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Introduction

We investigate spectral properties of the Laplace operator on a class of non-compact Rieman-
nian manifolds. We prove that for a given numberN we can construct a periodic manifold such
that the essential spectrum of the corresponding Laplacian has at leastN open gaps. Further-
more, by perturbing the periodic metric of the manifold locally we can prove the existence of
eigenvalues in a gap of the essential spectrum.

Gaps in the spectrum

In our context a periodic Riemannian manifoldMper is a non-compactd-dimensional Rie-
mannian manifold (d� 2) with a properly discontinuous isometric action of an abelian group
Γ of infinite order such that the orbit spaceMper=Γ is compact. As in the case of periodic
Schrödinger operators one can apply Floquet theory to show that the spectrum of the Laplacian
∆ApTMper onMper acting onp-forms (see Definition 2.3.1) has band structure, i.e., the spectrum
spec∆ApTMper is the locally finite union of compact intervalsBk(∆ApTMper), calledbands(see
[Don81] if Γ is abelian, [BS92] or [Gru98] for certain non-abelian groupsΓ or [RS78] in the
Schrödinger operator case).

Here, we restrict ourselves to the Laplacian on functions, i.e., we supposep= 0. However,
via the Hodge�-operator one can show that the spectrum of the Laplacian on functions is the
same as the spectrum of the Laplacian ond-forms. Furthermore, supersymmetry in dimension
2 allows us to show that the spectrum of∆ApTMper is the same forp = 0, p = 1 andp = 2.
Therefore, all our results for the spectrum of the Laplacian on functions remain true in these
special cases (see Theorems 2.3.8 and 3.4.6 and Corollaries 2.3.10 and 3.4.8).

In general, an infinite number of bandsBk(∆ApTMper) will overlap as in the case of the
Laplacian∆

Rd =�∑d
i=1 ∂ 2

i onRd . Here, the spectrum is[0;∞[.
Our first aim is to construct classes of (non-compact) periodic manifoldsMper with gaps in

the essential spectrum of the Laplacian∆Mper on Mper acting on functions, i.e., we prove the
existence of non-void intervals]a;b[ with

spec∆Mper\ ]a;b[= /0: (�)

To exclude trivial cases we suppose thata> infess spec∆Mper. Note that for (abelian-)periodic
manifoldsMper we always have infess spec∆Mper = 0.

We prove the existence of gaps in two different ways. In both cases the main idea is to
analyse a family of periodic manifolds(Mper

ε )ε such thatMper
ε decouples in some sense as

ε ! 0. By decoupling we mean that the junction between two period cells (see Section 3.2) is
geometrically small.
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Xε
X Mε

Xε

Aε

ε

Mper
ε

Figure 0.1: Construction of a periodic manifold in Case A.

Case A:We start with a compactd-dimensional Riemannian manifoldX (without boundary
for simplicity). If Γ = Zwe glue togetherZ copies ofX modified in the neighbourhood of two
distinct points in such a way that we have two small cylindrical ends. The boundary of the
modified manifoldMε is a (d�1)-dimensional sphere of radiusε > 0 (see Figure 0.1). The
resulting manifoldMper

ε is Z-periodic. Note thatMper
ε still depends onε. By Floquet theory,

the analysis of the spectrum of∆Mper
ε

is reduced to the analysis of the spectrum of the Laplacian

on a period cellMε with θ -periodic boundary conditions whereθ 2 Ẑ (see Section 3.4). The
dual groupΓ̂ = Ẑ�= S1 is usually identified with[0;2π[ (see Section 3.1). Here, a period cell
Mε is a closed subset of the periodic manifoldMper

ε such thatMper
ε is the union of all translates

of Mε and such that
Æ

Mε does not intersect any other translate ofMε . Note that the spectrum
of ∆θ

Mε
is discrete. We denote the eigenvalues written in increasing order byλ θ

k (Mε) counting

multiplicities. In the same way, letλ θ
k (X) denote the spectrum of the Laplacian∆X on X.

We prove the following (see Theorem 4.3.1 and Corollary 4.3.2):

Theorem. Theθ -periodic eigenvaluesλ θ
k (Mε) converge uniformly inθ 2 Ẑ�= S1 to the eigen-

valueλk(X) asε ! 0 for every k2 N . In particular, if the k-th and the(k+1)-st eigenvalue of
the Laplacian∆X on X satisfyλk(X)< λk+1(X), then there is a gap between the k-th and the
(k+1)-st band of∆Mper

ε
, i.e.,

Bk(∆Mper
ε
)\Bk+1(∆Mper

ε
) = /0;

providedε is small enough.

Note that the convergence of the eigenvalueλ θ
k (Mε) is not uniform in k (see page 8).

Therefore we can prove that an arbitraryfinite number of gaps occur ifε is small enough.
We can extend the theorem to the case of an arbitrary finitely generated abelian groupΓ (see
Figure 0.2). We can also admit long thin cylinders of fixed lengthL> 0 between the cylindrical
ends as in Figure 0.3: The Laplacian of the resulting periodic manifoldeMper

ε still has gaps ifε
is small enough (cf. Theorem 5.2.1 and Corrollary 5.2.2). This result was originally motivated
by work of C. Anné (see [Ann87] and [Ann99]).

Case B:In the second class of examples, we start with aΓ-periodic Riemannian manifold
Mper (for simplicity) without boundary. We perturb the metricgper of Mper conformally by a
factor ρ2

ε , i.e., we setgper
ε := ρ2

ε gper and denote the resulting Riemannian manifold byMper
ε .

Here(ρε) is a family of strictly positive smooth periodic functions onMper converging point-
wise to the indicator function of a setXper. We suppose thatXper is thedisjoint union of the

4
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Mper
ε

Figure 0.2: A manifold periodic with respect to a group generated by two elements (likeZ
2 orZ�Zp).

Cε

L eMε
eMper

εMε

Figure 0.3: A periodic manifold with long thin cylinders obtained by takingMε andCε as new period
cell eMε .

translates of a closed subsetX of Mper such that there exists a period cellM with X � Æ

M. Sup-
pose further that normal coordinates with respect to∂X are defined onM nX (see Section 6.1).
This condition restricts the geometry ofX. For example, a centered sphere in a cube as period
cell satisfies this condition. Denote byMε the manifoldM with metricgper

ε (see Figure 0.4 and
Figure 0.5). Our second result is the following (see Theorem 6.1.2 and Corollary 6.1.3, for
the Definition of the Neumann Laplacian∆N

X see Definition 2.3.3):

Theorem. Suppose that Mper is of dimension d� 3. Then theθ -periodic eigenvaluesλ θ
k (Mε)

converge uniformly inθ 2 Γ̂ to the eigenvalueλ N
k (X) of the Neumann Laplacian on X as

ε ! 0, for every k2 N . In particular, if the k-th and the(k+1)-st eigenvalue of the Neumann
Laplacian∆N

X on X satisfyλ N
k (X) < λ N

k+1(X), then there is a gap between the k-th and the
(k+1)-st band of∆Mper

ε
providedε is small enough.

The two-dimensional case has to be treated separately. In this case we only prove that at
least an arbitrary finite number of gaps exists ifMper is a cylinderR�S1, see Chapter 7.

The proof of the preceding two theorems is based on the Min-Max Principle (see Theo-
rem 1.3.3). The main difficulty here comes from the fact that not only the quadratic form (cor-
responding to the Laplacian onMε ) but also theL2-norm onMε depends onε. We therefore
compare the Rayleigh quotients for parameter-dependent Hilbert spaces (see Theorem 1.4.2).
This idea is motivated by [Fuk87] and [Ann87], but we prove a slightly different version.
One important ingredient in proving the preceding two theorems is a bound of theL2-norm of
eigenfunctions of∆θ

Mε
on the cylindrical ends (Case A) resp. onM nX (Case B) converging to

0 asε ! 0 (see Theorem 4.4.1 resp. Theorem 6.2.1, the estimates used there are motivated by
[Ann94]).

In both cases gaps occur when there is a period cellMε such that a neighbourhood of the
boundary ofMε is small in some sense. Note that in Case A and Case B the volume of the
ε-depending partAε (resp.Aε [Cε in the case ofeMper

ε ) andMε nX converges to 0. It seems
that it is important to have a mechanism which “separates” or “decouples” in some sense the
different translates of a period cell.
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M

Mper

Xper

X

Figure 0.4: In Case B theZ2-periodic manifoldMper is given. We choose a period cellM such that the
periodic subsetXper does not intersect the boundary ofM. We further suppose that normal coordinates
with respect to∂X are defined onM nX.

Mper
ε

Figure 0.5: An, alas imperfect, attempt to picture the conformally perturbed manifoldMper
ε obtained by

scaling the manifoldMper of Figure 0.4 outside the grey areaXper.

Eigenvalues in gaps

As an application of our results on spectral gaps, we perturb the metric of the periodic manifold
Mper locally and obtain eigenvalues in a gap of the periodic Laplacian. Suppose thatMper=
Mper

ε is one of the periodic manifolds with period cellM constructed before with metricgper

such that (�) holds. Since we will apply regularity theory we suppose that∂M is smooth (see
e.g. the periodic manifold in Figure 0.2). Letλ 2]a;b[. If λ is too close toa or b we possibly
have to choose a smallerε (see Corollary 8.1.2). Suppose further that(ρ(τ))τ�0 is a family
of strictly positive smooth functions onMper such thatρ(0) = 1 and such thatρ(τ) is equal to
1 outside a compact setK1 and such thatρ(τ) is equal toτ +1 on a compact setK2 �

Æ

K1 for
all τ � 0. Suppose further thatK1 andK2 have (piecewise) smooth boundary and non-empty
interior. We denote byM(τ) (resp.K1(τ) andK2(τ)) the manifoldMper (resp.K1 andK2)
with metricg(τ) = ρ(τ)2gper conformal togper. Rougly speaking, we blow up the areaK1. In
particular, the areaK2 is scaled by the factorτ +1� 1 (see Figure 0.6).
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M(τ)

K2(τ)

Figure 0.6: The perturbed manifoldM(τ). Again, this picture is only an attempt since one cannot
draw correctly the conformally perturbed areaK1(τ)nK2(τ) where the conformal factorρ(τ) is a non-
constant function.

Mn

M

Figure 0.7: A periodic cellM and an approximating submanifoldMn of Mper with n= 8 elements.

By the Decomposition Principle (Theorem 2.5.1) the essential spectra of∆Mper and∆M(τ)
are the same, but in addition to the essential spectrum,∆M(τ) could have discrete eigenvalues
of finite multiplicity, accumulating only at the band edges of spec∆Mper. Let

Nτ(∆M(�)
;λ ) := ∑

0�τ 0�τ
dimker(∆M(τ 0)�λ )

denote the number of eigenvaluesλ (counted with respect to multiplicity) of the operator fam-
ily (∆M(τ 0))0�τ 0�τ . Among other results we prove the following (see Section 8.3.1):

Theorem. Let ]a;b[ be a gap in the spectrum of the unperturbed Laplacian∆Mper and let
λ 2 ]a;b[. ThenNτ(∆M(�)

;λ ) tends to infinity asτ ! ∞. In particular, there existτ > 0 such

thatλ is an eigenvalue of the perturbed Laplacian∆M(τ).

The idea is quite simple (cf. [AADH94] and [HB00]). We restrict ourselves to a compact
approximating submanifoldMn consisting ofn translates of a fixed period cellM (see Fig-
ure 0.7). We further suppose thatMn contains the perturbed domainK1. Then the spectrum
of the corresponding Dirichlet-Laplacian is purely discrete and we can count the eigenvalues
arising from the perturbation by the Min-max principle. The main difficulty is to prove that
eigenfunctions corresponding to a fixed eigenvalueλ in a gap converge to eigenfunctions of
the whole problem whenMn %Mper (see Theorems 8.1.6 and 8.2.6). Again, we have to deal

7
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with the technical difficulty (which does not occur in [AADH94] or [HB00]) that our Hilbert
spaces depend on the perturbation.

Note that the Dirichlet boundary condition onMn produces no eigenvalues in the gap
]a+η;b�η[ (for someη > 0) since the boundary ofMn is small (see Figure 0.7 and Theo-
rem 8.1.2). This fact simplifies our proof and we do not need the more complicated construc-
tion in [AADH94].

Note that we can express our results in the following way. Two metricsg andeg on Mper

are calledconformally equivalent, if there is a strictly positive smooth functionρ onMper such
that eg = ρ2g. A conformal structuregiven byg is the equivalence class ofg (cf. [AG96]).
Therefore we have proven:

Theorem. In every conformal structure on Mper given by a periodic metric gper there are
periodic metrics such that the corresponding Laplacian has at least an arbitrary finite number
of gaps in its essential spectrum.

Furthermore there are (non-periodic) metrics g in the conformal structure given by gper

such that the spectrum of the Laplacian corresponding to g has eigenvalues in a gap of its
essential spectrum.

Related results

The question whether gaps exist in the spectrum of the Laplacian on a manifold and whether
eigenvalues in gaps occur was motivated by similar results holding for divergence type oper-
ators (see [Hem92], [AADH94] or [HL99]). Note that, locally, the Laplacian on a manifold
is a divergence type operator in a weightedL2-space. As already mentioned, we cannot apply
directly the existing results since the weight and therefore the Hilbert space depend on the
metric which we want to perturb. Our work is also motivated by similar results in the case of
Schrödinger operators; e.g., R. Hempel and I. Herbst have shown in [HH95a] and [HH95b] the
existence of gaps in the spectrum of magnetic Schr¨odinger operators.

E. B. Davies and E. M. Harrell II proved in [DH87] the existence of at least one gap in
the spectrum of the Laplacian defined by a conformally flat periodic metric onR

d (d � 2),
i.e.,gi j = ρ2δi j whereρ is a strictly positive smooth function onRd . Here, a relation between
the conformally flat Laplacian and certain Schr¨odinger operators is established. Furthermore,
E. L. Green proved in [Gre97] the existence of a finite number of gaps of a conformally flat
Laplacian with periodic metric onR2.

Recently, Lott proved the following result in [Lot99, Theorem 3]. For everyε > 0 there
exists a complete connected non-compact finite-volume Riemannian manifold whose sectional
curvatures lie in[�1� ε;�1+ ε] and whose Laplacian on functions has an infinite number of
gaps in its spectrum. The gaps tend towards infinity. He starts with a complete finite-volume
hyperbolic metric on a punctured 2-torus and changes the metric on the cusp.

A more general context is given in [BS92]. The authors establish an asymptotic upper
bound on the number of gaps in the spectrum of aΓ-periodic elliptic semi-bounded operator.
Here, even certain non-abelian groupsΓ are admitted.

Note that the convergence of the eigenvalueλ θ
k (Mε) in Case A and B isnot uniform in

k: there are topological obstructions that prevent the uniform convergence (cf. [CF81]). This
result is in accordance with the general Bethe-Sommerfeld conjecture which says that the spec-
trum of anyΓ-periodic Schr¨odinger operator∆Mper+V with potentialV on a periodic manifold

8
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Mper of dimensiond� 2 has only a finite number of gaps, i.e., the intersection of the resolvent
set withR has only a finite number of components. Note that ifλ θ

k (Mε) would converge uni-
formly in θ 2 Γ̂ and k2 N then there would be an infinite number of gaps in spec∆Mper

ε
if ε is

small enough.
In [SY94, Open Problem 37], Yau proposed to analyse the spectrum of the Laplacian acting

on differential forms of a non-compact manifold. In particular, he posed the question whether
the continuous spectrum of the Laplacian has band structure. It is well-known that the answer
is yes on a periodic manifold (by using Floquet Theory, see Chapter 3). He further asked about
the stability of the continuous spectrum when changing the metric uniformly. In Chapter 8, we
prove that the essential spectrum is stable provided the perturbation is small outside a compact
set by using the well-known decomposition principle (see Theorem 8.1.7).

