ny−1)nz components ez.

The same vector notation is used for the averaged conductivity σ̄ (see B.1), the prisms p̄
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used for integration (see B.2) and the transformation factor d̄ (see B.4):

σ̄ = [σ̄x(1), . . . , σ̄x(nxe), σ̄y(1), . . . , σ̄y(nye), σ̄z(1), . . . , σ̄z(nze)]
T , (B.10)

p̄ = [px(1), . . . , px(nxe), py(1), . . . , py(nye), pz(1), . . . , pz(nze)]
T , (B.11)

d̄ = [dx(1), . . . , dx(nxe), dy(1), . . . , dy(nye), dz(1), . . . , dz(nze)]
T . (B.12)

In addition, each element m of d̄ may be written as

d̄(m) = 1/
√
µ0 σ̄(m) p̄(m). (B.13)

The FD eigenvalue problem in matrix form

Ăẽ = λẽ (B.14)

is obtained by combining the right hand side of equations (B.5), (B.6), and (B.7) into the

matrix Ă, where it is important to note that the field continuation is not yet considered.

Problem (B.14) is solved for the transformed vector ẽ. The original vector is calculated

using (B.3):

e = diag(d̄) ẽ (B.15)

Finally, the weighted normalisation of the eigenvectors according to (2.14) needs to be

performed.

When actually implementing the equations, we use a permutation of the vector elements

in e, where both horizontal components in each layer are assembled in the order ex, ey before

the horizontal components of the next deeper grid layer are arranged. The order of the last

nze vertical components remains unchanged. This reordering has the advantage, that the

contributions of the field continuation lead to a single dense submatrix, as e.g. is illustrated

in Figure 4.4 and explained in the following section.

B.3. Integration of field continuation into the system

matrix

At this point of development, the complete system equation reads

Ăẽ +Aairḃxy = λẽ, (B.16)

where Ă is the matrix of FD equations (B.5) - (B.7) with the terms for the air omitted.

The matrix Aair (NA×Nh) contains the right hand side expressions of equations (B.8) and

(B.9). All derivatives of the horizontal magnetic modes are combined into the vector ḃxy,
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which has the dimension Nh = nx (ny−1) + (nx−1)ny. We aim at combining both matrices

into one, acting only on ẽ, the vector of transformed eigenmode components with dimension

NA.

Using (C.64) and (C.67), the horizontal derivatives at z < 0 may be replaced by the

vertical derivatives at z = 0

ḃxy =

 ḃx

ḃy

 =

 CT
xxy

CT
xyy

 · Cxy ḃz(0), (B.17)

where ḃz(0) is the vector of Nv1 = (nx − 1)(ny − 1) vertical derivatives at z = 0. If matrix

R (Nv1 × NA) contains the set of FD equations to form ḃ = −∇ × e and diag(d̄) denotes

the diagonal matrix of all transformation factors, it follows

ḃz(0) = R diag(d̄) ẽ. (B.18)

Worth noting is that the column dimension of matrix R only formally is NA. Actually, R

only operates on the Nh horizontal electric modes of the surface grid nodes and contains

zeros otherwise. In a similar way, the matrix Aair possesses non-zero rows only for the

same Nh horizontal electric modes. Therefore, the additional matrix entries due to field

continuation are confined to a dense submatrix of dimension Nh×Nh. Finally, the complete

system matrix can be written as

A = Ă+Aair ·

 CT
xxy

CT
xyy

 ·Cxy ·R · diag(d̄), (B.19)

and the resulting eigenvalue problem is

Aẽ = λẽ. (B.20)

B.4. Weighted normalisation of the reduced orthonormal

set of eigenvectors

All solutions to the eigenvalue problem (2.6) form an orthogonal set of vectorial eigenfunc-

tions ên(r) with σ(r) as weighting function. The orthogonality relation is given in (2.14)

as ∫
lR3
σ(r) êl(r)ên(r) d3r = δln. (B.21)

Different from (2.14), here the normalised eigenfunctions are denoted as ê(r) to distinguish

from e(r), which is the vector of the three electric components as defined in Appendix B.1
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for the FD implementation of the eigenvalue problem. Furthermore, we use ẽ(r) for the

transformed eigenfunction (B.3) with three components, whereas ě(r) signifies the reduced

transformed eigenfunction with only the two horizontal components.

When using FD, the non-trivial staggered components ex, ey, ez at nxnynz interior grid

points (r) of the eigenvector el to the lth eigenvalue are combined in the NA-dimensional

vector el. In this notation, the orthogonality relation (B.21) reads in components

NA∑
m=1

σ̄(m) êl(m) ên(m) p̄(m) = δln. (B.22)

Once our eigenvalue solver has returned a set of orthogonal eigenvectors en, we need to

determine the final eigenvectors with weighted norm ên, which are defined as

ên(m) = ηnen(m). (B.23)

The norm factor ηn follows from application of the weighted normalisation (B.22)

1 =
NA∑
m=1

σ̄(m) p̄(m) ê2
n(m) =

NA∑
m=1

σ̄(m) p̄(m) η2
ne

2
n(m), (B.24)

yielding

1/η2
n =

NA∑
m=1

σ̄(m) p̄(m) e2
n(m). (B.25)

In terms of the transformed eigenvector ẽn, see (B.15), with

en(m) = d̄(m) ẽn =
1√

µ0σ̄(m) p̄(m)
ẽn (B.26)

the norm factor simplifies to

ηn = 1/

√√√√ 1

µ0

NA∑
m=1

ẽ2
n(m) =

√
µ0/

√√√√ NA∑
m=1

ẽ2
n(m) =

√
µ0, (B.27)

assuming |ẽn| = 1. The normalisation is easily performed when calculating ẽn from the

numerically orthonormal transformed reduced eigenvector ěn as returned from IRAM.

The eigenvectors ên with weighted norm, which are needed for the eigenmode synthesis,

are determined directly from the transformed orthonormal eigenvectors ẽn by

ên(m) = ηne(m) =
√
µ0 d̄(m) ẽn(m). (B.28)



C. Field continuation into the air half

space

C.1. Field continuation requirements

When setting up the system matrix, the horizontal components of ḃ = λb at half grid cell

height in the air are needed, see (B.5) and (B.6):

ḃx(i, j, k − 1 = 0) at position [x(i), yc(j), zc(0) = −c(1)/2] ,

ḃy(i, j, k − 1 = 0) at position [xc(i), y(j), zc(0) = −c(1)/2] .

In addition, their values need to be expressed through (part of) the electric components

inside the conductor for which the system equations are set up, otherwise no consideration

of the continuation in the system matrix is possible.

Secondly, the field continuation is necessary for the field synthesis at flight height, where

the set of eigenmodes needs to be known at the positions of transmitter and receiver in the

air.