Applications

In the theory of continuum mechanics Laplace operators on manifolds can be used to give the
necessary equations for dilational waves on a surface (see [Jau67, pp. 341-346] or [Jau72]).

Another application is connected with the recent development of the theory of quantum
wave guides or quantum wires (cf. [EŠ89, pp. 257-266] and [LCM99]). Here, a quantum wire
is a two-dimensional curved planar stripΩ of a fixed widthd. If d is small, the Dirichlet-
Laplacian onΩ describes the motion of a free electron living onΩ. Such models could be
appropriated for microelectronics. Since the scales become smaller and smaller one should
also consider quantum effects. Here, a quantum wire is a thin layer of shapeΩ in a semi-
conductor. Yoshitomi proved the existence of gaps in the spectrum of the (flat) Laplacian with
Dirichlet boundary conditions on a periodically curved strip inR2 (see [Yos98]).

Our results show the same behaviour more generally for certain periodically curved sur-
faces, i.e., periodic manifolds of dimension 2. This could model very thin non-planar periodic
layers made out of metallic or semi-conducting materials. Therefore we have proven the ex-
istence of gaps in the energy spectrum of an electron moving along this layer. Note that the
band-gap structure and eigenvalues in gaps are important for the conductor properties of the
material. In particular, local perturbation of a periodic surface leads to impurity levels in an
energy gap (i.e., eigenvalues in the gap).

Outlook

In the proof of the existence of eigenvalues in a gap of the unperturbed Laplacian (see Chap-
ter 8) we have assumed that the periodic manifoldMper possesses a period cellM with smooth
boundary. This is necessary since we want to apply regularity theory on a domain given by
(the union of translates of)M. In particular, the caseMper= R

d is excluded, since any period
cell has singularities. Suppose that the groupΓ with r generators acts onMper properly discon-
tinuously and cocompactly. What kind of singularities could appear if one chooses connected
period cells with piecewise smooth boundary? Furthermore, can one choose a period cellM
with “tame” singularities such that we still can apply regularity theory? A positive answer to
these questions would give further examples of eigenvalues in a gap.

9
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It is an interesting question wether our results extend also to the non-ablian case, i.e.,
whether there exists aΓ-periodic manifold with a non-abelian groupΓ such that the corre-
sponding Laplacian has gaps. Note that such manifolds are of interest since for any Riemannian
manifoldMper with strictly negative sectional curvature,Z is the maximal abelian subgroup of
any groupΓ acting isometrically and properly discontinuously onMper by a theorem of Preiss-
mann (see [Pre42, Theor`eme 7*] or [Bye70]). Therefore if we only allow abelian groupsΓ
with more than one generator our results (e.g. on the existence of gaps in the spectrum of
the Laplacian) do not apply to the case of (non-compact) Riemannian manifolds with strictly
negative curvature (i.e., hyperbolic spaces).

Furthermore, we have not proved the existence of gaps in the spectrum of the Laplacian
∆ApTMper acting onp-forms. Here, our methods do not directly apply exept for the case of
d-forms or for dimension 2.

An Overview of the Text

In Chapter 1 we quote some basic facts on Hilbert spaces and Spectral Theory. We also develop
some results on parameter-dependent Hilbert spaces (see Section 1.4). In Chapter 2 we give the
necessary background to define the Laplacian on a manifold. Furthermore, in Section 2.4 we
analyse how several estimates depend on the metric. We give quite explicit proofs here since
we need control of the constants. In Section 2.5 we quote the decomposition principle, i.e., the
stability of the essential spectrum under local perturbations. Chapter 3 is devoted to Floquet
Theory. Here, we define the term “periodic” for manifolds. In Chapters 4 and 5 we construct
a first class of periodic manifolds such that the corresponding Laplacians have gaps in the
essential spectrum (see Case A). In Chapters 6 and 7 we produce gaps by a conformal periodic
perturbation of a given metric (see Case B). Finally, in Chapter 8 we prove the existence of
eigenvalues in a spectral gap obtained by a local perturbation of the metric.
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1 Preliminaries

In this chapter we introduce the necessary Hilbert space notation and some related results.
Most of the statements are standard, see e. g. [Kat66], [RS80] or [Dav96].

1.1 Hilbert spaces

LetH be a complex, separable Hilbert space with inner product

�; ��

H
. We always suppose

that the inner product (or any other sesquilinear form) is linear in the first and antilinear in
the second argument. The norm induced by the inner product is denoted bykuk

H
= kuk :=

(


u;u

�
H

)
1
2 . It is well-known that bounded subsets of a Hilbert space are sequentially compact

in the weak topology:

1.1.1. Theorem.Let (um)m be a bounded sequence in the Hilbert spaceH . Then we can find
a subsequence(umn)n such that umn converges to an element u2H in the weak topology, i.e.,


umn;v
�
H
! 


u;v
�
H

; n! ∞

for all v 2H .

Note that norm-convergence of a sequence of vectors in a Hilbert space is sometimes called
strong convergence.

A simple consequence of the Cauchy-Schwarz Inequality is the Cauchy-Young Inequality

j
u;v�
H
j � kuk2

H +kvk2
H : (1.1)

1.2 Operators and quadratic forms

We briefly give some facts on (unbounded) operators in Hilbert spaces. Suppose thatH ,H1
andH2 are separable Hilbert spaces.

A linear operatorQ: domQ�!H2 on a linear subspace domQ of H1 is calleddensely
definedif domQ is dense inH1. The operatorQ is calledclosedif its graph inH1�H2 is a
closed subspace.

For a densely defined operatorQ: H1 �!H2 we let domQ� be the set ofv 2H2 such
that the map 


Q�;v�
H2

: domQ�! C ; u 7�! 

Qu;v

�
H2

is continuous. Therefore domQ� is a linear subspace ofH2 and for v 2 domQ� the map
u 7! 


Qu;v
�
H2

can be extended uniquely to a continuous linear functional onH1. By the

11



1 Preliminaries

representation theorem of Riesz, this functional can be written as

�;w�

H1
for precisely one

w2H1. We setQ�v := w and we obtain

Qu;v

�
H2

=


u;Q�v

�
H1

for all u2 domQ andv2 domQ�.
We can prove the following result by using the adjoint operator:

1.2.1. Lemma. A bounded (i.e., norm-continuous) operator Q: H1 �!H2 is also weakly
continuous, i.e., un! 0 weakly inH1 implies Qun! 0 weakly inH2.

Proof. We have


Qun;v

�
H2

=


un;Q�v

�
H1
! 0 for all v2H2.

If H := H1 = H2, an operatorQ is called symmetricif Q is densely defined and

Qu;v

�
H

=


u;Qv

�
H

holds for allu;v2 domQ. The symmetric operatorQ is calledpositive
(Q� 0) if



Qu;u

�
H
� 0 for all u2 domQ. A densely defined operatorQ is calledself-adjoint

if Q = Q�, i.e., domQ= domQ� andQu= Q�u for all u2 domQ. Self-adjoint operators are
symmetric, the converse is not true in general (for unbounded operators).

A sesquilinear mapq: domq�domq�! C (linear in the first, antilinear in the second
argument) is calleddensely definedif domq is dense inH . We often call a sesquilinear map a
(sesquilinear) form.

A sesquilinear formq is calledsymmetricif q(u;v) = q(v;u) or, equivalently,q(u;u)2 R is
satisfied for allu;v2 domq. It is calledpositiveif q(u)� 0 for all u2 domq.

A positive formq is calledclosedif domq equipped with the inner product

u;v

�
q :=



u;v

�
H

+q(u;v) (1.2)

is complete, therefore itself a Hilbert space. We call the corresponding normq-normor form
norm(of q). If we speak of topological properties of domq we always mean the corresponding
topology arising from (1.2), e.g., aq-norm-dense subspaceD in domq is called aform core.
If q is positive and densely defined, we can always construct the (unique) smallest closed
extensionq, called theclosure of q. By construction, domq is a form core of domq. In the
sequel we do not distinguish betweenq andq.

By the Polarisation Identity

q(u;v) =
1
4

�
q(u+v)�q(u�v)+ iq(u+ iv)� iq(u� iv)

�
=

1
4

3

∑
n=0

inq(u+ inv) (1.3)

every sesquilinear form is determined by its(quadratic) form q(u) := q(u;u).
The following representation theorem (see [Kat66, theorem VI.2.1]) associates to every

positive (densely defined) formq a unique self-adjoint operatorQ:

1.2.2. Theorem.For every densely defined closed positive sesquilinear form q there exists
precisely one positive self-adjoint operator Q such thatdomQ� domq and

q(u;v) =


Qu;v

�
H

(1.4)

for all u 2 domQ and v2 domq. The domaindomQ of Q consists of u2 domq such that

q(u; �) : domq�! C ; v 7�! q(u;v)

is norm-continuous. Furthermore,domQ is a form core.

12



1.3 Spectrum and Min-max Principle

As in the case of the adjoint operator, we have the following characterization of the operator
domain: domQ consists of exactly thoseu2 domq for which there exists a (unique) element
w=: Qu such that (1.4) is satisfied for allv2 domq. It is sufficient to prove (1.4) for allv in a
form core.

We often deal rather with the quadratic form than with the operator since it is much easier to
deal with the form domain domq than the operator domain domQ. Note that domq= domQ

1
2 .

In the sequel, we will assume without mentioning that our forms and operators aredensely
defined.

1.3 Spectrum and Min-max Principle

We define the spectrum specQ of a closed operatorQ as the set of thoseλ 2 C for which
Q�λ does not have a bounded inverse. From now on we suppose that all our operators are
self-adjoint. In particular, ifQ is self-adjoint, then specQ� R.

The discrete spectrumof a self-adjoint operatorQ consists of the eigenvaluesλ of finite
multiplicity which are isolated in the sense that]λ � ε;λ [ and ]λ ;λ + ε[ are disjoint from
specQ for someε > 0. Theessential spectrumess specQ is the non-discrete part of specQ.
We have the following characterisation of the essential spectrum:

1.3.1. Lemma (Weyl’s criterion). Let Q be a self-adjoint operator. Thenλ 2 ess specQ if
and only if there exists a sequence(un) � domQ such thatkunk = 1, un ! 0 weakly and
k(Q�λ )unk ! 0 as n! ∞.

The sequence(un) is called asingular sequencefor λ andQ.
An operatorQ haspurely discretespectrum if ess specQ = /0. From now on, we denote

the eigenvalues of a positive operator with purely discrete spectrum byλk or λk(Q) (or sim-
ilar notations) written inincreasing orderand repeated according to multiplicity. Thus the
eigenvalues of such an operator satisfy limk!∞ λk = ∞.

An operatorK : H1�!H2 is compactif (Kun) converges to 0 in norm for any sequence
(un) converging weakly to 0. IfH =H1 =H2 andK � 0 then this is equivalent to the fact that
specK nf0g consists only of discrete points. These points are eigenvalues of finite multiplicity
converging to 0 if they are ordered in decreasing order and repeated according to multiplicity.
Note that(Q+1)�1 is compact if and only ifQ� 0 has purely discrete spectrum. We have
another criterion:

1.3.2. Lemma. Let q be a positive form with corresponding operator Q. Then(Q+1)�1 is
compact if and only if the embedding map

ι : (domq;k�kq) ,! (H ;k�k
H

)

is compact.

The Min-max Principle allows us to obtain quantitative estimates of eigenvalues and to
compare the eigenvalues of different operators. LetQ be a positive self-adjoint operator with
corresponding (densely defined, closed, positive) formq. Suppose further thatQ has purely
discrete spectrum. LetL be any finite-dimensional subspace of domq. We define

λL(q) := sup
n q(u)
kuk2

���u2 L; u 6= 0
o
:

13



1 Preliminaries

The quotientq(u)=kuk2 is calledRaleigh-quotient of q. The following theorem is calledMin-
max Principle:

1.3.3. Theorem.The eigenvaluesλk(Q) of a positive self-adjoint operator Q with correspond-
ing form q satisfy

λk(Q) = inf
n

λL(q)
���L� domq anddimL = k

o
: (1.5)

1.3.4. Definition. Let q1 resp.q2 be a sesquilinear form with domain domq1 resp. domq2. We
say thatq1 is smaller or equal thanq2 (q1� q2) iff

domq1� domq2 and q1(u)� q2(u) (1.6)

for all u2 domq2.

Note that the inclusion of the domains in (1.6) is motivated by settingqi(u) := ∞ for all
u =2 domqi for i = 1 or i = 2. Then we haveq1� q2 if and only if q1(u)� q2(u) for all u2H .
With this convention we can allow anyk-dimensional subspaceL�H in (1.5).

Since the Min-max Principle for an operator with purely discrete spectrum describes the
k-th eigenvalue only in terms of the quadratic form and its domain, we have the following
corollary of the Min-max Principle:

1.3.5. Corollary. Let q1 and q2 be closed positive forms with corresponding operators Q1
and Q2. Suppose that Q1 has purely discrete spectrum. Furthermore suppose q1 � q2 or, in
particular, that q2 is the restriction of q1 to the subspacedomq2 of domq1. Then Q2 has purely
discrete spectrum and we haveλk(Q1)� λk(Q2).

We will make frequent use of this corollary since in many of our applications the forms
will only differ in their domain, not in their formal expression.

Next, we define the eigenvalue counting function:

1.3.6. Definition. SupposeQ� 0 is a self-adjoint operator inH . We set

dimI (Q) := dimRanEI (Q)

whereEI(Q) denotes the spectral projection ofQ on the measurable setI � R+ = [0;∞[. If
furthermoreQ has discrete spectrum then

dimI (Q) = ∑
λ 02I

dimker(Q�λ 0) = card
n

k2 N
���λk(Q) 2 I

o
denotes the number of eigenvalues lying inI . In particular, dimλ (Q) := dim[0;λ ](Q) denotes

the number of eigenvaluesλk(Q) of Q not greater thanλ .

The following simple statements will be needed in Chapter 8. More details can be found in
[RS78, Section XIII.15].

1.3.7. Lemma. Let Q1, Q2� 0 be operators with purely discrete spectrum.

1. If Q1�Q2 thendimλ (Q1)� dimλ (Q2).

14



1.4 Parameter-dependent Hilbert spaces

2. SupposeH =H1�H2 and Qi(Hi)�Hi for i = 1 and i= 2. Thendimλ (Q1�Q2) =
dimλ (Q1)+dimλ (Q2).

Finally, we sketch the idea of supersymmetry to obtain spectral information (see [CFKS87,
Section 6.3] or [BGV92, Section 1.3]). LetH andQ be self-adjoint operators and letP be a
self-adjoint, bounded operator on the Hilbert spaceH .