C.2. Continued potential field of box with perfectly

conducting walls extending into the air

C.2.1. Theory

The potential field inside a box lK, which ranges from 0 ≤ x ≤ Lx, 0 ≤ y ≤ Ly, and

−∞ ≤ z ≤ Lz, and is bounded by perfectly conducting walls which extend into the air

half space (z < 0), can be continued using the following relations (Weidelt, 2001, personal

communication):

It is assumed σ = 0 for z < 0. Available are Ex and Ey at the surface (z = 0), and we



C.2. Continued potential field of box with perfectly conducting walls extending into the air 115

aim to determine Ḃ = −∇× E for z < 0. The basic equations are

∇× E = −Ḃ, (C.1)

∇×B = 0, z < 0, (C.2)

which shows that B and Ḃ can be derived from a potential. Therefore the ansatz

E = ∇× (ẑΨ) +∇×∇× (ẑΦ), (C.3)

∇× E = −ẑ∇2Ψ +∇∂Ψ

∂z
−∇× (ẑ∇2Φ) (C.4)

is proposed. Since ∇× E has to be a potential field, it is

∇2Ψ = 0, (C.5)

∇2Φ = 0, (C.6)

Ḃ = −∇∂Ψ

∂z
. (C.7)

Writing the above equations in components, one obtains

Ex = +
∂Ψ

∂y
+

∂2Φ

∂x ∂z
,

Ey = −∂Ψ

∂x
+

∂2Φ

∂y ∂z
, (C.8)

Ez =
∂2Φ

∂z2
,

and

Ḃx =
∂Ey
∂z
− ∂Ez

∂y
= − ∂2Ψ

∂x ∂z
,

Ḃy =
∂Ez
∂x
− ∂Ex

∂z
= − ∂2Ψ

∂y ∂z
,

Ḃz =
∂Ex
∂y
− ∂Ey

∂x
= −∂

2Ψ

∂2z
= +∇2

HΨ.

(C.9)

In z < 0 the conductor is assumed to be bounded by the box lK with perfectly conducting

walls, too. Therefore, on the boundary ∂lK the potentials Ψ and Φ comply with the boundary

conditions

n̂ · ∇Ψ = 0, Φ = 0. (C.10)

The conductor is discretised by a horizontal grid with nx cells in x direction and ny cells in y

direction. Ψ is assigned to the cell centers at xc(k), (k = 1, . . . , nx), and yc(l), (l = 1, . . . , ny).

Φ is located at the cell corner points at x(k), (k = 1, . . . , nx+1), and y(l), (l = 1, . . . , ny+1).
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In the following, only Ψ is used. Some additional fictitious Ψ points outside the grid are

necessary to fulfill the boundary condition n̂ · ∇Ψ = 0. From the available values of Ex and

Ey at z = 0 one can determine

− Ḃz = −∇2
HΨ = Ψ′′|z=0 . (C.11)

Combining the discretised Ψ values into the vector

Ψ ∈ lRnxy , nxy = nx · ny, (C.12)

and using −∇2
HΨ = Ψ′′(z) leads to the matrix equation

A Ψ = Ψ′′(z). (C.13)

When vp and λ2
p with p = 1, . . . , nxy are eigenvalues and eigenvectors of the problem

A vp = λ2
p vp, (C.14)

they allow for the expansion

Ψ(z) =
nxy∑
p=1

cp vp eλpz, z ≤ 0. (C.15)

The coefficients cp are determined through the initial values

Ḃz(z = 0) = −Ψ′′(z = 0), (C.16)

giving

cp = − 1

λ2
p

vT
p Ḃz(z = 0), λp 6= 0. (C.17)

If λp = 0 then vp is a constant vector and vT
p Ḃz(z = 0) = 0. With it the scalar potential

Ψ′(z) is acquainted for z ≤ 0:

Ψ′(z) =
nxy∑
p=1

λp cp vp eλpz = −
nxy∑
p=1

vpv
T
p

λp
· Ḃz(z = 0) eλpz, (C.18)

Ψ′′(z) =
nxy∑
p=1

λ2
p cp vp eλpz = −

nxy∑
p=1

vpv
T
p · Ḃz(z = 0) eλpz. (C.19)

Herewith, B and Ḃ can be determined in z ≤ 0 as well.
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C.2.2. Reduction to 1D problems

In case of a product grid, the qth component of the eigenvector vp can be subsituted by

vp(q) = vxm(k) · vyn(l), with

 p = m+ (n− 1)nx, 1 ≤ m ≤ nx, 1 ≤ k ≤ nx,

q = k + (l − 1)ny, 1 ≤ n ≤ ny, 1 ≤ l ≤ ny.
(C.20)

The eigenvectors vxm and vyn are eigenvectors of the corresponding 1D problems

Ax Ψx = λ2
x Ψx Ax vx,m = λ2

x,m vx,m,

⇐⇒
Ay Ψy = λ2

y Ψy Ay vy,n = λ2
y,n vy,n,

(C.21)

where the eigenvalues λx,m, λy,n are forming

λ2
mn := λ2

p = λ2
x,m + λ2

y,n, p = m+ (n− 1)nx. (C.22)

With the eigenfunctions of the 1D problems, the potential at [xc(i), yc(j), z] reads

Ψ(i, j, z) =
nx∑
m=1

ny∑
n=1

cmn vxm(i) vy,n(j) eλmnz, (C.23)

with the expansion coefficients

cmn = − 1

λ2
mn

nx∑
k=1

ny∑
l=1

vx,m(k) vy,n(l) · Ḃz [xc(k), yc(l), z = 0] . (C.24)

Using (C.9) and (C.23), the magnetic field derivative (at staggered positions of the Yee

grid) in terms of the 1D eigenfunctions is given by:

Ḃx [x(i), yc(j), z] = −
nx∑
m=1

ny∑
n=1

cmn λmn vxx,m(i) vy,n(j) eλmnz, (C.25)

Ḃy [xc(i), y(j), z] = −
nx∑
m=1

ny∑
n=1

cmn λmn vx,m(i) vyy,n(j) eλmnz, (C.26)

Ḃz [xc(i), yc(j), z] = −
nx∑
m=1

ny∑
n=1

cmn λ
2
mn vx,m(i) vy,n(j) eλmnz, (C.27)

with the derivatives

vxx,m(i) =
∂vx,m
∂x

∣∣∣∣∣
x=x(i)

, (C.28)

vyy,n(j) =
∂vy,n
∂y

∣∣∣∣∣
y=y(j)

. (C.29)
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The determination of the 1D eigenfunctions is described in the following sections. Writing

equations (C.21) in FD for point (i, j) of the grid yields

λ2
xΨx(i) = − ∂2

∂x2
Ψx(i) = − 1

a(i)

{
Ψx(i+1)−Ψx(i)

ah(i+1)
− Ψx(i)−Ψx(i−1)

ah(i)

}

=
−1

a(i)ah(i+1)
Ψx(i+1) +

1

a(i)

[
1

ah(i+1)
+

1

ah(i)

]
Ψx(i) +

−1

a(i)ah(i)
Ψx(i−1),

(C.30)

and

λ2
yΨy(j) = − ∂2

∂y2
Ψy(j) = − 1

b(j)

{
Ψy(j+1)−Ψy(j)

bh(j+1)
− Ψy(j)−Ψy(j−1)

bh(j)

}

=
−1

b(j)bh(j+1)
Ψy(j+1) +

1

b(j)

[
1

bh(j+1)
+

1

bh(j)

]
Ψy(j) +

−1

b(j)bh(j)
Ψy(j−1),

(C.31)

which are valid for interior grid points. At the boundary of the grid, fictitious values of Ψ

are necessary to fulfill the boundary condition n̂ · ∇Ψ = 0. The fictitious values are:

Ψx(0) = Ψx(1), Ψx(nx+1) = Ψx(nx),

Ψy(0) = Ψy(1), Ψy(ny+1) = Ψy(ny).
(C.32)

The simplified equations for the edge points are:

λ2
xΨx(1) =

−1

a(1)ah(2)
Ψx(2) +

1

a(1)ah(2)
Ψx(1), (C.33)

λ2
xΨx(nx) =

1

a(nx)ah(nx)
Ψx(nx) +

−1

a(nx)ah(nx)
Ψx(nx−1), (C.34)

λ2
yΨy(1) =

−1

b(1)bh(2)
Ψy(2) +

1

b(1)bh(2)
Ψy(1), (C.35)

λ2
yΨy(ny) =

1

b(ny)bh(ny)
Ψy(ny) +

−1

b(ny)bh(ny)
Ψy(ny−1). (C.36)

C.2.3. Determination of the eigenfunctions for a regular grid

When a regular grid with ∆x = a(i) = ah(i) and ∆y = b(j) = bh(j) is employed, equations

(C.30), (C.31) are simplified to

λ2
xΨx(i) =

1

(∆x)2
[−Ψx(i+ 1) + 2Ψx(i)−Ψx(i− 1)] , (C.37)

λ2
yΨy(j) =

1

(∆y)2
[−Ψy(j + 1) + 2Ψy(j)−Ψy(j − 1)] . (C.38)
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The right hand sides of the above equations form the matrices Ax and Ay. There is an

analytic solution to the associated eigenvalue problem (C.21), which is

vx,m(k) = Nmx cos
π(m−1)(k−1

2 )

nx
at xc(k) = (k − 1

2)∆x, (C.39)

vy,n(l) = Nny cos
π(n−1)(l−1

2 )

ny
at yc(l) = (l − 1

2)∆y, (C.40)

with
1 ≤ m ≤ nx, 1 ≤ k ≤ nx,

1 ≤ n ≤ ny, 1 ≤ l ≤ ny,

and

Nmx =
1
√
nx
·


√

2, m > 1

1, m = 1
, Nny =

1
√
ny
·


√

2, n > 1

1, n = 1
, (C.41)

λ2
x,m = 4

sin (m−1)π
2nx

∆x

2

, λ2
y,n = 4

sin (n−1)π
2ny

∆y

2

. (C.42)

Some precaution is necessary when determining the eigenfunction derivatives with (C.28),

(C.29). Even though we do have an analytic expression for vx,m and vy,n, it is not advisable

to perform the derivation analytically, because this would introduce some asymmetry into

the system matrix. Instead, we simlpy calculate it from FD:

vxx,m[x(k)] =
vx,m[xc(k)]− vx,m[xc(k − 1)]

∆x
(C.43)

Using (C.39) this yields

vxx,m(k) = Nmx
∆x

{
cos

π(m−1)(k−1
2 )

nx
− cos

π(m−1)(k−3
2 )

nx

}

= Nmx
∆x

{
cos

π(m−1)(k−1+
1
2 )

nx
− cos

π(m−1)(k−1−1
2 )

nx

}
= Nmx

∆x

{[
cos π(m−1)(k−1)

nx
cos π(m−1)

2nx
− sin π(m−1)(k−1)

nx
sin π(m−1)

2nx

]
−
[
cos π(m−1)(k−1)

nx
cos π(m−1)

2nx
+ sin π(m−1)(k−1)

nx
sin π(m−1)

2nx

]}
= Nmx

∆x

{
−2 sin π(m−1)(k−1)

nx
sin π(m−1)

2nx

}
,

and doing similar for vy gives

vxx,m(k) = −2Nmx

∆x
sin

π(m− 1)

2nx
sin

π(m− 1)(k − 1)

nx
, (C.44)

vyy,n(l) = −2Nny

∆y
sin

π(n− 1)

2ny
sin

π(n− 1)(l − 1)

ny
. (C.45)
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Finally, a check on compliance with boundary conditions is performed: At x(1), x(nx+1) and

y(1), y(ny+1) the respective derivatives do vanish as necessary due to sin(mπ) = 0 ∀ m ∈ lN.

C.2.4. Determination of the eigenfunctions for an irregular grid

The FD equations for an arbitrarily irregular grid are (C.30) and (C.31) for the interior grid

points. The equations for the edge points are given in (C.33) - (C.36). When all Ψx(i) and

Ψy(j) are combined into vectors Ψx = [Ψx(1), . . . ,Ψx(nx)], Ψy = [Ψy(1), . . . ,Ψy(ny)], one

obtains the matrix equations

AxΨx = λ2
xΨx, (C.46)

AyΨy = λ2
yΨy. (C.47)

Ax is a tridiagonal matrix of form

Ax =



1
a(1)ah(2)

−1
a(1) ah(2)

−1
a(2) ah(2)

1
a(2) [ 1

ah(2) + 1
ah(3) ] −1

a(2) ah(3)

. . .
−1

a(i) ah(i)
1
a(i) [ 1

ah(i) + 1
ah(i+1) ] −1

a(i) ah(i+1)
−1

a(i+1) ah(i+1)
1

a(i+1) [ 1
ah(i+1) + 1

ah(i+2) ] −1
a(i+1) ah(i+2)

. . .


which is nonsymmetric. Using the transformation Ãx(i, j) =

√
a(i) Ax(i, j)

√
1
a(j)

or

(
DxAxD

−1
x

)
(DxΨx) = λ2

x (DxΨx) , Dx = d
(√

a(i)
)

(C.48)

and setting

Ãx =
(
DxAxD

−1
x

)
, (C.49)

v̂x = Dxvx = DxΨx, (C.50)

Dx = d
(√

a(i)
)
, (C.51)

the transformed eigenvalue problem reads

Ãxv̂x = λ2
xv̂x, (C.52)
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with Ã being a symmetric matrix:

Ãx =



. . .
1√

a(i−1) a(i)

−1
ah(i)

1
a(i) [ 1

ah(i) + 1
ah(i+1) ] 1√

a(i) a(i+1)

−1
ah(i+1)

1√
a(i) a(i+1)

−1
ah(i+1)

1
a(i+1) [ 1

ah(i+1) + 1
ah(i+2) ] 1√

a(i+1) a(i+1)

−1
ah(i+2)

. . .


This symmetric eigenvalue problem can be solved with classical Householder reduction and

subsequent QR-factorisation (see e.g. Press et al. (1986, pp. 462-474). After back transfor-

mation of kind

vx = D−1
x v̂x or vx(i) =

1√
a(i)

v̂x(i)

the eigenvalues and -vectors are sorted in the same manner as with the regular grid. In

addition, they are normalised to ensure |vm| = 1 for all eigenvectors. The same procedure

is applied to y.

As in the regular case, the eigenfunction derivatives in (C.28), (C.29) are calculated from

FD:

vxx,m[x(k)] =
vx,m[xc(k)]− vx,m[xc(k − 1)]

ah(k)
(C.53)

vyy,n[y(l)] =
vy,n[yc(l)]− vy,n[yc(l − 1)]

bh(l)
(C.54)

Since the derivative is defined to be constant in the interval [xc(k−1), xc(k)], no interpolation

to x(k) is necessary! In particular, for the boundary points the same conditons as for Ψx,

Ψy have to be applied. This yields

vxx,m[x(0)] = vxx,m[x(nx + 1)] ≡ 0, (C.55)

vyy,n[y(0)] = vyy,n[y(ny + 1)] ≡ 0. (C.56)

C.3. Field continuation in matrix notation

As a starting point for the field continuation, the fields Ḃz(xc(k), yc(l), z ≡ 0) at the earth’s

surface, with k = 1, . . . , nx and l = 1, . . . , ny, located at the grid cell centers, are assumed

to be known. The nx × ny field values are combined into the vector B0 with dimenson

nxy := nxny. The order of the B0(q), q = 1, . . . , nxy is as follows:

B0 =
[
Ḃz(1, 1), Ḃz(1, 2), . . . , Ḃz(1, ny), Ḃz(2, 1), . . . , Ḃz(nx, ny)

]T
,
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where starting with lowest x-value, for each x all y-values are sorted in increasing order.