1.3.8. Definition. The triple(H;P;Q) hassupersymmetry, if

H = Q2� 0; P2 = 1; and fP;Qg := PQ+QP= 0: (1.7)

From the definition we conclude:

1.3.9. Lemma. Denote byH� the eigenspace corresponding to the eigenvalue�1 of P. Then
H =H+�H�. Furthermore, Q� := Q�

H�
maps (elements of a subset of)H� intoH� and

H = Q�Q+�Q+Q�.

Proof. Clearly, specP � f�1g. Let u 2 domQ � H�. Then Qu = �QPu= �PQu, i.e.,
Qu2H�. FurthermoreHu= Q�Q�u.

The following theorem shows that supersymmetry is useful to analyse the spectrum ofH.

1.3.10. Theorem.We havedimI (H+) = dimI (H�) for all measurable sets I�]0;∞[. In par-
ticular, specH+ nf0g= specH� nf0g.
Proof. For a detailed proof see [CFKS87, Theorem 6.3]. IfH has purely discrete spectrum,
thenH�u= λu impliesH�Q�u= Q�H�u= λQ�u. Sinceλ 6= 0, it follows thatu =2 kerH and
thereforeu =2 kerQ, i.e.,Q�u 6= 0 if and only ifu 6= 0.

1.4 Parameter-dependent Hilbert spaces

Since we will considerL2-spaces on Riemannian manifolds with metricsgε depending on a
parameterε, all Hilbert spaces will depend onε. In most cases only the inner product and thus
the norm will depend onε while the vector space structure will be the same. We nevertheless
prefer to discuss the general context even if it is quite technical.

To obtain convergence of the corresponding eigenvalues of the Laplacian we need several
estimates for the parameter-dependent eigenvalues, each of the Laplacians acting in a different
Hilbert space. We formulate the result in an abstract Hilbert space framework. Our Theo-
rem 1.4.2 is influenced by [Ann87, Th´eorème 1], [Ann99] and [Fuk87, Section 5], but we
prove a slightly different version of Lemma 5.1 in [Fuk87].

We assume thatHε andH 0
ε are separable Hibert spaces for eachε > 0. Furthermore, we

suppose thatqε andq0ε are positive quadratic forms for eachε > 0 with domains domqε and
domq0ε such that the associated self-adjoint operatorsQε andQ0

ε have purely discrete spectrum
denoted byλk(Qε) andλk(Q

0
ε) (as in the previous section).

1.4.1. Definition. A family (uε) with uε 2 domqε will be called(qε)-boundedif there exists
a constantc> 0 such that

kuεk2
qε

= kuεk2
Hε

+qε(uε)� c

for all ε > 0.
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1 Preliminaries

The following theorem is a simple consequence of the Min-max Principle for discrete
eigenvalues:

1.4.2. Theorem (Main Lemma). With the notation from above, for eachε > 0 let

Φε : domqε �! domq0ε

be a linear map which satisfies the following conditions for each(qε)-bounded family(uε):

1. limε!0(kΦεuεk2
H 0

ε
�kuεk2

Hε
) = 0 or kuεk2

Hε
� kΦεuεk2

H 0
ε
.

2. limε!0(q
0
ε(Φεuε)�qε(uε)) = 0 or qε(uε)� q0ε(Φεuε).

3. There exist constants ck > 0 such thatλk(qε)� ck for eachε > 0.

Then there exists for each k2 N a functionδk(ε)� 0 converging to0 asε ! 0 with

λk(Q
0
ε)� λk(Qε)+δk(ε)

for small enoughε > 0. If both inequalities in condition 1 and 2 are satisfied condition 3 is
unnecessary and we can chooseδk(ε) = 0.

Note that the convergence in Conditions 1 and 2 may depend on the family(uε). In [Fuk87]
a uniform control as in (1.15) is needed. Our result is in some sense more general, but the
non-uniformness of the convergence complicates our proof (see the remark after the following
proof).

Proof. Let (ϕε
k )k � domqε be an orthonormal system of eigenvectors for the corresponding

eigenvaluesλk(qε) anduε = ∑k
j=1αε

j ϕε
j be an element of the spaceEε

k generated by the firstk
eigenvalues. Condition 3 guarantees that(ϕε

j )ε is aqε -bounded family, in particular,qε(uε)�
ckkuεk2. We have

q0ε(Φεuε)

kΦεuεk2 �
qε(uε)

kuεk2 =

=
1

kΦεuεk2

�qε(uε)

kuεk2

�kuεk2�kΦεuεk2�+ �q0ε(Φεuε)�qε(uε)
��

: (1.8)

Furthermore, we have the estimate

kuεk2�kΦεuεk2 =
��� k

∑
i; j=1

αε
i αε

j (δi j �


Φε ϕε

i ;Φεϕε
j

�
)
���
� δ 0k(ε)

k

∑
j=1
jαε

j j2 = δ 0k(ε)kuεk2 (1.9)

with

δ 0k(ε) := k max
i; j=1;:::;k

jδi j �


Φεϕε

i ;Φεϕε
j

�j: (1.10)
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1.4 Parameter-dependent Hilbert spaces

Note that we have used the Cauchy-Schwarz Inequality in Estimate (1.9). We haveδ 0k(ε)! 0
by condition 1 and the Polarisation Identity (1.3):

jδi j �


Φεϕε

i ;Φεϕε
j

�j= j
ϕε
i ;ϕε

j

��
Φεϕε
i ;Φεϕε

j

�j
� 1

4

3

∑
n=0

���ϕε
i + inϕε

j

2�Φεϕε
i + inΦεϕε

j

2
���: (1.11)

Therefore the first term of the right hand side of Equation (1.8) will be smaller than
ck δ 0k(ε)kuεk2=kΦεuεk2. If we have only the second alternative of condition 1 we simply set
δ 0k(ε) = 0.

By a similar argument we can show the existence of a functionδ 00k (ε)� 0 converging to 0
asε ! 0 with

q0ε(Φεuε)�qε(uε)� δ 00k (ε)kuεk2: (1.12)

From Estimate (1.9) we also conclude�
1�δ 0k(ε)

�kuεk2� kΦεuεk2: (1.13)

Assume thatε is so small so thatδ 0k(ε)< 1 is valid. If we set

δk(ε) :=
1

1�δ 0k(ε)
�
ck δ 0k(ε)+δ 00k (ε)

�
then we can estimate (1.8) by

q0ε(Φεuε)

kΦεuεk2 �
qε(uε)

kuεk2 � δk(ε) (1.14)

where we have used (1.9), (1.12) and (1.13).
Next we want to show thatΦε(E

ε
k ) is k-dimensional. Supposeuε = ∑k

j=1αε
j ϕε

j with
Φεuε = 0. Then we have

k

∑
j=1
jαε

j j2 = kuεk2� 1
1�δ 0k(ε)

kΦεuεk2 = 0

by Estimate (1.13) for small enoughε. So we haveαε
j = 0 for all j = 1; : : : ;k, thusuε = 0

which implies the injectivity ofΦε�Eε
k
.

Finally, we apply the Min-max Principle (Theorem 1.3.3) to the quadratic formq0ε and we
obtain the estimate

λk(Q
0
ε)� λΦε(Eε

k )
(q0ε) = sup

uε2Eε
k

uε 6=0

q0ε(Φεuε)

kΦεuεk2 � sup
uε2Eε

k
uε 6=0

qε(uε)

kuεk2 +δk(ε) = λk(Qε)+δk(ε)

where we have used Estimate (1.14). Here, it is essential thatδk(ε) is independent ofuε .
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1 Preliminaries

1.4.3. Remark.Note that we cannot apply directly our Conditions 1 and 2 to (1.8) since we
need the error termsδk(ε) to be independent ofuε . But in the conditions the convergence
depends a priori on the family(uε). This is the reason why we apply the conditions only to the
eigenvectors(ϕε

i ) but not directly to the family(uε).

The alternative in the assumptions of the preceding theorem gives us the liberty either to
prove the convergence or the inequality in Condition 1 resp. Condition 2. We will use this fact
to simplify our calculations when this theorem will be applied to parameter-dependent mani-
folds. We often use the preceding theorem with the following assumptions (for the definition
of k�kqε see (1.2)):

1.4.4. Corollary. Suppose there exists a positive functionω(ε)! 0 asε ! 0 such that��kΦεuεk2
H 0

ε
�kuεk2

Hε

��� ω(ε)kuεk2
qε

(1.15)

qε(uε)� q0ε(Φεuε) (1.16)

for all uε 2Hε and all ε > 0 near 0. Suppose further that Condition 3 of Theorem 1.4.2 is
fulfilled. Then the result of Theorem 1.4.2 holds.

The following simple result shows that the eigenvalues depend continuously on the norm
and the quadratic form.

1.4.5. Lemma. Suppose thatH andH 0 are Hilbert spaces with the same underlying vector
space structure. Suppose further that q and q0 are positive quadratic forms such that the
corresponding operators Q and Q0 in H andH 0 have purely discrete spectrumλk(Q) and
λk(Q

0). If there exists a number0< η � 1
2 such that��kuk2

H �kuk2
H 0

��� η kuk2
H (1.17)

jq(u)�q0(u)j � η q(u) (1.18)

for all u 2H thenjλk(Q
0)�λk(Q)j � 4η.

Proof. From the assumptions we obtain

1�η
1+η

q0(u)
kuk2

H 0

� q(u)
kuk2

H

� 1+η
1�η

q0(u)
kuk2

H 0

:

The result follows by the Min-max Principle.

Next we consider how eigenvectors can be approximated in the context of parameter-
dependent Hilbert spaces. Suppose thatH , Hn are Hilbert spaces such thatHn �H as
vector spaces for alln2 N , i.e., the inner product ofHn may depend onn. Suppose further
thatq andqn are positive, closed quadratic forms inH andHn such that domqn� domq for
all n2 N . Denote the corresponding operators byQ andQn.

LetD be a form core ofq such that for everyv2D there exists a numbern0 = n0(v) 2 N

with v2 domqn for all n� n0.
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1.4 Parameter-dependent Hilbert spaces

1.4.6. Theorem.Suppose that there exist a constant c> 1 and a sequenceδn! 0 such that

kunk2
q� ckunk2

qn
(1.19)��
un;v

�
Hn
�
un;v

�
H

��� δn
�kunk2

qn
+kvk2

q

�
(1.20)

jqn(un;v)�q(un;v)j � δn
�kunk2

qn
+kvk2

q

�
(1.21)

for all v 2 D , n� n0(v) and un 2 domqn. Suppose further thatλn ! λ and that there exist
ϕn 2 domQn such that

Qnϕn = λnϕn; kϕnkHn
= 1: (1.22)

Then there exists a subsequence(ϕnm)m of (ϕn)n and an elementϕ 2 domQ such thatϕnm ! ϕ
weakly indomq, weakly inH and

Qϕ = λϕ: (1.23)

Note that we have not shown that the limit satisfiesϕ 6= 0. To prove this will be the main
difficulty in Chapter 8. Most of Section 2.4 is dedicated to deliver tools to solve this problem.

Proof. By Assumptions (1.19) and (1.22) we estimate

kϕnk2
H � kϕnk2

q� ckϕnk2
qn

= c(1+λn)kϕnk2
Hn

= c(1+λn):

Therefore,(ϕn)n is a norm-bounded sequence inH . By Theorem 1.1.1 there exist a subse-
quence(ϕnm)m and an elementϕ 2H such thatϕnm ! ϕ weakly in domq. Since the em-
bedding map domq ,!H is norm-continuous it is also continuous with respect to the weak
topologies on both spaces (see Lemma 1.2.1). We therefore conclude


ϕnm;v
�
H
! 


ϕ;v
�
H

and q(ϕnm;v)! q(ϕ;v) (1.24)

for all v2 domq. Furthermore,��q(ϕ;v)�λ


ϕ;v

�
H

��� ��q(ϕ�ϕnm;v)
��+ ��q(ϕnm;v)�qnm(ϕnm;v)

��+
+λnm

��
ϕnm;v
�
Hn
�
ϕnm;v

�
H

��+λnm

��
ϕnm�ϕ ;v
�
H

��+ ��λnm�λ
�� ��
ϕ;v

�
H

��
for all v 2 D andm2 N such thatnm � n0(v). Clearly, the last term of the right hand side
converges to 0 asm! ∞. By (1.24) the same is true for the first and forth term. The second
and third term can be estimated by

(1+λnm)δnm

�
1+λnmkvk2

q

�! 0

with regard to assumptions (1.20), (1.21) and (1.22). Therefore we have shown thatϕ 2 domQ
and (1.23).

We give another criterion for the assumptions made in the preceding theorem:
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1.4.7. Lemma. Suppose there exists a sequenceηn! 0 such that��kunk2
H �kunk2

Hn

��� ηnkunk2
qn

(1.25)

jq(un)�qn(un)j � ηnkunk2
qn

(1.26)

for all n 2 N and un 2 domqn. Then conditions(1.19), (1.20) and (1.21) are fulfilled with
δn := 2ηn

1�2ηn
. Furthermore there exists c> 1 such that

kunk2
qn
� ckunk2

q (1.27)

for all un 2 domqn.

Proof. From (1.25) and (1.26) one gets

kunk2
q� (1+2ηn)kunk2

qn
and kunk2

qn
� 1

1�2ηn
kunk2

q: (1.28)

Therefore (1.19) and (1.27) follow. Furthermore

��
un;v
�
Hn
�
un;v

�
H

��� 1
4

3

∑
k=0

�kun+ ikvk2
Hn
�kun+ ikvk2

H

��
� ηn

4

3

∑
k=0

kun+ ikvk2
Hn
� 2ηn

�kunk2
Hn

+kvk2
qn

�� 2ηn

1�2ηn

�kunk2
Hn

+kvk2
q

�
:

by using the Polarisation Identity (1.3), Estimate (1.27) and Assumption (1.25). We therefore
have proven (1.20). Condition (1.21) can be shown in a similar way.

1.5 Interchange of norm and quadratic form

The next result will be needed in Section 7.2. Suppose we are given a strictly positive closed
quadratic formq in the Hilbert spaceH , i.e., 0 is not in the spectrum of the corresponding
operatorQ. Sometimes it is useful to interchange the rˆole of the (squared) norm and the
quadratic formq, i.e., we define a new Hilbert spacefH on domq with norm q and regard
the original normk�k2

H
as a quadratic form with corresponding operatoreQ. Note that the new

normq on domq is different from the normkuk2
q = kuk2

H
+q(u) arising from the inner product

in (1.2).
We have the following correspondence between the spectrum ofQ and the spectrum ofeQ:

1.5.1. Lemma. Let Q be a positive operator with0 =2 specQ in a Hilbert spaceH with cor-
responding quadratic form q onfH := domq. We further suppose that Q has purely discrete
spectrum, i.e.,specQ= fλk jk2 N g with 0< λk% ∞ as k!∞.

Then fH equipped withkuk2
fH

:= q(u) is a Hilbert space and the operatoreQ corresponding

to the quadratic formeq(u) := kuk2
H

for u2 fH in the Hilbert spacefH has spectrum

speceQ=
n 1

λk

���k2 N

o
[
n

0
o
:

In particular, eQ is compact.
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1.5 Interchange of norm and quadratic form

Proof. Clearly,


u;v

�
fH
= q(u;v) is sesquilinear and positive definite. The Min-max Principle

implies

λ1kuk2
H � q(u)

and

λ1

1+λ1

�
q(u)+kuk2

H

�� q(u)� q(u)+kuk2
H :

Sinceλ1 > 0 andq is a closed form,k�k2
fH

is equivalent to a complete norm.

Let (uk)k be an orthonormal basis ofH consisting of eigenvectors ofQ with corresponding

eigenvaluesλk. Theneuk := 1p
λk

uk is orthonormal in fH . Supposeev is orthogonal in fH to euk

for all k2 N . Then we have

0=

euk;ev� fH = q(euk;ev) =q

λk



uk;ev�H

for everyk. Sinceλk > 0 it follows thatev is orthogonal to everyuk inH , thusev= 0. We have

therefore shown that(euk)k is a orthonormal basis offH .
We further have
 eQeuk;ev� fH = eq(euk;ev) = 
euk;ev�H =

1
λk



Qeuk;ev�H =

1
λk

q(euk;ev) = 1
λk


euk;ev� fH
for everyev2 fH . We have shown thateuk is an eigenvector with eigenvalue1λk

for eQ in fH .
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2 Analysis on manifolds

In this chapter we quote the necessary results needed later on. Sometimes, proofs are given if
we need special features which are not in standard textbooks. In the sequel we assume that our
manifolds are oriented and connected unless stated otherwise.

2.1 Spaces of square integrable functions

SupposeM is a Riemannian manifold with metricg. Let ϕ : U �!V be a chart whereU �M
andV � Rd are open subsets. Denote by dx the unique volume measure given locally by

Z
M

u :=
Z

M
u(x)dx=

Z
ϕU

u(y)(detg(y))
1
2 dy

for all integrable functionsu: U �! R. Here, detg(y) denotes the determinant of the usual
Riemannian metric coefficients(gi j (y))i j of g in the chartU . Furthermore dy denotes the

Lebesgue measure onRd . Note that the volume measure dx exists even on non-orientable
manifolds, see [BGM71], but here we will restrict ourselves to oriented manifolds. Note that
we do not distinguish betweenu and its representation in a chartuÆϕ�1, i.e., we identifyx2U
with y= ϕ(x) 2V and writeu(y) instead ofu(ϕ�1y).

If M has a boundary∂M 6= /0 we always assume that∂M is (piecewise) smooth and en-
dowed with its natural Riemannian metric and volume measure inherited fromM. Denote by
Æ

M the open setM n ∂M. If ∂M is smooth we need chartsϕ : U �!V with open subsetsV of
the half spaceRd

+ := fx2 Rd jxd � 0g.
Let pE : E �! M be a hermitian vector bundle, i.e., a vector bundle with inner product
�; ��Ex

in each fiberEx of E. In particular,Ex is a complex Hilbert space of constant finite

dimensionr. We often write

�; �� for the inner product andj � j for the corresponding norm

(suppressingEx in the notation).
In our applications,E will be the exterior tangent bundleApTM of degreep= 0; : : : ;d (with

the conventionA0TM := M� C andT�M := A1TM). This bundle inherits in a natural way a
hermitian structure


�; ��ApTM = gApTM
x (�; �) on each fibreApTMx = ApTxM from the tangent

bundleTM with inner product

�; ��TxM = gx(�; �) on the (complexified) fibreTxM. If (gi j )i j

denotes the inverse matrix of(gi j )i j in a given charty= ϕ(x), we have the local expression

(gApTM)i1;:::;i p; j1;:::; j p
y =

1
p!

gApTM
y (dyi1^�� �^dyip;dyj1^�� �^dyjp) =

= ∑
σ2S p

sgnσ g
i1 jσ(1)
y : : :g

ip jσ(p)
y (2.1)
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2 Analysis on manifolds

whereS p denotes the group of all permutations of the setf1; : : : ; pg. Note that the factor1p!
is necessary to have a definition consistent with (2.20).

A section inE is a differential mapu: M�!E with pE(u(x))= x, i.e., a smooth map which
associates to each pointx an elementu(x) 2 Ex. If ψ : U �!V� C r denotes a trivalising map
of E, we can identify the restricted sectionu�U with a mapV �! C

r , thelocal representation
of the section in the chartϕ : U �!V. LetCk

c(E) denote the space of all compactly supported
Ck-sections ofE such that the support does not intersect the boundary ofM. Foru;v2C∞

c (E),
we define the inner product


u;v
�

L2(E)
:=
Z

M



u(x);v(x)

�
Ex

dx: (2.2)

We denote byL2(E) the completion ofC∞
c (E) under the corresponding norm. We therefore

obtain a Hilbert space. As an example,L2(A
pTM) is the space of all square integrable dif-

ferential forms of degreep. In the case of the trivial bundleA0TM = M� C we writeL2(M)
instead ofL2(M� C ) for the space of all square integrable functions onM and similarly for
other function spaces. Therefore we obtain


u;v
�

L2(M)
=

Z
M

u(x)v(x)dx: (2.3)

We say thatu lies inL2;loc(E) if u�K lies inL2(E�K) for all compact subsetsK of M. Here,
E�K denotes the bundleE restricted toK. We say thatun 2 L2;loc(E) converges strongly in
L2;loc(E) if un�K converges strongly inL2(E�K) for all compact subsetsK of M.

2.2 Sobolev spaces

For more details see e.g., [H¨or85, Appendix B], [Gil95], [Ros97] or [Heb96].
Define thek-th Sobolev spaceon the open subsetV of Rd as the completion of the space of

smooth mapsu: V �! C r such that

kuk2
H k(V) := ∑

jκj�k

k∂κuk2
L2(V) (2.4)

is finite under the norm defined by (2.4). Denote this space byH k(V). Here,kuk2
L2(V) =

∑i kuik2
L2(V) denotes the (square of the) usualL2-norm of the vector-valued functionu, and∂κu

the derivative in each component ofu with respect to the multi-indexκ . Denote by
Æ

H k(V) the
closure ofC∞

c (V) inH k(V).
To define thek-th Sobolev space on vector bundlesE �!M we have to use a localisation

procedure. Let(χα)α2A be a partition of unity subordinate to the atlasA = (ϕα : Uα �!
Vα)α2A of M whereϕα is a chart and(Uα)α a locally finite cover. Denote byCk(E) the space
of all functions of classCk up to the boundary. ThenH k(E) is the completion of the space of
all u2C∞(E) such that

kuk2
H k(E) := kuk2

H k(E);A := ∑
α
kχαuαk2

H k(Vα )
(2.5)
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xd

∂Rd
+

∂Vα n∂Rd
+

d0

Vα

suppχα

Figure 2.1: The functionχα with distanced0 from the boundary.

is finite. Here,uα : Vα �! C r denotes the local representation of the sectionu in the chart
ϕα . Again,

Æ

H k(E) is the closure ofC∞
c (E) in H k(E). Note that this norm depends on the

choice of the cover and the atlas. Nevertheless, we give a criterion under which the norms
are equivalent (see Lemma 2.2.3). Define the supremum norm on the spaceCk(V) of all Ck-
functionsu: V �! C

d by

kukC(V)
:= sup

x2V
max

i
jui(x)j and kuk

Ck(V)
:= max

jκj�k
k∂κukC(V)

: (2.6)

2.2.1. Definition. Let k > 0. An atlasA = (ϕα : Uα �! Vα)α2A will be calledCk-bounded
(with bound c0 and maximal number of neighbours N)if Vα is relatively compact for allα 2 A
and if there exists a constantc0 and a numberN 2 N such that

sup
α;α 02A

kϕα Æϕ�1
α 0 kCk(Vα\Vα 0)

= c0 < ∞ (2.7)

card
n

α 0 2 A
���Uα \Uα 0 6= /0

o
� N for all α 2 A: (2.8)

A partition of unity (χα) subordinate to theCk-bounded atlasA will be calledCk-bounded
with respect to the atlasA (with bound c0 and distance d0 from the boundary)if there exist
constantsc0;d0 > 0 such that

sup
α2A

kχαkCk(Vα)
= c0 < ∞ (2.9)

inf
α2A

dist(suppχα ;∂Vα n∂Rd
+) = d0 > 0: (2.10)

Note that on a compact manifold, every (finite) partition of unity isCk-bounded. In Sec-
tion 3.6 we show thatCk-bounded partitions of unity also exist on periodic (non-compact)
manifolds.

Condition (2.10) says that the distance of suppχα from the “artificial” boundary∂Vα n∂Rd
+

of the chart has a lower bound (see Figure 2.1). This will be needed to apply regularity theory.
Condition (2.8) says, roughly speaking, that every setUα has at mostN neighbours. This

is necessary in the following lemma:

2.2.2. Lemma. Let (χα) be a partition of unity subordinate to the cover(Uα) of M with at
most N neighbours, i.e.,(2.8) is satisfied. Suppose further that D is an operator in L2(M).
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2 Analysis on manifolds

Then we have

kDuk2
L2(M) � 2N∑

α
kDχαuk2

L2(M) (2.11)

1
2N
kuk2

L2(M) �∑
α
kχαuk2

L2(Uα )
� kuk2

L2(M) (2.12)

for all u 2 domD with χαu2 domD resp. u2 L2(M).

Proof. We estimate

kDuk2 = ∑
α;α 0

Uα\Uα 0 6= /0



D(χαu);D(χα 0u)

� �
� ∑

α;α 0

Uα\Uα 0 6= /0

�kD(χαu)k2+kD(χα 0u)k2�� 2N∑
α
kD(χαu)k2

by using the Cauchy-Young Inequality (1.1). The second statement follows form the first with
D = id and by the fact that

∑
α
kχαuk2

L2(Uα )
�∑

α

Z
Uα

χα juj2 = kuk2
L2(M)

sinceχ2
α � χα � 1.

Now we give a criterion under which the different Sobolev norms are equivalent.

2.2.3. Lemma. Suppose that(χα) and (eχ
eα) are Ck-bounded partitions of unity subordinate

to the Ck-bounded atlasesA and fA with at most N neighbours and Ck-bound c0. Then there
exists a constant c= c(N;c0)� 1 such that

1
c
kuk

H k(E);A
� kuk

H k(E); fA
� ckuk

H k(E);A
:

for all u 2H k(E). In particular, the estimate holds on a compact manifold.

Proof. Note that Theorem B.1.8 of [H¨or85] is needed.

The following theorem follows easily from the Euclidian case:

2.2.4. Theorem (Rellich-Kondrachov Compactness Theorem).Suppose that E is a Hermi-
tian vector bundle over the compact manifold M. Suppose further that k1 > k2. Then the
embedding

ι : H k1(E) ,!H k2(E)

is compact, i.e., every sequence(un)n converging weakly in the Hilbert spaceH k1(E) to an
element u2H k1(E) converges in norm inH k2(E).

Finally, we quote the following theorem:

2.2.5. Theorem.Let M be a Riemannian manifold with smooth boundary∂M and let E be a
Hermitian bundle over M. Then the restriction u�∂M of a section u2H 1(E) is well-defined
and lies in L2(E�∂M).

Proof. (see [Ste70] or [H¨or85, Appendix B])
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2.3 The Laplacian on a manifold

2.3 The Laplacian on a manifold

Now we can define the Laplacian on a manifold. Many of the following statements on the
Laplacian can be found in [Cha84], [Tay96] or in [DS99, pp. 30–75], for example.

Let M be a (possibly non-compact) Riemannian manifold without boundary. We denote
the exterior derivative onM by

d: C∞
c (A

pTM)�!C∞
c (A

p+1TM)

and by d� its formal adjoint with respect to the inner product given by (2.2). Define a quadratic
form in the Hilbert spaceL2(A

pTM) by

qApTM(u) :=
Z

M

�jduj2+ jd�uj2� (2.13)

for u2C∞
c (A

pTM). SinceqApTM is a densely defined, positive form the closure exists and will
also be denoted byqApTM. Cleary,C∞

c (A
pTM) is a form core. We sometimes call the integral

in (2.13) theenergy integral ofApTM and its value theenergy of u.
If M is complete, i.e.,M is complete as a metric space or, equivalently, every maximal

geodesic is defined onR, one can prove thatH 1(M) = domqM (this is a part of Gaffney’s
Theorem, see [DS99, p. 53]). If the metric is uniformly elliptic with respect to an atlasA then
the normsk�k

H 1(M);A
andk�kqM

are equivalent. In particular, this is the case ifM is compact.
If we deal with functions, i.e.,p= 0, the quadratic form is given by

qM(u) =
Z

M
jduj2 =

Z
U

d

∑
i; j=1

gi j
y ∂iu(y)∂ ju(y)

�
detg(y)

�1
2 dy: (2.14)

Here, the second equality is valid if suppu lies in the coordinate chartU (see (2.1)). Note that
du= ∑i ∂iudyi .

2.3.1. Definition. SupposeM is a (possibly non-compact) manifold without boundary. Let
∆ApTM be the operator corresponding to the closed, positive sesquilinear formqApTM (see The-
orem 1.2.2), called theLaplacian onApTM. For the Laplacian on functions we simply write
∆M. If the context is clear, we sometimes write∆.

Formally, we have∆ApTM = d�d+dd� and∆M = d�d.

Note that ifM is complete, the Laplacian on functions is unique in the following sense: By
Gaffney’s Theorem,∆M�C∞

c (M)
is essentially self-adjoint, i.e., the smallest closed extension is

self-adjoint and agrees with our definition of the Laplacian.
If we deal with functions (p= 0), we specify different boundary conditions. Therefore we

suppose thatM is a compact manifold with boundary∂M 6= /0. We do this by changing the
domain, the quadratic form corresponding to the Laplacian is formally the same.

2.3.2. Definition. We define theDirichlet Laplacian on Mby the quadratic formqD
M(u) de-

fined in Equation (2.14) for allu2 domqD
M :=

Æ

H 1(M). Denote the corresponding operator by
∆D

M.

2.3.3. Definition. We define theNeumann Laplacian on Mby the quadratic formqN
M(u) de-

fined in Equation (2.14) for allu2 domqN
M :=H 1(M). Denote the corresponding operator by

∆N
M.
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2 Analysis on manifolds

Note that the form normsk�k
qD

M
and k�k

qN
M

are equivalent to the first Sobolev norm

k�k
H 1(M)

. Remember thatH 1(M) is the completion ofC∞(M) and that
Æ

H 1(M) is the closure

of C∞
c (M), the space of smooth functions with compact supportawayform ∂M.
It is clear that we can define mixed boundary conditions. LetZ be a component of∂M.

Let C∞
Z (M) denote the space of smooth functions with compact supportaway from Z. Thus

C∞
c (M)=C∞

∂M(M). We define a quadratic form by (2.14) on theH 1-closure ofC∞
Z (M). We call

the corresponding Laplacian theDirichlet-Neumann Laplacian(satisfying Dirichlet boundary
conditions onZ and Neumann boundary conditions on∂M nZ). In particular, if M is the
disjoint union of two manifoldsM1 andM2 we denote the corresponding quadratic form with
Dirichlet boundary conditions on∂M1 and Neumann boundary conditions on∂M2 by qDN

M1[̇M2.
Similar notations likeqND

M1[̇M2 or qDD
M1[̇M2 are understood in an obvious manner.

In the next lemma, the eigenvalues are written in increasing order and repeated according
to multiplicity as assumed in Section 1.3.