Therefore it holds for the relation between 1D index q and 2D indices k, l

q = (k − 1)ny + l, k = 1 + q mod ny, l = q − (k − 1)ny = q div ny.

1D eigenfunctions

The 1D eigenfunctions are stored im matrices Ax(1 : nx, 1 : nx), Axx(1 : nx, 1 : nx) as well

as Ay(1 : ny, 1 : ny) and Ayy(1 : ny, 1 : ny), whereby the first (row) index indicates the

respective eigenvalue and the second (column) index refers the the grid coordinate. Using

the eigenfunction for the regular (C.39, C.40, C.44, C.45) or irregular (see Appendix C.2.4)

grid, one obtains

Ax(m, k) = vx,m[xc(k)], Axx(m, k) = vxx,m[x(k)],

Ay(n, l) = vy,n[yc(l)], Ayy(n, l) = vyy,n[y(l)],
(C.57)

with 1 ≤ m ≤ nx, 1 ≤ k ≤ nx, 1 ≤ n ≤ ny, 1 ≤ l ≤ ny.

Eigenvalues

The eigenvalues λmn =
√
lx(m) + ly(n) with lx(m) = 4

[
sin mπ

2nx

∆x

]2

, ly(n) = 4
[

sin nπ
2ny

∆y

]2

are

stored in the vector Lxy(1 : nxy), with the order in analogy to B0, yielding

Lxy = [λ11, λ12, . . . , λ1ny , λ21, . . . , λnxny ]
T.

2D eigenfunctions

Subsequently, always products of the 1D eigenfunctions are needed. Those are built in

advance and stored in matrices of dimension nxy × nxy:

Axy(i, j) := Ax(m, k) · Ay(n, l),

where
i = (m− 1)ny + n, m = 1 + j mod ny, n = i− (m− 1)ny,

j = (k − 1)ny + l, k = 1 + j mod ny, l = j − (k − 1)ny.

The other products are formed similarly:

Axxy(i, j
′) := Axx(m, k

′) · Ay(n, l′),

Axyy(i, j
′) := Ax(m, k

′) · Ayy(n, l′),

Axyz(i, j
′) := Ax(m, k

′) · Ay(n, l′) λmn.
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For field continuation the factor econ(i, z) = −Lxy(i) eLxy(i)z is applied, yielding

Cxxy(i, j
′) := econ(i, z) Axxy(i, j

′) = −λmn eλmnz Axx(m, k
′) Ay(n, l

′),

Cxyy(i, j
′) := econ(i, z) Axyy(i, j

′) = −λmn eλmnz Ax(m, k
′) Ayy(n, l

′),

Cxyz(i, j
′) := econ(i, z) Axyz(i, j

′) = −λ2
mn eλmnz Ax(m, k

′) Ay(n, l
′),

Cxy(i, j) := − 1

L2
xy(i)

Axy(i, j) = − 1

λ2
mn

Ax(m, k) · Ay(n, l).

Expansion coefficients

With the abbreviations defined above, the expansion coefficients can be written in compo-

nent, vector and matrix notation as

cmn = − 1

λ2
mn

nx−1∑
k=0

ny−1∑
l=0

Ax(m, k) Ay(n, l) · Ḃz [xc(k), yc(l), z = 0] , (C.58)

cxy(i) = − 1

L2
xy(i)

nxy∑
j=1

Axy(i, j)B0(j) =
nxy∑
j=1

Cxy(i, j) B0(j), (C.59)

cxy = Cxy B0. (C.60)

Magnetic field

In almost the same manner the different representations of the magnetic field are given by

Ḃx [x(k′), yc(l
′), z] = −

nx−1∑
m=0

ny−1∑
n=0

cmn λmn Axx(m, k
′) Ay(n, l

′) eλmnz, (C.61)

Ḃx(j
′) = −

nxy∑
i=1

cxy(i) Lxy(i) eLxy(i)zAxxy(i, j
′) (C.62)

=
nxy∑
i=1

−Lxy(i) eLxy(i)zAxxy(i, j
′) cxy(i) =

nxy∑
i=1

Cxxy(i, j
′) cxy(i).

The above sum can be expressed using the transposed matrix:

Ḃx(j
′) =

nxy∑
i=1

CT
xxy(j

′, i) cxy(i), (C.63)

Ḃx = CT
xxy · cxy = CT

xxy · Cxy B0. (C.64)
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Accordingly, for the two other components holds:

Ḃy [xc(k
′), y(l′), z] = −

nx−1∑
m=0

ny−1∑
n=0

cmn λmn Ax(m, k
′) Ayy(n, l

′) eλmnz, (C.65)

Ḃy(j
′) = −

nxy∑
i=1

cxy(i) Lxy(i) eLxy(i)zAxyy(i, j
′), (C.66)

Ḃy = CT
xyy · cxy = CT

xyy · Cxy B0, (C.67)

and

Ḃz [xc(k
′), yc(l

′), z] = −
nx−1∑
m=0

ny−1∑
n=0

cmn λ
2
mn Ax(m, k

′) Ay(n, l
′) eλmnz, (C.68)

Ḃz(j
′) = −

nxy∑
i=1

cxy(i) Lxy(i) eLxy(i)zAxyz(i, j
′), (C.69)

Ḃz = CT
xyz · cxy = CT

xyz · Cxy B0. (C.70)



D. Magnetic field of an oscillating

magnetic dipole

When investigating the eigenmode synthesis for the field of a vertical magnetic dipole

(VMD), we need to account for the incompleteness of the expansion in the air half space,

as stated in Section 5.1. For calculation of the completing term (Appendix E.1), we make

use of the VMD full space field as defined in Appendix D.1.

In the following Appendix D.2, various expressions for the VDM field observable above a

horizontally layered half space are collected. These expressions are employed to obtain the

1D reference solutions used for appraisal of the eigenmode responses.

D.1. Full space

Using the nomenclature

time factor eiωt,

conductivity σ,

magnetic moment m = mm̂,

unit vector in direction of dipole m̂,

magnetic field strength H,

electric field E,

receiver position r,

source position r0,

constant of propagation k =
√
iωµ0σ,

it follows for the electromagnetic field

∇×H = σE, (D.1)

∇× E = −iωµ0 [H +mδ (r − r0)] . (D.2)
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After elimination of E one obtains

∇×∇×H + k2H = −k2mδ (r − r0) . (D.3)

Assuming a dipole as source yields

∇ ·H = −∇ · {mδ (r − r0)} , (D.4)

and using the vector formula ∇×∇×H = ∇∇ ·H −∇2H this is equivalent to

(
∇2 − k2

)
H = −∇∇ · {mδ (r − r0)}+ k2mδ (r − r0) . (D.5)

For the solution we make the ansatz

H = −k2 (m̂T ) +∇∇ · (m̂T ) (D.6)

( = ∇×∇× (m̂T ) für r 6= r0 )

with

∇2T = k2T −mδ (r − r0) . (D.7)

It follows

∇2H = −k2
[
k2 (m̂T )−mδ (r − r0)

]
+∇∇ ·

[
k2 (m̂T )−mδ (r − r0)

]
−k2H = k4 (m̂T )− k2∇∇ · (m̂T ) (D.8)

thus equation (D.5) is fulfilled. The solution of (D.7) is

T =
m e−u

4πR
, R := |r − r0| , u := kR (D.9)

and

m̂T =
m e−u

4πR
(D.10)

is the Hertz vector.