2.3.4. Lemma. 1. Let M be a compact manifold with boundary∂M. Let M0 be a subman-
ifold of M of the same dimension. Then the spectra of∆D

M0 and ∆N
M are purely discrete

and the eigenvalues satisfy

λ N
k (M)� λ D

k (M0): (2.15)

2. Suppose further that M= M1 [ M2 such that M1 \ M2 has measure0. Denote
by λ N

k (M1[̇M2) and λ D
k (M1[̇M2) the eigenvalues of the quadratic forms defined on

H 1(M1)�H 1(M2) and
Æ

H 1(M1)�
Æ

H 1(M2). Then we have

λ N
k (M1[̇M2)� λ N

k (M)� λ D
k (M)� λ D

k (M1[̇M2): (2.16)

This estimate is calledDirichlet-Neumann bracketing.

Proof. Theorem 2.2.4 ensures that the resolvent(∆N
M + 1)�1 is compact (see Lemma 1.3.2,

note thatH 1(M) and domqN
M have equivalent norms). Therefore∆N

M has purely discrete spec-
trum. By construction we have

Æ

H 1(M0)�H 1(M). The Min-max Principle (Corollary 1.3.5)
implies that∆D

M0 has also purely discrete spectrum and that Inequality (2.15) is satisfied. In-
equality (2.16) follows from the inclusions (resp. embedding maps by obvious identifications)

Æ

H
1(M1)�

Æ

H
1(M2)�

Æ

H
1(M)�H 1(M)�H 1(M1)�H 1(M2)

in the same way.

Note that the eigenvalue 0 corresponds to functions constant on every component. IfM is
connected the eigenspace corresponding to the eigenvalue 0 has dimension at most 1, but the
constant lies only in the domain of the Neumann Laplacian (quadratic form). Thusλ N

1 (M) = 0,
λ N

k (M)> 0 for k� 2 andλ D
k (M)> 0 for k2 N .

Since the Laplacians have purely discrete spectrum there exists an orthonormal basis con-
sisting of eigenfunctions. The following result justifies the names “Dirichlet” and “Neumann”
Laplacian (see [Tay96, Chapter 5] or [H¨or85, Section 20.1].

2.3.5. Theorem.The eigenfunctionsϕ of ∆D
M and∆N

M belong to C∞(M) and satisfyϕ�∂M = 0
resp.∂nϕ�∂M = 0.
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2.3 The Laplacian on a manifold

Here we have set∂nu := du(~n) on ∂M where~n denotes the outward normal unit vector
field of ∂M. Furthermore, denote byν the corresponding 1-form defined on a neighbourhood
of ∂M. Furthermore, denote byιν the interior product given by


u; ινv
�
=


ν ^u;v

�
i.e.,ιν is the formal adjoint of the exterior productu 7! ν^u. A proof of the following standard
result can be found in [Tay96, Section 2.10].

2.3.6. Lemma (Gauss-Green Formula).Let M be a Riemannian manifold with (piecewise)
smooth boundary∂M. Then we have


du;dv
�
+


d�u;d�v

�
=


∆ApTMu;v

�
+
Z

∂M

�

du;ν ^v

��
d�u; ινv
��

(2.17)

du;dv

�
=


∆Mu;v

�
+
Z

∂M
∂nuv (2.18)

for all u 2H 2(ApTM) and v2H 1(ApTM) resp. u2H 2(M) and v2H 1(M).

Note that du andv can be restricted to∂M (see Theorem 2.2.5).
Now we introduce the Hodge duality operator (see e.g., [Tay96, Section 5.8]). We still

assume thatM is orientable. Byω 2C∞(AdTM) we denote the volume form of the Riemannian
manifoldM. Let

� : C∞(ApTM)�!C∞(Ad�pTM) (2.19)

be the Hodge duality operator characterised by

u^ �v=


u;v

�
ApTMω (2.20)

for all u;v2C∞(ApTM). Since��u= (�1)p(d�p)u on p-forms,� is bijective. Furthermore,
� extends to a bounded operator onto the correspondingL2-spaces. Here, we do not want
to specify boundary conditions onp-forms (except forθ -periodic boundary conditions in Sec-
tion 3.4). Therefore, we suppose that∂M = /0. For the definition of natural boundary conditions
on p-forms see e.g. [Tay96, Section 5.9].

2.3.7. Lemma. The�-operator commutes with the Laplacian, i.e.,

∆Ad�pTM
�u= �∆ApTMu (2.21)

for all u 2H 2(ApTM).

We can apply the Hodge�-operator to obtain the following result:

2.3.8. Theorem.Suppose that M is an orientable Riemannian manifold of dimension d (with-
out boundary). Then we have the equalitydimI(∆ApTM) = dimI (∆Ad�pTM

) for all measurable
sets I� [0;∞[ and all0� p� d. In particular,

spec∆ApTM = spec∆Ad�pTM
:

If M is compact thenλk(A
pTM) = λk(A

d�pTM) for all k 2 N .
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2 Analysis on manifolds

Proof. Denote byEI(H) the spectral projection ofH on I . By Lemma 2.3.7 we also have

EI(∆Ad�pTM
)�= �EI (∆ApTM):

Since� is bijective we conclude the first statement. The other statements follow.

SetA+TM :=
L

p evenA
pTM andA�TM :=

L
p oddApTM. We use supersymmetry to prove

the following:

2.3.9. Theorem.Suppose that∂M = /0. Then we havedimI (∆A+TM) = dimI (∆A�TM) for all
measurable sets I�]0;∞[. In particular,

spec∆A+TM nf0g= spec∆A�TM nf0g:

Proof. LetH� := L2(A
�TM), Q := d+d�. ThenH = Q2 = ∆ATM. SetPu :=�u if u2H�.

Furthermore, ifu2H�, thenQu2H� andPQu=�Qu=�QPu. This proves that(H;P;Q)
has supersymmetry. The result follows by Theorem 1.3.10.

In dimension 2 the spectrum of the Laplacian on forms is completely determined by the
spectrum of the Laplacian on functions:

2.3.10. Corollary. If Mper is of dimension d= 2 (without boundary) then we havedimI (∆M) =
dimI (∆A1TM

) = dimI (∆A2TM
) for any measurable set I�]0;∞[. In particular,

spec∆M nf0g= spec∆A1TM
nf0g= spec∆A2TM

nf0g: (2.22)

Proof. The corollary follows directly from the preceding two theorems. Note that in dimension
2, A+TM = A0TM�A2TM andA�TM = A1TM.

The next lemma shows that harmonic functions minimize the energy integral in the follow-
ing sense:

2.3.11. Lemma.Let M be a Riemannian manifold. Let f be a Dirichlet function, i.e., f2
Æ

H 1(M), and let h2C∞(M) be harmonic, i.e.,∆Mh = 0. Then we have


dh;d f

�
L2(T

�M)
= 0.

In particular, we have

kdhk2
L2(T

�M) � kd( f +h)k2
L2(T

�M) and kd fk2
L2(T

�M) � kd( f +h)k2
L2(T

�M):

Proof. Using the Gauss-Green Formula (2.18) withf 2C∞
c (M), we obtain


dh;d f
�

L2(T
�M)

=


∆h; f

�
L2(M)

= 0:

A limiting argument shows that this is true for allf 2 Æ

H 1(M).

The next result follows from elliptic regularity theory (see [Tay96, Chapter 5])

2.3.12. Lemma (Weyl).Suppose h2 L2(M) satisfies
Z

M
h∆v= 0

for all v 2C∞
c (M). Then h2C∞(

Æ

M) and∆h= 0.
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Finally we quote another result due to Weyl. A proof can be found in [SV98, Theo-
rem 1.2.1]. For the definition of the eigenvalue counting function see Definition 1.3.6.

2.3.13. Theorem (Weyl asymptotic).Let M be a Riemannian manifold and denote by∆D=N
M

the corresponding Laplacian with arbitrary boundary conditions (if∂M 6= /0). Then we have

dimλ (∆
D=N
M

)� vol(B d)

(2π)d vol(M)λ
d
2 = O(λ

d�1
2 )

asλ ! ∞. Here,B d := fx2 Rd j jxj � 1g denotes the unit ball inRd.

Physically, the asymptotic behaviour of the eigenvalue counting function can be motivated
in the following way (see [RS78, Section XXX.15]):

2.3.14. Remark.If ∆D=N
M

describes the energy of a quantum mechanical system (with normal-

ized mass and units such that the Planck constant satisfies h= 1) then dimλ (∆
D=N
M

) is the num-
ber of states with energy not greater thanλ . Therefore we can understand the Weyl asymptotic
in a semi-classical picture: In classical mechanics, the energy levelλ determines a certain
allowed region in the phase spaceT�M with respect to the Hamiltonianh(x;ξ ) = gx(ξ ;ξ ),
(x;ξ ) 2 T�M whereg denotes the Riemannian metric onT�M. Here, an arbitrary number of
particles could be accomodated in this region of volume

volT�M

n
(x;ξ ) 2 T�M

���h(x;ξ )� λ
o
= λ d=2vol(B d) volM:

In quantum mechanics, however, the uncertainty principle implies that any particle occupies
a volume(2πh)d. Therefore the number of states of the corresponding Hamiltonian∆M in
quantum mechanics is approximately the allowed volume in phase space devided by(2πh)d =
(2π)d in our units.

2.4 Metric perturbations

In this section, we give some results on how to deal with Riemannian manifolds with changing
metric. Some of the results here can be found in standard text books, but we need an explicit
control on the constants in the estimates. This is necessary since in the application in Chapter 8
we deal with an increasing sequence of manifolds and we need bounds independent of this
sequence.

To construct perturbations of the metric on the manifoldM we define a norm onCk(S2TM).
Here,Ck(S2TM) denotes the space ofCk-sections in the bundle of bilinear symmetric forms
S2TM, i.e., the fibersS2TMx = S2TxM consist of all bilinear symmetric forms onTxM. There-
fore, a Riemannian metricg is a section inS2TM such thatgx is strictly positive definite for all
x2M.

2.4.1. Definition. A Riemannian metricg onM will be calledCk-bounded(with respect to the
Ck+1-bounded atlasA = (ϕα : Uα �!Vα)α2A) if

kgk
Ck(M)

:= kgk
Ck(M);A

:= sup
α2A

kgαkCk(Vα )
< ∞

wheregα = (gα;i j ) denotes the matrix-valued local representation ofg in the chartUα .
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Note that this definition is independent of the choice of the atlasA . If we choose another
Ck+1-bounded atlasfA then there exists a constantc= c(c0)� 1 such that

1
c
kgk

Ck(M);A
� kgk

Ck(M); fA )
� ckgk

Ck(M);A

for all g2Ck(S2TM). This is true because all transition maps have the uniformCk+1-bound
c0. Note that we need the derivative ofϕα Æϕ�1

α 0 to transformgα into gα 0 .
The next definition is necessary in order to apply regularity theory. Let

gα(y) := inf
v2Rdnf0g

gα;y(v;v)

jvj2 and gα(y) := sup
v2Rdnf0g

gα;y(v;v)

jvj2

be the smallest resp. greatest eigenvalue of the local representationgα of g at the pointy2Vα ,
i.e., the smallest resp. geratest eigenvalue of the matrix(gα;i j (y))i j .

2.4.2. Definition. We say thatg is uniformly elliptic with respect to the altlasA if there exist
constants 0< g

0
� g0 < ∞ such that

g
0
� inf

α2A
gα(y)� inf

α2A
gα(y)� g0

for all y2M. We briefly writeg
0
� g� g0 (with respect toA ).

Note that on a compact manifold, every metricg onM is uniformly elliptic with respect to
a suitable atlasA .

There are two useful tools when dealing with estimates. LetE andF be normed vector
spaces.

2.4.3. Lemma. Let D be an open subset of E�E such that(x;x) 2 D for all x 2 E. Suppose
that R: D�! F satisfies R(x;x) = 0. Then the following statements are equivalent:

1. The map R is uniformly continuous on a neighbourhood of the diagonalf(x;x) jx2 Dg.
2. There exists a monotone increasing functionη(δ )! 0 asδ ! 0 such thatkR(x;y)kF �

η(kx�ykE) for all (x;y) 2 D.

In particular, a function f: U �! F defined on some open subset U of E is uniformly contin-
uous if and only if there exists a monotone increasing functionη(δ )! 0 asδ ! 0 such that
k f (x)� f (y)k � η(kx�yk).
Proof. The functionη can be defined by

η(δ ) := sup
n
kR(x;y)kF

���(x;y) 2 D;kx�ykE � δ
o
:

Clearly,η is monotone. The uniform continuity ofR implies the continuity ofη.

2.4.4. Lemma. Let f : M �! F be continuous in x0 2M � E. Then there exists a monotone
increasing function c(δ ) such thatk f (x)k � c(kxk) for all x 2M.

Note thatc(δn) is a bounded sequence if(δn) is bounded.
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2.4 Metric perturbations

Proof. We set

η(δ ) := sup
n
j f (x)� f (x0)j

��� jx�x0j � δ ;x2M
o
:

Since f is continuous inx0, η(δ )< ∞. Furthermore, from the definition and the monotonicity
of η(δ ) we obtain

j f (x)j � j f (x0)j+η(jxj+ jx0j) =: c(jxj):
Note thatc depends onf andx0 2M.

2.4.5. Remark.We will apply this lemma in the following situation: LetV be open inRd and
letG: V �! L(Rd) be aCk-map. Suppose further thatf is a continuous function inG. We need
a fixed spaceE independent of the open setV. This can be achieved by extending the mapG to
a mapĜ: Rd �! L(Rd) with kĜk

Ck � e0kGkCk. Here,e0 is a constant depending on∂V, d and
k (see [Ste70]). But we can choose an atlas which has only a finite number of different shapes
∂Vα by restricting the charts to smaller sets if necessary. Therefore, we can assume thate0 is
independent onV. Applying Lemma 2.4.4 withE := Ck(Rd ;L (Rd)) we obtain a monotone
increasing functionc(δ ) independent ofV such thatk f (G)k � k f (Ĝ)k � c(kĜk)� c(e0kGk).

From now on, we assume that there exists aC2-bounded atlasA = (ϕα : Uα �!Vα) with
subordinateC2-bounded partition of unity(χα) with boundc0, distance from the boundary
d0 > 0 and maximal numberN of neighbours (see Definition 2.2.1). The assumption 0< g

0
�

g� g0 < ∞ always refers to the atlasA (cf. Definition 2.4.2). The existence of such metricsg
and atlasesA will be proven in Section 3.6.

We always assume thatU andV of a chartϕ : U �!V are relatively compact. Note that
we switch without mentioning between a function onU and onV. OnU , we always use the
definition of the corresponding function space defined for manifolds, onV we use the usual
definition onV � Rd

+ . Furthermore, we only allow such setsV for which an extension map of
Ck-maps onV to Ck-maps onRd with norm smaller thane0 exists (see Remark 2.4.5). Here,
e0 is a constant independent onV.

Let M resp. eM be the Riemannian manifoldM with metric g resp.eg. Similarly, for an
open subsetU �M, we endowU with the metricg and eU with the metriceg. Sometimes it is
convenient to write

jduj2T�U =
d

∑
i; j=1

gi j ∂iu∂ ju=


G�1∇u;∇u

�
Rd (2.23)

with G: V �! L (Rd). Here,G(y) denotes the strictly positive linear map associated with the
matrix (gi j (y))i j for y2V.

In the sequel, the various functionsη;ηi andc;ci depend only ong
0
, g0, c0, d0, e0 andN.

The following lemma gives estimates for theL2-norm and the quadratic form of the Laplacian
defined by different metrics onM.

2.4.6. Lemma. For all constants0< g
0
� g0 < ∞ there exists a monotone increasing function

η(δ )! 0 asδ ! 0 such that��kuk2
L2(M)�kuk2

L2(
eM)

��� η
�kg� egk

C0(M)

�kuk2
L2(M) (2.24)��kduk2

L2(T
�M)�kduk2

L2(T
� eM)

��� η
�kg� egk

C0(M)

�kduk2
L2(T

�M) (2.25)
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2 Analysis on manifolds

for all u 2 L2(M) resp. u2H 1(M), all metrics g andeg on M such that g
0
� g;eg� g0, and all

manifolds M.

Proof. We only prove (2.25) since the proof of (2.24) is similar but simpler. By Equation (2.23)
we have Z

M
jduj2 = ∑

α

Z
Vα

χα


G�1

α ∇u;∇u
�
Rd(detGα)

1
2

for all u2H 1(M), and a similar remark holds foreGα . Now we estimate���Z
M
jduj2�

Z
eM
jduj2

����
�∑

α

Z
Vα

χα

���
�1��deteGα
detGα

� 1
2
G

1
2
α
eG�1

α G
1
2
α

�
G� 1

2
α ∇u;G� 1

2
α ∇u

����(detGα)
1
2

� sup
α

sup
y2Vα

��R(Gα(y); eGα(y))
��
L (Rd)∑

α

Z
Vα

χα


G�1

α ∇u;∇u
�
(detGα)

1
2 :

Here,

R(G; eG) := 1� �deteG=detG
� 1

2G
1
2 eG�1G

1
2

for any two matricesG and eG is a continuous (matrix-valued) function on the compact set
D := f(G; eG) jg

0
� jGjL (Rd)

; j eGjL (Rd)
� g0g and therefore uniformly continuous. Since fur-

thermoreR(G;G) = 0 there exists a monotone functionη(δ )! 0 asδ ! 0 (see Lemma 2.4.3)
such that

jR(G; eG)jL (Rd)
� η(jG� eGj

Rd2)

for all (G; eG) 2 D where we have chosen the equivalent normjGj
Rd2 := supi; j jGi j j on E =

Rd2 �= L (Rd). Finally, we have

sup
α

sup
y2Vα

η(jR(Gα(y); eGα(y))jL (Rd)
)� η(kg� egk

C0(M)
)

which ends our proof.

In the rest of this section we give (among other estimates) a similar result for the difference
of two Laplacians arising from different metrics.

Note that we have to localize the global functions. We cannot quote standard arguments
here since we need bounds independent of the manifoldM. In our application,M = Mn will be
an increasing sequence of compact manifolds converging to a non-compact manifold. Some-
times, we even need to apply the results withM non-compact (see Theorem 8.1.7).

2.4.7. Lemma. For all constants0< g
0
� g0 < ∞ there exist monotone increasing functions

c1(δ ) andη1(δ )! 0 asδ ! 0 such that

k∆Muk2
L2(M) � c1

�kgk
C1(M)

�kuk2
H 2(M) (2.26)

k(∆M�∆
eM
)uk2

L2(M) � η1

�kg� egk
C1(M)

�kuk2
H 2(M) (2.27)

for all u 2H 2(M), all metrics g andeg on U such that g
0
� g;eg� g0, and all manifolds M.
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2.4 Metric perturbations

Proof. First, we prove the local estimates in the chartϕα : Uα �!Vα . The local proof of (2.26)
is quite obvious. Applying Lemma 2.4.4 we obtain a monotone increasing functionc01(δ )
independent onα (see Remark 2.4.5).

The local proof of Estimate (2.27) is essentially the same as the proof of Lemma 2.4.6.
Here, we have to estimate a continuous functionRdepending ongα;i j , egα;i j , ∂kgα;i j and∂kegα;i j
which is 0 ifgα = egα . Again, sinceg andeg are uniformly elliptic, we can restrict the definition
of R to some compact setD. Therefore, a monotone functionη 0

1(δ ) exists by Lemma 2.4.3
such that the local Estimate (2.26) holds.

The step from local to global estimates is simple. Using Lemma 2.2.2 and the local version
of (2.26) we obtain

k∆Muk2� 2N∑
α
k∆Uα

uαk2� 2N∑
α

c01
�kgk

C1(Uα )

�kuαk2
H 2(Uα)

�

� 2Nc01
�kgk2

C1(M)

�kuk2
H 2(M;A )

where we have setuα := χαu (note that we have used the monotonicity ofc01(δ )). Therefore
c1(δ ) := 2Nc01(δ ) is sufficient. The global proof of (2.27) is similar.

Now we show that locally, the first order differential operator[∆U ;χ] can be estimated by
a second order differential operator.

2.4.8. Lemma. For all constants0< g
0
� g0 < ∞ there exists a monotone increasing function

c02(δ ) such that[∆U ;χ]u


L2(U)
� c02

�kgk
C1(U)

�kχk
C1(U)

�kuk2
L2(U)+k∆Uuk2

L2(U)

�
(2.28)

for all u 2H 2(U)\ Æ

H 1(U), all χ 2C∞(U), all metrics g on U such that g
0
� g� g0, and all

chartsϕ : U �!V.

Proof. Without loss of generality assume thatu2C∞(U) with u�∂U = 0. Again,G(y) denotes
the strictly positive linear map inRd associated with the matrix(gi j (y))i j as in Equation (2.23).

SinceT = [∆U ;χ] is a first order differential operator we can writeTu= ∑d
i=1 ti∂iu+ t0u with

smooth coefficientst = (t0; : : : ; td). Denote byktkC0(U)
the maximum of the supremum norms

of ti. Then we have

kTuk2
L2(U) � 2

Z
U
(j

d

∑
i=1

ti∂iuj2+ jt0uj2)(detG)
1
2

� 2
Z

U



A∇u;∇u

�
(detG)

1
2 +2kt0k2

C0(U)kuk2
L2(U)

whereA(y) denotes the linear map represented by the matrix(ti(y)t j(y))i j . Furthermore we
estimate similarly as in the proof of Lemma 2.4.6

Z
U



A∇u;∇u

�
(detG)

1
2 � kAGk

C0(U;L (Rd))

Z
U



G�1∇u;∇u

�
(detG)

1
2

� kAk
C0(U;L (Rd))

kGk
C0(U;L (Rd))



∆Uu;u

�
L2(U)
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2 Analysis on manifolds

where we have used the Gauss-Green Formula (2.18). Here, the boundary term vanishes since
u�∂U = 0. By the Cauchy-Young Inequality (1.1) we obtain


∆Uu;u
�

L2(U)
� k∆Uuk2

L2(U)+kuk2
L2(U):

By the construction ofA(y) we havejA(y)j
L (Rd)

� dmaxi jti(y)j. Furthermore,ktk
C0(U)

can be

estimated byc002(kgkC1(U)
)kχkC1(U)

for some monotone functionc002(δ ) (see Lemma 2.4.4 and
Remark 2.4.5). Therefore we obtain

kTuk2
L2(U) � f (G)ktk

C0(U)

�k∆Uuk2
L2(U)+kuk2

L2(U)

�
with the continuous functionf defined by

f (G) := 2d
�kGk

C0(Rd ;L (Rd))
+1

�
Again, by applying Lemma 2.4.4 there existsc0002 (δ ) estimatingf (G). Therefore, we can set
c02(δ ) := c002(δ )c0002 (δ ).

2.4.9. Lemma. For all constants c0 > 0, 0< g
0
� g0 < ∞ there exists a monotone increasing

function c2(δ ) such that

k[∆M;χ]uk2
L2(M) � c2

�kgk
C1(M)

�kχk
C1(M)

kuk2
H 1(M)

for all u 2H 1(M), all χ 2C∞(M), all metrics g such that g
0
� g� g0, and all manifolds M.

Proof. Locally, this is clear since[∆Uα
;χα χ] is a first order differential operator. In the global

estimate we can setc2(δ ) := c0c002(δ ) wherec002(δ ) is defined in the previous proof, and where
c0 is theC2-bound of the partition of unity.

Finally, we quote results from regularity theory to obtain bounds on theH 2-norm. Here,
we need Assumption (2.10) on the partition of unity.

2.4.10. Theorem.For all constants c0;d0 > 0, 0 < g
0
� g0 < ∞ there exists a monotone in-

creasing function c3(δ ) such that

kuk2
H 2(M) � c3

�kgk
C1(M)

��kuk2
L2(M)+k∆Muk2

L2(M)

�
(2.29)

for all u 2H 2(M)\ Æ

H 1(M), all metrics g such that g
0
� g� g0, and all manifolds M with

smooth boundary∂M.

Proof. The proof of the local estimate (withUα anduα = χαu instead ofM andu) is standard
in elliptic regularity theory, see e. g. [GT77, Theorem 8.12] or [Tay96, Theorem 5.1.3]. The
constant in Inequality (2.29) depends continuously on the coefficientsgα of the elliptic oper-
ator∆Uα

and its first derivatives. These coefficients are indeed controlled bykgαkC1(Uα )
. By

Lemma 2.4.4 the desired functionc03(δ ) in the local estimate exists (see also Remark 2.4.5).
Note that we do not have a dependence on the boundary ofVα by Assumption (2.10).
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To obtain the global estimate we calculate

kuk
H 2(M);A

= ∑
α
kuαk2

H 2(Vα )

� c03
�kgk

C1

�
∑
α

�kuαk2
L2(Uα )

+ k∆Uα
uαk2

L2(Uα )

�
� c03

�kgk
C1

��kuk2
L2(M)+k∆Muk2

L2(M)+∑
α

[∆Uα
;χα ]u

2
L2(M)

�
where we have used Lemma 2.2.2 and the monotonicity ofc03(δ ). Applying Lemma 2.4.8 we
obtain [∆Uα

;χα ]u
2� c02

�kgαkC1

�kχαkC1

�kuk2
L2(Uα )

+k∆Uα
uk2

L2(Uα )

�
:

Finally, we can setc3(δ ) := c03(δ )(1+ c0c02(δ )). Here, we have applied Lemma 2.2.2 again.

2.5 The Decomposition Principle

In this section we prove that the essential spectrum is determined by the geometry at infinity,
i.e., the essential spectrum remains invariant under compact perturbations of the manifold. This
result will be needed in Chapter 8. A similar result for the continuous spectrum is proven in
[DL79].

Suppose thatM is a manifold which admits an atlas with a finite number of neighbours and
aC2-bounded subordinate partition of unity with strictly positive distance from the boundary
(see Definition 2.2.1). Furthermore, suppose that aC1-bounded metric with respect to the atlas
exists. Therefore the results of the last section can be applied.

Remember thatλ 2 ess spec∆M if and only if there exists a singular sequence forλ and
∆M (see Weyl’s Criterion Lemma 1.3.1).

2.5.1. Theorem.Let M be a manifold as above. Suppose that K� Æ

M is compact. Then for
everyλ 2 ess spec∆M there exists a singular sequence with support away from K.

Proof. Let (un) be singular sequence forλ and∆M, i.e., kunk = 1, un ! 0 weakly inL2(M)
andk(∆M�λ )uk ! 0. LetU1, U2 be open, relatively compact sets such thatK �U1�U1�
U2 � U2 �

Æ

M. Furthermore, letχ1 2C∞
c (U1) such thatχ1�K = 1 and letχ2 2C∞

c (U2) such
thatχ2�U 1 = 1. Since dist(suppχ2;∂M)> 0 we do not need that∂M is smooth, i.e.,∂M could
have singularities as corners etc. By Theorem 2.4.10 and Lemma 2.4.9 there exists a constant
c0 > 0 such that

kχ2unk2
H 2(U2)

� c0
�kunk2

L2(M)+k∆Munk2
L2(M)

�
� c0

�
(1+λ )kunk2

L2(M)+k(∆M�λ )unk2
L2(M)

�
for all n 2 N . Therefore(χ2un) is bounded inH 2(U2). By passing to a subsequence also
denoted by(χ2un) we can assume thatχ2un ! 0 weakly inH 2(U2) (Theorem 1.1.1). By
the Rellich-Kondrachov Compactness Theorem (Theorem 2.2.4) we haveχnun! 0 in norm in
H 1(U2), in particular,χ2un! 0 in L2(U2).
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2 Analysis on manifolds

Let evn := (1� χ1)un. Since we have 1= kunk � kχ2unk+ kevnk there exists a constant
c00 > 0 such thatkevnk � 1=c00. Now we can show thatvn := evn=kevnk is the desired singular
sequence. Clearly, suppvn�MnK andvn! 0 weakly inL2(M) by the existence ofc00. Finally,
note that (∆M�λ )vn


L2(M)

� c00
�(∆M�λ )un


L2(M)

+
[∆M;χ1]un


L2(U1)

�
:

The first term converges to 0 by our assumption onun, the second term converges to 0 since it
can be estimated by some constant timeskχ2unk

H 1(U2)
by Lemma 2.4.9. Here, we have used

thatχ2�U1
= 1, i.e., the construction with the two setsU1 andU2 is necessary.

Therefore, the essential spectrum of a manifold describes the manifoldat infinity, i.e., outside
compact subsets, in contrast to the discrete spectrum determined by the behaviour of the metric
on compact subsets.
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3 Floquet theory

The main idea in analysing periodic problems is the unitary equivalence of the operator on
the full domain to a family of operators on a periodic cell, called Floquet theory or sometimes
Bloch theory.

3.1 Fourier analysis on abelian groups

For the details of Fourier analysis on abelian groups see [Rud62] or [Pon57]. LetΓ be a
discrete, abelian group which is generated byr elementse1; : : : ;er 2 Γ. Such a group is iso-
morphic toZr0�Z

r1
p1
��� ��Zra

pa
for some numbersr0; : : : ; ra2 N0 with r = r0+ � � �+ ra. Here,

Zp denotes the abelian group of orderp� 2 with one generator. We suppose thatΓ is endowed
with its discrete topology.

We call the group of (continuous) homomorphism fromΓ intoS1 thedual groupor charac-
ter group, denoted bŷΓ. This group can be endowed in a natural way with a compact topology.
The corresponding (unique) Haar measure with total mass 1 is denoted by dθ .

The dual group ofZ is isomorphic (in the sense of topological groups) toS1. Further-
more,Ẑp is isomorphic to the closed subgroupfz2 C jzp = 1g (itself isomorphic toZp) of
S1. Therefore, we sometimes identify an elementθ 2 Γ̂ with its element(θ(e1); : : : ;θ(er)) in
the corresponding subgroup of(S1)r . In particular, ifΓ = Z

r we sometimes identify the ele-
mentθ 2 Γ̂�= (S1)r with (arg(θ(e1)); : : : ;arg(θ(er))) 2 Rr (modulo 2π in each component).

As in the case of the usual Fourier analysis onΓ = Z, we have the following orthogonality
relation

Z
Γ̂

θ(γ)dθ =

(
1 if γ = 1;

0; otherwise.
(3.1)

The Fourier inversion Formula in this context is

f (θ) = ∑
γ2Γ

θ(γ�1)
Z

Γ̂
θ 0(γ) f (θ 0)dθ 0 (3.2)

for allmost allθ 2 Γ̂ and all f 2 L1(Γ̂). Here, it is essential thatΓ is abelian.
In what follows we want the groupΓ to be of infinite order; thus the only restriction is

r0 > 0.