For the special case of a vertical magnetic dipole with moment m = (0, 0,m)T holds due

to ∇ · (m̂T ) =
∂T

∂z
and ∇∇ · (m̂T ) = ∇∂T

∂z
for the magnetic field

Hz =
∂2T

∂x∂z
ex +

∂2T

∂y∂z
ez +

[
−k2T +

∂2T

∂2z

]
ez, (D.11)

where the subscript z indicates the source.
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The equation reads for the magnetic field components:

Hzz (r | r0) =
m e−u

4πR5

{(
3 + 3u+ u2

)
(z − z0)2 −R2

(
1 + u+ u2

)}
,

Hxz (r | r0) =
m e−u

4πR5

{(
3 + 3u+ u2

)
(x− x0) (z − z0)

}
, (D.12)

Hyz (r | r0) =
m e−u

4πR5

{(
3 + 3u+ u2

)
(y − y0) (z − z0)

}
.

In particular, the expression for the vertical component of the magnetostatic field (ω = 0)

of a vertical dipole is

Hzz (r | r0) =
m

4πR5

{
3 (z − z0)2 −R2

}
, (D.13)

where R := |r − r0| denotes the distance between source and receiver.

D.2. Horizontally layered half space

The vertical magnetic field of a vertical magnetic dipole (VMD) of magnetic moment mẑ at

height h above the earth’s surface is according to Ward and Hohmann (1988, p. 209) given

by

VMD over layered half space

Hzz(z) =
m

4π

∫ ∞
0

[
e−u0(z+h) + rTE eu0(z−h)

] λ3

u0

J0(λ%) dλ. (D.14)

where
kn =

√
iωµnσn wave number of nth layer,

un =
√
k2
x + k2

y + k2
n

λ =
√
u2

0 + k2
0

% horizontal distance,

rTE reflection coefficient.

In particular, in the air half space (n = 0) with σ0 ≈ 0 holds in quasi-static approximation

for low frequencies (f < 105 Hz):

k0 ≈ 0,

u0 ≈
√
k2
x + k2

y,

λ ≈ u0,

un ≈
√
λ2 + k2

n.

The reflection coefficient contains the stratification (n = 1, . . . , N) of the subsurface. When
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assuming the permeability of vacuum also for the magnetic permeability in the earth, µn =

µ0, follows

rTE =
λ− û1

λ+ û1

(D.15)

with the recursion relation

û1 = u1
û2 + u1 tanh(u1h1)

u1 + û2 tanh(u1h1)
(D.16)

ûn = un
ûn+1 + un tanh(unhn)

un + ûn+1 tanh(unhn)
(D.17)

and

ûN = uN . (D.18)

According to Knight and Raiche (1982), the recursion formula becomes numerically more

stable if tanh(unhn) is expressed in terms of exp(−2unhn), as

tanh(unhn) =
1− exp(−2unhn)

1 + exp(−2unhn)
. (D.19)

The relection coefficient for a uniform half space with σ1 = σ, u1 = u and k1 = k simplifies

to

Relection coefficient of uniform half space

rTE =
λ− u
λ+ u

with u =
√
λ2 + k2, k2 = iωµ0σ. (D.20)

Another commonly used special case is the two-layered half space with perfectly conduct-

ing second layer. Here the reflection coefficient is given by (D.15) with

û1 = u1
u2 + u1 tanh(u1h1)

u1 + u2 tanh(u1h1)
, (D.21)

u1 =
√
λ2 + k2

1 =
√
λ2 + iωµ0σ1, (D.22)

u2 =
√
λ2 + k2

2 =
√
λ2 + iωµ0σ2. (D.23)

For σ2→∞ also u2→∞ and consequently is

lim
u2 →∞

û1 = lim
u2 →∞

u1
u2

u1 + u2 tanh(u1h1)
+ lim

u2 →∞
u1

u1 tanh(u1h1)

u1 + u2 tanh(u1h1)

= lim
u2 →∞

u1
1

tanh(u1h1)
+ 0 =

u1

tanh(u1h1)

= u1 coth(u1h1). (D.24)

In summary, it holds for the
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Refection coefficient for one layer and perfectly conducting half space

rTE =
λ− u1 coth(u1h1)

λ+ u1 coth(u1h1)
with u1 =

√
λ2 + k2

1, k
2
1 = iωµ0σ1, (D.25)

where h1 denotes the thickness of the first layer.

If source transmitter and receiver are at same height z = −h, h ≥ 0, in quasi-static

approximation (D.14) can be simplified to

Hzz(%,−h) =
m

4π

∫ ∞
0

[
e−λ(−h+h) + rTE eλ(−h−h)

] λ3

λ
J0(λ%) dλ (D.26)

or

VMD over layered half space for z = −h, h ≥ 0

Hzz(%,−h) =
m

4π

∫ ∞
0

[
1 + rTE e−2λh

]
λ2 J0(λ%) dλ. (D.27)

In general, an integral containing the Bessel function J0

g(r) =
∫ ∞

0
f(κ) J0(κr) dκ, (D.28)

can be calculated using Fast Hankel Transformation provided that f(κ) is a sufficiently

smooth function:

g(rm) =
1

rm

∞∑
n=−∞

f(κn) H̃0(m− n) (D.29)

with

rm =
1

κm
= r0 · 10

m
ND , (D.30)

r0 > 0 arbitrary, where ND is the number of sampling points per decade and H̃0 indicates

the filter coefficients.

For practical evaluation of the integrals in (D.27), they need to be transformed into a

numerically stable formulation. It is favourable to determine separately the primary and

secondary parts. For a VMD at z = −h over a layered half space is the

Separation of field parts

Hzz(%,−h) =
m

4π

∫ ∞
0

λ2 J0(λ%) dλ︸ ︷︷ ︸
HPzz primary field

+
m

4π

∫ ∞
0

rTE e−2λhλ2 J0(λ%) dλ.︸ ︷︷ ︸
HSzz secondary field

(D.31)

For calculation of the primary field a stabilising exponential term exp(−ελ) is added and

treated for the limit ε→0. The solution to the integral can be found in tables (Abramowitz



130 D. Magnetic field of an oscillating magnetic dipole

and Stegun, 1964), yielding

Hε
Pzz =

∫ ∞
0

λ2 e−ελ J0(λ%) dλ =
d2

dε2

(
1√

%2 + ε2

)
=

d

dε

(
− ε
√
%2 + ε2

3

)

= − 1
√
%2 + ε2

3 +
3ε2

√
%2 + ε2

5 . (D.32)

It follows

HPzz =
m

4π
lim
ε→ 0

Hε
Pz = −m

4π

1

%3
, (D.33)

and for the magnetic field of a

VMD over layered half space for z = −h, h ≥ 0

Hzz(%,−h) = − m

4π%3
+
m

4π

∫ ∞
0

rTE λ2 e−2λh J0(λ%) dλ. (D.34)

The remaining integral for the secondary field generally can be solved using the Fast

Hankel Transformation if the reflection coefficient is replaced by

rTE =
λ− û1

λ+ û1

=
λ2 − û2

1

(λ+ û1)2
. (D.35)

In particular, for the uniform half space is

rTE =
λ2 − u2

(λ+ u)2
=

−k2

(λ+ u)2
=
−iωµ0σ

(λ+ u)2
(D.36)

and consequently the field of a

VMD above uniform half space for z = −h, h > 0

Hzz(%,−h) = − m

4π%3
− m

4π
iωµ0σ

∫ ∞
0

λ2

(λ+ u)2
e−2λh J0(λ%) dλ (D.37)

with u =
√
λ2 + k2 =

√
λ2 + iωµ0σ.