3.2 Periodic manifolds and vector bundles

For details see e.g. [Cha93, section 4.2] or [BGV92]. LetΓ be a discrete, finitely generated
group which acts isometrically on ad-dimensional Riemannian manifoldMper, i.e., we have a
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3 Floquet theory

group actionΓ�Mper�!Mper, (γ;x) 7! γ �x such that(γ�) : Mper�!Mper is an isometry for
everyγ 2 Γ.

We say thatΓ acts properly discontinuously on Mper if to eachx 2 Mper there is a neigh-
borhoodU of x such that the collection of open setsfγU jγ 2 Γg are pairwise disjoint (see
Figure 3.1).

A manifold Mper is calledperiodicor covering (Riemannian) manifold(with respect toΓ)
if Γ acts isometrically and properly discontinuously onMper.

Under these conditions, the orbit spaceMper=Γ, i.e., the space of all equivalence classes
Γx = fγ �xjγ 2 Γg, has a natural Riemannian metric such that the projectionπ : Mper�!
Mper=Γ, x 7! Γx is a local isometry.

We call the actioncocompactif the orbit spaceMper=Γ is compact.

3.2.1. Definition. An open setD � Mper is called afundamental domainof the Γ-action if
M := D is connected, if∂M is piecewise smooth and if the following two conditions are satis-
fied:

D\ γD = /0 for all γ 2 Γnf1g (3.3)[
γ2Γ

γM = Mper: (3.4)

We callM aperiod cell.

MperDγD

γU U

γ�
xγx

Figure 3.1: The groupΓ = Z
2 acting properly discontinuously onMper. An elementγ 2 Γ translates

the fundamental domainD to the disjoint copyγD. We call the closureM = D aperiod cell.

Intuitively, if we fix a period cellM, one can imagineMper as a manifold glued from
(cardΓ)-many copies ofM such thatγ 2 Γ movesM to exactly one of the copies. Here,
one can think of a tesselated pavement as in Figure 3.1 where we have chosen a fish-shaped
period cell. Note that for a cocompact action any period cell is compact. For more details
on fundamental domains, e.g. the existence of fundamental domains with piecewise smooth
boundary see [Bea83, Chapter 9]. In particular, we have the following lemma:

3.2.2. Lemma. SupposeΓ has r generators. Then we can decompose the piecewise smooth
boundary∂M into 2r 0 closed smooth components Zi with r0 � r such that

Æ

Zi are pairwise
disjoint for i = 1; : : : ;2r 0. Furthermore, for each i= 1; : : : ; r 0 there existsγi 2 Γ such that
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3.3 Floquet decomposition

Z1Z2

MZ3

Z6

Z5

ϕ2

ϕ1

ϕ3
Z4

Figure 3.2: A period cell with the isometriesϕi identifying elements on the boundary.

ϕi : Z2i�1 �! Z2i are isometries of the formϕi(x) = γi �x for all x2 Z2i�1 (see Figure 3.2). If
we identify Z2i�1 with Z2i via ϕi we obtain a space isometric to the orbit space Mper=Γ.

Let p: Eper�!Mper be a hermitian vector bundle. We further suppose thatΓ acts on the
left of bothEper andMper in such a way thatp(γ�e) = γ � p(e) for all e2 Eper, i.e., we have
maps

γ� : Ex�! Eγ�x for eachx2Mper

which we further suppose to be unitary with respect to

�; ��Ex

. We call such a hermitian
vector bundleperiodic (with respect toΓ) or Γ-equivariant(see [BGV92, section 1.1]). If
Eper= ApTMper is the exterior tangent bundle we defineγ� to be the pull-back of

d(γ�1�) : Tγ�xM
per�! TxM

per;

the derivative of the isometry(γ�1�).
Foru2C∞

c (E
per) andγ 2 Γ, we define theγ-translate ofu by

(Tγu)(y) := γ�u(γ�1 �y) for y2Mper.

SinceΓ acts unitarily onEper and isometrically onMper we have

kTγuk2
L2(E

per) = kuk2
L2(E

per) for u2C∞
c (E

per).

Hence we can extend the operatorTγ to a unitary operator onL2(E
per) also denoted byTγ . We

therefore have a unitary representation ofΓ on L2(E
per). The operatorTγ acts as a translation

operator.

3.3 Floquet decomposition

For details on Floquet theory on manifolds and vector bundles see [Don81] and [Gru98]. In
the caseΓ = Zd andM = Rd we refer to [RS78].

Remember thatΓ is abelian. We start with the decomposition of the spaceL2(E
per). We

define the space of smooth(Γ;θ)-equivariantor θ -periodicsections onEper by

C∞(Eper)Γ;θ :=
n

u2C∞(Eper)
���Tγu= θ(γ)u for all γ 2 Γ

o
: (3.5)
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3 Floquet theory

Clearly, any sectionu2C∞(Eper)Γ;θ is determined by its valuesu�M on a period cellM�Mper.
Thus

kuk2
L2(E) :=

Z
M
ju(x)j2Ex

dx (3.6)

defines a norm onC∞(Eper)Γ;θ . We call the completion ofC∞(Eper)Γ;θ under this norm
L2(E

per)Γ;θ . If E := Eper�M denotes the restricted vector bundle, it is easy to see that the
restriction mapL2(E

per)Γ;θ ! L2(E), u 7! u�M is unitary. Furthermore,u�M


L2(E

per�M)
=
u�M0


L2(E

per�
M0)

(3.7)

for θ -periodicu 2 L2(E
per)Γ;θ and any other periodic cellM0. The inverse of the restriction

map is given by extending a sectionu2 L2(E) on M to aθ -periodic sectionΘθ u on Mper, i.e.,

(Θθ u)(y) := ∑
γ2Γ

θ(γ�1)Tγu(y): (3.8)

Note that theθ -periodicity is not a restriction in the case ofL2-spaces since we do not need any
smoothness conditions at the boundary∂M for functions inL2. Finally note thatΘθ u makes
also sense foru2C∞

c (E
per).

In the sequel we often switch between aθ -periodic section onMper and its restriction to a
period cellM (also calledθ -periodic). We set

C∞
θ (E) :=

n
u�M

���u2C∞(Eper)Γ;θ
o
: (3.9)

Note that this space depends onθ in contrast to the correspondingL2-space.
We define the direct (constant) fiber integral

R �
Γ̂ L2(E)dθ as in [RS78, XIII.16]. For a sim-

ilar definition of nonconstant fiber integrals overθ -associated vector bundles see e.g. [Don81]
or [Gru98].

Foru2C∞
c (E

per) we set(Uu)θ := Θθ u. Furthermore, we have

kUuk2R�
Γ̂ L2(E)dθ =

Z
Γ̂
k(Uu)θk2

L2(E)dθ

=
Z

Γ̂

Z
M

∑
γ;γ 02Γ

θ(γ�1γ 0)


Tγu(y);Tγ 0u(y)

�
Ey

dydθ

= ∑
γ2Γ

Z
M
jTγu(y)j2Ey

dy (by (3.1))

= ∑
γ2Γ

Z
γM
ju(x)j2Ex

dx

=
Z

Mper
ju(x)j2Ex

dx

= kuk2
L2(M

per):

Thus this map extents to an isometry

U : L2(E
per)�!

Z �

Γ̂
L2(E)dθ :
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3.3 Floquet decomposition

The adjoint is given by

U� f (x) =
Z

Γ̂
θ(γ)γ�1

� f θ (y)dθ 2 Ex:

for x 2 Mper which can be written asx = γ�1 � y with y 2 M in a unique way (up to a set of
measure 0). By the Fourier inversion Formula (3.2) we have

(UU� f )θ (y) = ∑
γ2Γ

θ(γ�1)Tγ(U
� f )(y)

= ∑
γ2Γ

θ(γ�1)γ�
Z

Γ̂
θ 0(γ)γ�1

� f θ 0(y)dθ 0

= ∑
γ2Γ

θ(γ�1)
Z

Γ̂
θ 0(γ) f θ 0(y)dθ 0

= f θ (y): (3.10)

We therefore have proven:

3.3.1. Theorem.The operator U is unitary with adjoint U�.

We now start with our analysis of periodic operators. For details see e.g. [RS78, section
XIII.16].

3.3.2. Definition. A bounded operatorA in L2(E
per) is calledperiodic(with respect toΓ) if A

commutes with the unitary translation operatorTγ for all γ 2 Γ.

3.3.3. Definition. A bounded operator̃A in
R �

Γ̂ L2(E)dθ is calleddecomposableif there exists
a measurable family(Aθ )θ of bounded operators inL2(E) such that(Ã f)θ = Aθ f θ for every
elementf 2 R �Γ̂ L2(E)dθ . We writeÃ=

R�
Γ̂ Aθ dθ .

We have the following characterisation of decomposable operators:

3.3.4. Theorem.The decomposable bounded operators are exactly the operators commuting
with each element of the algebra

A :=
nZ �

Γ̂
f (θ)1dθ

��� f 2 L∞(Γ̂)
o

consisting of those operators whose fibres are multiples of the identity operator1 on L2(E).

Proof. A proof can be found in [RS78, Theorem XIII.84].

A consequence is:

3.3.5. Corollary. Let A be a bounded operator in L2(E
per) and seteA := UAU�. Then A is

periodic if and only ifeA is decomposable.

43



3 Floquet theory

θ
B1(D)

B2(D)
k= 2

B3(D)

λk(D
θ )

k= 1

k= 3

Figure 3.3: Band structure of the spectrum of aΓ-periodic operatorD. Here, the second and third band
overlap.

Proof. By Theorem 3.3.4, the set of all decomposable operators is the commutantA 0 of A .
The subalgebra ofC(Γ̂), generated byfeγ jγ 2 Γg, is dense inC(Γ̂) by the Stone-Weierstrass
Theorem. Here, we have seteγ(θ) := θ(γ). FurthermoreC(Γ̂) is weakly dense inL∞(Γ̂),
therefore the subalgebra ofA generated byeγ1 is weakly dense inA . Since commutants
are weakly closed, an operatoreA lies inA 0 if and only if [eA;eγ] = 0 for all γ 2 Γ. Finally, a
calculation similar to (3.10) shows that

UTγU
� f = eγ f ;

i.e.,Γ acts on
R �

Γ̂ L2(E)dθ as multiplication operator, i.e.,(eγ f )θ = θ(γ) f θ . Therefore[eA;eγ] =
0 for all γ 2 Γ if and only if [A;Tγ ] = 0 for all γ 2 Γ. The latter statement is the periodicity of
A.

Since we are dealing with self-adjointunboundedoperatorsD we apply our definitions to
the (bounded) resolvent(D+ i)�1 (again see [RS78]).

The following nice characterisation of the spectrum of a decomposable operator is one
reason why one is interested in Floquet theory:

3.3.6. Theorem.Suppose that(Dθ )θ is a family of positive operators on L2(E) such that Dθ

has purely discrete spectrumλk(D
θ ) written in increasing order and repeated according to

multiplicity. Suppose further thatλk(D
θ ) depends continuously onθ for each k2 N . Then the

spectrum of
R�

Γ̂ Dθ dθ is given by

spec
Z �

Γ̂
Dθ dθ =

[
θ2Γ̂

specDθ =
[
k2N

n
λk(D

θ )
���θ 2 Γ̂

o
:

In particular, the spectrum of
R �

Γ̂ Dθ dθ consists of the union of compact intervals Bk :=

fλk(D
θ ) jθ 2 Γ̂g, called k-th band.

Proof. For a proof see [RS78]. Since the eigenvalues depend continuously onθ , and Γ̂ is
compact, thek-th bandBk is indeed a compact interval.

Therefore the spectrum of aΓ-periodic operatorD with decomposition
R�

Γ̂ Dθ dθ (by Corol-
lary 3.3.5) satisfying the assumptions of Theorem 3.3.6 has band structure, i.e., the spectrum
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3.4 Periodic Laplacian on a manifold

is the locally finite union of compact intervals

specD =
[
k2N

Bk(D) (3.11)

with Bk(D) =
n

λk(D
θ )
���θ 2 Γ̂

o
, thek-th band ofD. Note that in general we do not know if

we have gaps or not, i.e., ifBk(D)\Bk+1(D) = /0 for somek2 N (see Figure 3.3).

3.4 Periodic Laplacian on a manifold

Let Mper be a periodic manifold as in Section 3.2. For simplicity, suppose thatMper has no
boundary. Denote byApTM the restriction ofApTMper to a period cellM of Mper.

3.4.1. Definition. Let θ 2 Γ̂. We denote byH 1
θ (ApTM) the completion ofC∞

θ (A
pTM), the

space of allθ -periodic differential forms (see (3.9) and (3.5)), under the form norm ofqθ
ApTM

or under the equivalent normk�k
H 1(ApTM)

. Here,qθ
ApTM(u) is defined as in (2.13) foru 2

C∞
θ (A

pTM) and can be extended to domqApTM =H 1
θ (ApTM). Clearly, this defines a closed,

positive form. We denote the corresponding operator by∆θ
ApTM resp.∆θ

M if p = 0, theθ -
periodic Laplacian onApTM resp. M.

We have the following equivalent description ofH 1
θ (M): We decompose the boundary∂M

into 2r 0 componentsZi as in Lemma 3.2.2 and obtain isometriesϕi : Z2i�1�!Z2i . The restric-
tion u�∂M is well-defined for aθ -periodic elementu2H 1

θ (M) by Theorem 2.2.5. Therefore
u(ϕi(x)) = θ(γi)u(x) for all x2 Z2i�1 and alli = 1; : : : ; r 0, i.e., the value ofu on Z2i is just the
value ofu onZ2i�1 multiplied by a complex number of norm 1.

After the completion procedure,H 1
θ (ApTM) still depends onθ in contrast to the corre-

spondingL2-space (see Section 3.3). Note that ifu is smooth enough, similar remarks hold for
higher derivatives like du.

3.4.2. Lemma. Let M be a period cell of a periodic manifold Mper. Suppose further thatθ 2 Γ̂.
Then the spectrum of theθ -periodic Laplacian∆θ

M is purely discrete and satisfies

λ N
k (M)� λ θ

k (M)� λ D
k (M): (3.12)

This inequality is sometimes calledDirichlet-Neumann enclosure.
Furthermore,∆θ

ApTM has purely discrete spectrum denoted byλ θ
k (A

pTM).

Proof. By Lemma 2.3.4,∆N
M has purely discrete spectrum. We have the following inclusion

C∞
c (M)�C∞

θ (M)�C∞(M):

If we complete these spaces the inclusions remain true. Therefore we have
Æ

H
1(M)�H 1

θ (M)�H 1(M):

In particular, the Min-max Principle (see Corollary 1.3.5) implies that∆θ
M has purely discrete

spectrum and the Inequality (3.12) is satisfied.
In the same way as in Lemma 2.3.4 we prove that∆θ

ApTM has purely discrete spectrum de-
noted byλ θ

k (A
pTM). It is important thatH 1

θ (ApTM) and domqθ
ApTM have equivalent norms.