At the earth’s surface, the expression is further simplified to

VMD over uniform half space for z = h = 0

Hzz(%, 0) = − m

4π%3
− m

4π
iωµ0σ

∫ ∞
0

λ2

(λ+ u)2
J0(λ%) dλ. (D.38)

with u =
√
λ2 + k2 =

√
λ2 + iωµ0σ.

Alternativly, at z = h = 0 the field can also be calculated from the formulation (D.27)



D.2. Horizontally layered half space 131

without separation of the field parts

Hzz(%, 0) =
m

4π

∫ ∞
0

[1 + rTE]λ2 J0(λ%) dλ. (D.39)

Using the reflection coefficient of the uniform half space (D.20) of conductivity σ1 = σ, the

term under the integral is

[1 + rTE]λ2 =

[
λ+ u + λ− u

λ+ u

]
λ2 =

2λ3

λ+ u

and it follows for the field of a

VMD over a uniform half space for z = h = 0

Hzz(%, 0) =
m

2π

∫ ∞
0

λ3

λ+
√
λ2 + k2

J0(λ%) dλ, (D.40)

with k2 = iωµ0σ.

The integral can be solved analytically with the result (Ward and Hohmann, 1988, (4.56))

Analytical solution for VMD over uniform half space, z = h = 0

Hzz(%, 0) =
m

2πk2%5

[
−9 +

(
9 + 9k%+ 4k2%2 + k3%3

)
e−k%

]
. (D.41)
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E.1. Magnetic field in the limit ω→∞

The synthesis of eigenmodes is complete for transmitter and/or receiver placed in the con-

ductor, but it is incomplete if both are placed in the air. In the limit ω → ∞, all conducting

material acts like a perfect conductor and the field in the conducting half space vanishes.

In the air, the non-vanishing field at position of the receiver rR is for zR, zT < 0 given by

the superposition of transmitter rT and its mirrored source r̄T = rT − 2(ẑ · rT )ẑ, reflected

at the plane at z = 0, is

Bzz,∞(rR|rT ) = BP
zz,∞(rR|rT ) +BS

zz,∞(rR|r̄T ). (E.1)

When transmitter and receiver are located above the conducting half space (zR, zT < 0),

using (D.12) the primary field is

BP
zz,∞(rR|rT ) =

mµ0

4π

{
3(zR − zT )2 − [(zR − zT )2 + %2]

[(zR − zT )2 + %2]5/2

}
, (E.2)

with % =
√

(xR − xT )2 + (yR − yT )2, and the reflected field of the mirror source in the perfect

conductor at receiver position in the air is given by

BS
zz,∞(rR|r̄T ) = −mµ0

4π

{
3(zR + zT )2 − [(zR + zT )2 + %2]

[(zR + zT )2 + %2]5/2

}
. (E.3)

The resulting field has the right singularity and vanishes for zR = 0. The sign of BS
zz,∞

follows from the reflection coefficient, which is rTE = −1 for the perfect conductor. The

reflection coefficient of a uniform half space is

rTE =
λ− u
λ+ u

=
λ−
√
λ2 + k2

λ+
√
λ2 + k2

, lim
k →∞

rTE = −1. (E.4)

In summary, the magnetic field accounting for the non-vanishing field in the air in the
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limit ω→∞ can be calculated from

Bzz,∞(rR|rT ) =
mµ0

4π

{
2(zR − zT )2 − %2

[(zR − zT )2 + %2]5/2
− 2(zR + zT )2 − %2

[(zR + zT )2 + %2]5/2

}
. (E.5)

If transmitter and receiver are at same height z = zR = zT < 0, the field simplifies to

Bzz,∞(xR, yR, z|xT , yT , z) =
mµ0

4π

{
−1

%3
− 8z2 − %2

[4z2 + %2]5/2

}
. (E.6)

E.2. Frequency proportional part of the magnetic field

When discussing the optimisation possibilities of the eigenmode synthesis in Section 5.3,

the idea was to remove the frequency proportional part of the magnetic field, Biω
zz(rR|rT ),

from the expansion to achieve an acceleration in convergence. Instead of building the full

expansion, we aim at a quasianalytical determination of the frequency proportional part.

It is approximated from the analysis of the induction process in a non-uniform half space

following Weidelt (2001, personal communication). We assume a half space model with

arbitrary conductivity in the depth range 0 ≤ z ≤ Lz and a perfect conductor below. We

use the notation with:

Lz = depth of the perfect conductor,

rT = position of transmitter in the air (z ≤ 0),

rR = position of receiver in the air (z ≤ 0),

r′T = mirror position of rT with respect to the perfect conductor,

r′R = mirror position of rR with respect to the perfect conductor.

For a distribution of currents J(r) in the conductor, the associated vertical magnetic field

Bz(rR) is defined by Biot-Savart as

Bz(rR) =
µ0

4π

∫
z>0
{−Jx(r)(y − yR) + Jy(r)(x− xR)}

{
1

|r − rR|3
− 1

|r − r′R|3

}
d3r. (E.7)

The additional term with the mirrored receiver (r′R) is necessary to ensure vanishing Bz(rR)

at zR = Lz, since no normal component of the magnetic field can exist at the perfect

conductor.

The primary eletric field of a VMD with magnetic moment mz is

EP = iωẑ ×∇Ψ , Ψ =
µ0mz

4π

(
1

|r − rT |
− 1

|r − r′T |

)
. (E.8)

This field generates the frequency proportional part of Bz. The respective electric current
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density needs to be free of divergence. The electric field EP causes charges at lateral

conductivity contrasts, whose electric potential field Φ adds on EP . Thus, for the combined

field we assume

E = iω {ẑ ×∇Ψ−∇Φ} . (E.9)

Applying J = σ E and ∇ · J = 0 on (E.9) leads to the defining equation

−∇ · {σ∇Φ} = ∇ · {σ∇× (ẑΨ)} , (E.10)

of which Φ can be obtained. In the general case where σ 6= σ(z), (E.10) can be treated

in analogy to the modelling problem of direct current geoelectrics. The right hand side of

(E.10) can be evaluated, while the left hand side defines a matrix of weights which can be

calculated e.g. from FD. This approach is further discussed in Appendix E.2.2.

However, if the conductivity structure is a layered one (σ=σ(z)) it holds∇·{σ∇× (ẑΨ)} =

σ∇ · ∇ × (ẑΨ) = 0 and hence Φ = 0. As expected, a pure horizontally layered structure

without lateral contrasts yields no contribution. The calculation of the associated magnetic

field is described in the following Appendix E.2.1.

E.2.1. Layered earth

For a layered earth with σ = σ(z) equation (E.7) can be analytically evaluated to a large

extent. It is in cylindrical coordinates (r, ϕ, z)

x = r cosϕ, y = r sinϕ,

xR = rR cosϕR, yR = rR sinϕR,

J = Jϕ ϕ̂, Jz ≡ 0,

Jϕ = iωσ ∂rΨ, Jr ≡ 0,

Jx = −Jϕ sinϕ, Jy = Jϕ cosϕ,

and thus

− Jx(r)(y − yR) + Jy(r)(x− xR) = Jϕ [r − rR cos(ϕ− ϕR)] . (E.11)

The distance between receiver and any point in the conductor is

|r − rR| =
√
r2 + r2

R − 2rrR cos(ϕ− ϕR) + (z − zR)2, (E.12)

and accordingly
r − rR cos(ϕ− ϕR)

|r − rR|3
= −∂r

(
1

|r − rR|

)
. (E.13)
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Substituting (E.11) with Jϕ = iωσ ∂rΨ and (E.13) into (E.7) yields

Bz(rR) =
−iωµ0

4π

∫
z>0

σ(z) ∂rΨ · ∂r
{

1

|r − rR|
− 1

|r − r′R|

}
d3r. (E.14)

When assuming that the VMD is located above the origin of the coordinate system, and

thus xT =yT =0, it holds

1

|r − rT |
=

∫ ∞
0

e−µ|z−zT | J0(µr) dµ, (E.15)

1

|r − rR|
=

∫ ∞
0

e−λ|z−zR|
+∞∑

n=−∞
Jn(λr) Jn(λrR) cosn(ϕ− ϕR) dλ. (E.16)

Using d3r = dr(r dϕ) dz, after integration of (E.14) over ϕ in the last sum only the term

n=0 remains. With

∂r J0(λr) = −λ J1(λr) (E.17)∫ ∞
0

J1(λr) J1(µr)r dr =
δ(λ− µ)

µ
(E.18)

follows from (E.14):

Bz(rR) =
−iωµ0

4π

µ0mz

4π
2π
∫ Lz

0
dz σ(z) (E.19)∫ ∞

0
dλλ J0(λrR)

{
e−λ|z−zT | − e−λ(2Lz−z−zT )

}{
e−λ|z−zR| − e−λ(2Lz−z−zR)

}
If both transmitter and receiver are situated in the air half space (zT < 0 and zR < 0), it is

|z − zT | = z − zT , |z − zR| = z − zR and thus

Bz(rR) =
−iωµ0

4π

µ0mz

4

∫ Lz

0
dz σ(z) (E.20)∫ ∞

0
dλ (2λ) J0(λrR)

{
e−λ(2z−zR−zT ) + e−λ(4Lz−2z−zR−zT ) − 2 e−λ(2Lz−zR−zT )

}
.

Finally, it remains the integration in vertical direction

Bz(rR) =
−iωµ0

4π

µ0mz

4

∫ Lz

0
dz σ(z)

− 4(2Lz − zR − zT )√
r2
R + (2Lz − zR − zT )2

3 (E.21)

∂z

− 1√
r2
R + (2z − zR − zT )2

+
1√

r2
R + (4Lz − 2z − zR − zT )2

 ,
which is approximated by a sum of layers, of which each has uniform conductivity.
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E.2.2. Arbitrary conductivity structure

For an arbitrary conductivity structure, the governing equation

−∇ · {σ∇Φ} = ∇ · {σ∇× (ẑΨ)} (E.22)

is approximated using finite differences. The discrete value Φ(i, j, k) is assigned to the grid

node with coordinates x(i + 1), y(j + 1), z(k + 1). Accordingly, Φ(i, j, k) is surrounded by

eight cells with the conductivities σ(i, j, k), σ(i + 1, j, k), σ(i, j + 1, k), σ(i + 1, j + 1, k),

σ(i, j, k + 1), σ(i+ 1, j, k + 1), σ(i, j + 1, k + 1), and σ(i+ 1, j + 1, k + 1).

Thus, in FD the left hand side of (E.22) is obtained using

−∇ · {σ∇Φ} = −
[
∂

∂x

(
σ
∂Φ

∂x

)
+

∂

∂y

(
σ
∂Φ

∂y

)
+

∂

∂z

(
σ
∂Φ

∂z

)]
, (E.23)

with

∂

∂x

(
σ
∂Φ

∂x

)
=

(
σ̄x(i+

1
2 , j, k) ∂

∂x
Φ(i+1

2 , j, k)
)
−
(
σ̄x(i−1

2 , j, k) ∂
∂x

Φ(i−1
2 , j, k)

)
1
2(a(i+1) + a(i))

(E.24)

=
1

ah(i)

{
σ̄x(i+

1
2 , j, k)

Φ(i+1, j, k)− Φ(i, j, k)

a(i+1)

−σ̄x(i−1
2 , j, k)

Φ(i, j, k)− Φ(i−1, j, k)

a(i)

}
.

The employed averaged conductivities are given by

σ̄x(i+
1
2 , j, k) =

1

4bh(j)ch(k)

 b(j)c(k)σ(i+1, j, k) + b(j)c(k+1)σ(i+1, j, k+1)

+b(j+1)c(k)σ(i+1, j+1, k) + b(j+1)c(k+1)σ(i+1, j+1, k+1)


(E.25)

and

σ̄x(i−1
2 , j, k) =

1

4bh(j)ch(k)

 b(j)c(k)σ(i, j, k) + b(j)c(k+1)σ(i, j, k+1)

+b(j+1)c(k)σ(i, j+1, k) + b(j+1)c(k+1)σ(i, j+1, k+1)

 .
(E.26)

Using the abbreviations

w1(i, j, k) =
bh(j)ch(k)

a(i)
σ̄x(i−1

2 , j, k), (E.27)

w2(i, j, k) =
bh(j)ch(k)

a(i+1)
σ̄x(i+

1
2 , j, k), (E.28)

wx7(i, j, k) = −w1(i, j, k)− w2(i, j, k), (E.29)
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and substitution in (E.24) yields

∂

∂x

(
σ
∂Φ

∂x

)
=
w1(i, j, k) Φ(i−1, j, k) + w2(i, j, k) Φ(i+1, j, k) + wx7(i, j, k) Φ(i, j, k)

ah(i)bh(j)ch(k)
. (E.30)

In an analogous manner, the y and z derivatives can be determined, yielding

∂

∂y

(
σ
∂Φ

∂y

)
=
w3(i, j, k) Φ(i, j−1, k) + w4(i, j, k) Φ(i, j+1, k) + wy7(i, j, k) Φ(i, j, k)

ah(i)bh(j)ch(k)
(E.31)

and

∂

∂z

(
σ
∂Φ

∂z

)
=
w5(i, j, k) Φ(i, j, k−1) + w6(i, j, k) Φ(i, j, k+1) + wz7(i, j, k) Φ(i, j, k)

ah(i)bh(j)ch(k)
, (E.32)

with

w3(i, j, k) =
1

4b(j)

 a(i)c(k)σ(i, j, k) + a(i)c(k+1)σ(i, j, k+1)

+a(i+1)c(k)σ(i+1, j, k) + a(i+1)c(k+1)σ(i+1, j, k+1)

 , (E.33)

w4(i, j, k) =
1

4b(j+1)

 a(i)c(k)σ(i, j+1, k) + a(i)c(k+1)σ(i, j+1, k+1)

+a(i+1)c(k)σ(i+1, j+1, k) + a(i+1)c(k+1)σ(i+1, j+1, k+1)

 ,(E.34)

w5(i, j, k) =
1

4c(k)

 a(i)b(j)σ(i, j, k) + a(i)b(j+1)σ(i, j+1, k)

+a(i+1)b(j)σ(i+1, j, k) + a(i+1)b(j+1)σ(i+1, j+1, k)

 , (E.35)

w6(i, j, k) =
1

4c(k+1)

 a(i)b(j)σ(i, j, k+1) + a(i)b(j+1)σ(i, j+1, k+1)

+a(i+1)b(j)σ(i+1, j, k+1) + a(i+1)b(j+1)σ(i+1, j+1, k+1)

 ,(E.36)

wy7(i, j, k) = −w3(i, j, k)− w4(i, j, k), (E.37)

wz7(i, j, k) = −w5(i, j, k)− w6(i, j, k), (E.38)

w7(i, j, k) = wx7(i, j, k) + wy7(i, j, k) + wz7(i, j, k). (E.39)

In summary, the left hand side weights are given by

−∇ · {σ∇Φ(i, j, k)} = − 1

ah(i)bh(j)ch(k)



+w1(i, j, k) Φ(i−1, j, k)

+w2(i, j, k) Φ(i+1, j, k)

+w3(i, j, k) Φ(i, j−1, k)

+w4(i, j, k) Φ(i, j+1, k)

+w5(i, j, k) Φ(i, j, k−1)

+w6(i, j, k) Φ(i, j, k+1)

+w7(i, j, k) Φ(i, j, k)


. (E.40)
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The right hand side approximation is

∇ · {σ∇× (ẑΨ)} =
∂

∂x

(
σ
∂Ψ

∂y

)
+

∂

∂y

(
−σ∂Ψ

∂x

)
(E.41)

=

[
Υy(i+

1
2 , j, k)−Υy(i−1

2 , j, k)

ah(i)

]
−
[

Υx(i, j+
1
2 , k)−Υx(i, j−1

2 , k)

bh(j)

]
,

with

Υy(i±1
2 , j, k) := σ

∂Ψ(i±1
2 , j, k)

∂y
(E.42)

and

Υx(i, j±1
2 , k) := σ

∂Ψ(i, j±1
2 , k)

∂x
. (E.43)

When determining Υy, one is free to choose the positions at which to calculate Ψ. To

avoid averaged conductivities, the FD derivative of Ψ is calculated in each of the 4 cells

surrounding point (i±1
2 , j, k), at half cell width in x and y direction and at 1/4 of cell height

(z direction), which yields

Υy(i+
1
2 , j, k) :=

1

2bh(j)ch(k)
(E.44)

σ(i, j + 1, k + 1) c(k + 1)
[
Ψ(i+1

2 , j+
1
2 , k+

1
4)−Ψ(i+1

2 , j, k+
1
4)
]

σ(i, j, k + 1) c(k + 1)
[
Ψ(i+1

2 , j, k+
1
4)−Ψ(i+1

2 , j−1
2 , k+

1
4)
]

σ(i, j + 1, k) c(k)
[
Ψ(i+1

2 , j+
1
2 , k−1

4)−Ψ(i+1
2 , j, k−1

4)
]

σ(i, j, k) c(k)
[
Ψ(i+1

2 , j, k−1
4)−Ψ(i+1

2 , j−1
2 , k−1

4)
]


.

The resulting set of equations is solved using for example incomplete cholesky decompo-

sition and conjugate gradients.

In the practical implementation, any arbitrary conductivity structure is split into a normal

layered part and a residual anomalous part, where the choice of the normal structure aims

at representing most of the background and thus generating a residual part in as few cells

as possible. The field of the normal part is calculated using the quasianalytic expression of

Appendix E.2.1 to achieve a solution with reduced numerical inaccuracy.



F. Illustration of inversion algorithm

The implemented inversion algorithm as described in Section 7.4 is listed schematically

in Table F.1. Therein, the used subroutine abbreviations indicate the execution of the

following:

FORWARD() forward modelling including IRAM determination of eigenmodes

and partial synthesis from eigenmode expansion,

JACOBI() calculation of sensitivity matrix from partial eigenmodes,

EIGEN() classical determination of the eigenvalues & -vectors of a

real symmetric matrix.

Please note the unusual additional forward modelling after returning from the inner loop l

(marked with !!!). This is necessary to ensure that the eigenmodes available in the working

memory belong to the optimum parameter set xopt and not to the last tested one in loop l,

which eventually was discarded due to higher RMS value. One could avoid the forward

modelling in case of a return due to lacking improvement, which could be indicated by an

additional flag. Alternatively, one would have to store the whole set of eigenmodes in each

iteration, which is considered to be less efficient.

To avoid an unfavourable splitting of the algorithm presentation, the whole listing is given

on the next page:
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ym = ym(1, . . . ,M) vector of measured data
xhold = x(1, . . . , N) starting vector of log σ parameters
y = FORWARD(x) theoretical data of starting parameters
r = ym − y residual data vector

RMSmin =
√

r · r/M root mean square of residual data

DO k = 0, kmax start outer loop
S(M,N) = JACOBI(x) calculation of sensitivity matrix
STS(N,N) = STS
EIGEN (STS) → Λ = diag(νi), i = 1, . . . , N
EIGEN (STS) → V (N,N), with column V (∗, j) being jth eigenvector
dx(1 . . . N) = ST · r
B(1 . . . N) = V T · dx, B(j) =

∑N
j=1 V (i, j) · dx(i)

µ2 = ν1 = Λ(1, 1) set starting Marquardt regularisation parameter
fµ = 2.0 set factor for variation of µ2

iopt = 0 flag (=0/1) indicating no/successful optimisation in loop l
DO l = 1, lmax start inner loop

dx = V · (STS + µ2I)−1 · V TSTr, dx(i) =
N∑
j=1

V (i, j) ·B(j)

STS(j, j) + µ2

x = xhold + dx new parameter vector
y = FORWARD(x) new data vector
r = ym − y new residual data

RMS =
√

r · r/M root mean square of new residual data

IF (RMS < RMSmin) THEN
IF (RMS > 0.995 ∗ RMSmin) THEN lacking improvement

RMSmin = RMS
iopt = 1
µ2 is optimised set l = lmax to exit loop l

ELSE
RMSmin = RMS
iopt = 1
xopt = x
µ2 = µ2/fµ

ENDIF
ELSE

IF (iopt = 1) THEN local minimum of RMS encountered
µ2 is optimised set l = lmax to exit loop l

ELSE
fµ = 1/fµ reverse search direction for µ2

ENDIF
ENDIF

ENDDO end inner loop
xhold = xopt

!!! y = FORWARD(xhold) recalculate y to get corresponding eigenmodes for next JACOBI()
r = ym − y optimum residual data

RMSmin =
√

r · r/M if RMSmin fulfills stopping criterion end iteration k

ENDDO end outer loop
x = xhold final solution of parameter
y = r + ym final modelled data

Table F.1.: Flow chart of Marquardt algorithm.
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