This can be shown since the boundary term in the Gauss-Green Formula (2.17) vanishes for
θ -periodic forms (see e.g., [H¨or85, Chapter 20.1] or [AC93]).
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3 Floquet theory

Note that we still have an eigenvalue enclosure like (3.12) for the “Neumann” Laplacian
onApTM (defined in the same way as for functions, i.e., the form domain is the completion of
C∞(ApTM) under the form norm of the quadratic form defined in (2.13)). But the “Neumann”
Laplacian has infinite dimensional kernel hence it has no longer purely discrete spectrum.
Thus we only obtain the trivial lower boundλ N

k (ApTM) = 0 for all k2 N . Here, the norms on
H 1(ApTM) and domqN

ApTM are no longer equivalent (see e.g., [AC93]).
Next, we note that the eigenvaluesλk(A

pTM) of ∆θ
ApTM depend continuously onθ :

3.4.3. Theorem.Denote the eigenvalues of∆θ
ApTM by λ θ

k (A
pTM). Then the functionθ 7!

λ θ
k (A

pTM) is continuous for each k2 N.

Proof. (see Lemma 2.2 of [BJR99] or Theorem XIII.89 of [RS78] for the special caseM = R
d

andΓ = Zd)

We apply Floquet theory to prove the following fundamental result:

3.4.4. Theorem.The spectrum of the Laplacian on p-forms on a periodic manifold Mper has
band structure, i.e.,

spec∆ApTMper =
[
k2N

Bk(∆ApTMper)

with Bk(∆ApTMper) = fλ θ
k (A

pTM) jθ 2 Γ̂g being a compact interval, called the k-th bandof
∆ApTMper.

Proof. Note that∆ApTMper is Γ-periodic since the corresponding quadratic formqApTMper satis-
fies

qApTMper(Tγu) = kdTγuk2+kd�Tγuk2 = qApTMper(u)

for all u2H 1(ApTMper). Here, we have used the fact that the translation operatorsTγ com-
mutes with the exterior derivative d, i.e.,

dTγ = Tγ d; (3.13)

and thatTγ acts unitarily onL2(A
p+1TMper) resp.L2(A

p�1TMper). The result follows from
Floquet Theory (cf. Section 3.3).

We conclude some easy facts about the first band of∆Mper.

3.4.5. Lemma. Suppose that Mper is connected. In the nonperiodic caseθ 6= 1 we have
λ θ

k (M)> 0 for all k 2 N . In particular, the first band of∆Mper has non-empty interior.

Proof. Note that the eigenvalue 0 corresponds to functions constant on every component. If
Mper is connected we can choose a connected period cellM. Therefore the eigenfunction must
be constant. But the constant lies only in the domain of the periodic Laplacian (quadratic
form). The second statement follows from the preceding theorem.

We can apply the Hodge�-operator to obtain the following result:
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3.5 Harmonic extension

3.4.6. Theorem.The eigenvalues of∆θ
ApTM and ∆θ

Ad�pTM
are the same, i.e.,λ θ

k (A
pTM) =

λ θ
k (A

d�pTM) for all k 2 N and0� p� d. In particular,

spec∆ApTMper = spec∆Ap�dTMper:

Proof. The proof is essentially the same as the proof of Theorem 2.3.8. Note thatu is θ -
periodic if and only if�u is θ -periodic. The last statement follows by Theorem 3.4.4.

In the same way as in Theorem 2.3.9 we use supersymmetry to prove the following (A�TM
denotes the bundle of even resp. odd differential forms, see the notation in Theorem 2.3.9):

3.4.7. Theorem.We havespec∆θ
A+TM nf0g= spec∆θ

A�TM nf0g.
In dimension 2 the spectrum of theθ -periodic Laplacian on forms is completely determined

by the spectrum of the Laplacian on functions:

3.4.8. Corollary. Suppose that Mper is a connected2-dimensional periodic manifold without
boundary. Then

spec∆Mper = spec∆A1TMper = spec∆A2TMper: (3.14)

Proof. This follows from the preceding two theorems and Theorem 3.4.4 except the fact that
0 lies in all spectra. The constant function is an eigenfunction of∆θ=1

M , i.e., 02 spec∆θ=1
M

and therefore 02 spec∆θ=1
A2TM

by Theorem 3.4.6. Furthermore, we have 02 spec∆θ=1
A1TM

since
ker∆θ=1

A1TM
�= ker∆A1T(Mper=Γ) is not trivial by the following arguments: The kernel of the Lapla-

cian on 1-forms is isomorphic to the first cohomology groupH1(M
per=Γ) by de Rham’s The-

orem (cf. [Mas80, Appendix A]) and by the Hodge Theorem (cf. [Ros97, Theorem 1.45]).
SinceMper is connected and orientable by our global assumption,Mper=Γ is a compact ori-
entable surface and therefore homeomorphic to a sphere or to a connected sum of tori (see
[Mas77, Theorem I.5.1]). Since the 2-sphere is simply connected the canonical projection
π : Mper�! Mper=Γ which is also a covering map would have to be a homeomorphism (see
[Mas77, Exercise V.6.1]. This is impossible sinceMper is non-compact. Therefore,Mper=Γ is
homeomorphic to a connected sum ofn tori and dimH1(M

per=Γ) = 2n> 0 by [Mas80, Exam-
ple III.4.2].

Theorem 3.4.6 allows us to prove the existence of gaps in the spectrum of∆AdTMper provided
∆Mper has gaps in its spectrum. Furthermore, ifd = 2 then a gap in the spectrum of∆Mper is
automatically a gap in the spectrum of∆ApTMper for p= 1 andp= 2 by the preceding corollary.
Therefore, our results on spectral gaps of the Laplacian on functions in Chapters 4, 5, 6 and 7
remain true in the case ofd-forms resp. 1- and 2-forms ifd = 2.

3.5 Harmonic extension

We need some facts about harmonic functions on a manifold and theθ -periodic harmonic
extension of a function given onX �M onto a connected period cellM.

First, we note that the boundary term of the Gauss-Green Formula vanishes forθ -periodic
functions.
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3 Floquet theory

3.5.1. Lemma. Let u2H 2
θ (M) and v2H 1

θ (M). Then
R

∂M ∂nuv= 0.

Proof. As in Lemma 3.2.2 we split∂M into 2r 0 smooth componentsZi with the isometries
ϕi : Z2i�1 �! Z2i such thatϕi(x) = γi � x. The function f = ∂nuv is well defined on∂M by
Theorem 2.2.5. Furthermore,( f Æϕi)(x) = f (γi �x) =�θ(γi)θ(γi) f (x) =� f (x) for x2 Z2i�1

since the normal derivatives onZ2i�1 andZ2i have opposite sign. Note thatZ2i�1 andZ2i have
opposite orientation. Butϕi changes the orientation (see Figure 3.2), so we have

Z
∂M

f =
r 0

∑
i=1

Z
Z2i�1

( f � f Æϕi) = 0

since
R

Z2i f =�RZ2i�1 f Æϕi .

3.5.2. Lemma. Let Mper be a periodic manifold with period cell M. Suppose that X� M is
closed and such that MnX has piecewise smooth boundary. Suppose further thatγX\X 6= /0
impliesγ = 1. Let h2H 1

θ (M) beθ -periodic. Then the following statements are equivalent:

1.


dh;dv

�
L2(T

�M)
= 0 for all v 2C∞

θ (M) with v�X = 0.

2. The function h is smooth and harmonic on MnX, i.e.,∆h�MnX = 0 anddh is θ -periodic

on MnX.

Proof. (1)) (2): By definition ofH 1
θ (M) as the closure ofC∞

θ (M)�=C∞(Mper)Γ;θ (see (3.5))
we can assume thath extendsθ -periodically ontoMper to anH 1-function. Then we have

0=


dh;dv

�
L2(T

�M0)
=
Z

M0nX



dh;dv

�
T�M0 =

Z
M0nX

h∆v

for all v2C∞
c (M

0 nX) and all period cellsM0. Note that the assumption is only made onM but
it remains true for any period cellM0 via (3.7). The Weyl lemma yieldsh2C∞(

Æ

M0 nX) and
∆h= 0. By choosing different period cellsM0 such thatM0 covers some parts of∂M we can
show thath is smooth up to the boundary∂M, i.e.,h2C∞(M nX).

(2) ) (1): Without loss of generality we may assume thatX � Æ

M. Then∂ (M nX) =
∂M[̇∂X. The Gauss-Green Formula yields

Z
∂ (MnX)

∂nhv=
Z

∂M
∂nhv

for all v2C∞
θ (M) such thatv�X = 0. The latter integral vanishes since dh andv areθ -periodic

(cf. Lemma 3.5.1).

3.5.3. Theorem.Suppose that the closed set X�M has piecewise smooth boundary. Suppose
further thatγX\X 6= /0 impliesγ = 1. Then every u2H 1(X) can be extended harmonically
in a unique way to an element h= Φu2H 1

θ (M), i.e., h is harmonic on MnX withθ -periodic
derivativedh on MnX.

Proof. By the assumptions onX there exists an open setU containingX such thatU has strictly
positive distance from∂M (if necessary we have to choose another period cellM which is
possible by the assumption onX).
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3.6 Periodic coverings

Suppose first that we are in the nonperiodic case, i.e.,θ 6= 1. Then 0 is not an eigenvalue for
∆θ

M. Therefore we can useqθ
M as norm on fH :=H 1

θ (M) (see Section 1.5). Foru2H 1(X)
let v0 2 H 1(Mper) be an arbitrary extension ofu with suppv0 � U (such extensions exist,
see [Ste70]). Setv := Θθ v0 (see (3.8)). Then

v(x) = ∑
γ2Γ

θ(γ)v0(γ �x) = u(x)

for all x2 X since this sum consists only of the term forγ = 1. Letw := Pv be the orthogonal
projection ofv onto the closed subspace

Æ

H
1
θ (M nX) :=

n
f 2H 1

θ (M)
��� f �X = 0

o
of the Hilbert spacefH . We seth := v�w. Then we haveh�X = v�X = u�X andh= v�Pv2
(

Æ

H 1
θ (M nX))? = fH0. Note that elements offH0 are harmonic onM nX and haveθ -periodic

derivatives onM nX by Lemma 3.5.2. This proves the existence of a harmonic extension.
For the uniqueness we show that 02H 1(X) can only be extended to 02 fH0: Let h be

an extension of 0. Then we haveh 2 Æ

H 1
θ (M nX) becauseh�X = 0 andh is θ -periodic. By

construction we haveh2 fH0 = (
Æ

H 1
θ (M nX))? thush= 0.

In the periodic case we have to exclude the constant function1 because itsfH -norm would
be 0. Therefore we setfH :=H 1

θ=1(M)=C 1. We denote the elements of this quotient space byeu= u+ C 1. As above letv be aθ -periodic extension ofu2H 1(X). Let P be the orthogonal
projection onto

Æ

H 1
θ=1(M nX)=C 1 = feuju2 Æ

H 1
θ=1(M nX)g. Seteh = ev�Pev. Let h be the

representative ofeh such thath�X = u�X. Again, by Lemma 3.5.2,h is harmonic onM nX with
periodic derivative dh on M nX. The uniqueness follows from the choice of the representative
h.

3.6 Periodic coverings

In this section, we prove that aCk-bounded atlasA with finite maximal number of neighbours
and aCk-bounded partition of unity with strictly positive distance from the boundary exist.
Furthermore, we construct uniformly elliptic andCk�1-bounded metrics with respect to the
atlasA .

First, we construct a cover ofMper adapted to the periodic structure. Fix a period cellM of
Mper and choose a cover ofM, i.e., finitely many setsUα open inMper such thatM �Sα2AUα .
This is possible sinceM is compact. Suppose thatγUα \Uα 6= /0 impliesγ = 1, i.e.,Uα is
smaller than some period cell (not necessarilyM). Suppose further thatϕα : Uα �!Vα � Rd

are charts. Without loss of generality we can assume that the transition mapsϕα2
Æϕ�1

α1
are

bounded inCk, i.e., all components and derivatives up to the orderk are supposed to be bounded
functions, providedUα1

\Uα2
6= /0. Then

ϕα;γ : Uα;γ �!Vα

with

Uα;γ := γUα and ϕα;γ(γ �x) := ϕα(x)
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3 Floquet theory

are also charts and(Uα;γ)α2A;γ2Γ form a covering ofMper. Coverings ofMper arising in this
way are calledperiodic covers.

Note that we haveϕα2;γ2
Æϕ�1

α1;γ1
= ϕα2

Æϕ�1
α1

for all γ1;γ2 2 Γ0. Therefore theCk-bound of

the transition maps for the atlasA per = (ϕα;γ : Uα;γ �! Vα;γ)α is the same as theCk-bound
of the transition maps for the atlasA = (ϕα : Uα �!Vα)α of the period cellM, i.e., onMper

there existCk-bounded atlases (see Definition 2.2.1). This is one of the reasons why we choose
a periodic cover; periodic manifolds can be treated essentially like compact manifolds.

To shorten the notation we writeβ = (α;γ) 2 A�Γ.

3.6.1. Lemma. The number of neighbours of a given set Uβ is bounded, i.e., there exists a
number N2 N such that

card
n

β 0 2 A�Γ
���Uβ \Uβ 0 6= /0

o
� N

for all β 2 A�Γ.

Proof. Let r denotes the number of generatorse1; : : : ;er of Γ. For eachei we have two neigh-
bourseiM ande�1

i M of M. ThereforeM has 3r �1 neighbours. Occasionally, a chart setUβ
could maximally haveN = 3r(cardA) neighbours.

Next, we construct a partition of unity adapted to the periodic structure.

3.6.2. Lemma. There exists a partition of unity(χα;γ) subordinate to the covering(Uα;γ) such
that χα;γ = Tγ χα;1 for all α 2 A, γ 2 Γ. Such a partition of unity is calledperiodic. In particu-

lar, the partition of unity is Ck bounded and can be chosen such that a strictly positive distance
from the boundary exists (see Definition 2.2.1).

Proof. Let π : Mper�!Mper=Γ be the projection onto the orbit space. TheneUα := πUα form
an open covering ofMper=Γ. Suppose(eχα) is a partition of unity subordinate to the atlasfA = (eϕα : eUα �! Vα)α2A. Without loss of generality we can assume that dist(suppeχ;Vα n
∂Rd

+)� d0 for all α 2 A and somed0 > 0 sinceA is finite.
We can lift any smooth function on the quotient space to the full space, i.e., we setχα(x) :=eχα(πx). SinceγUα \Uα 6= /0 impliesγ = 1, the functionχα;γ := χα�Uα ;γ

is smooth and has

compact support inUα;γ . Furthermore, ifx2Mper then there existα 2 A andγ 2 Γ0 such that
x2Uα;γ and(∑α;γ χα;γ)(x)=∑α χα(x) =∑α eχα(πx). The boundedness of supα;γ kχα;γkCk(Vα )
and the strictly positive distance from the boundary follow from the periodicity ofχα .

Finally, we state the following result:

3.6.3. Lemma. The periodic metric gper is uniformly elliptic with respect toA per. Further-
more, gper is Ck-bounded ifA per is Ck+1-bounded.

Proof. Cleary, by the periodicity ofgper andA per, we can pass to the compact quotient Rie-
mannian manifoldMper=Γ. Here, every metric is uniformly elliptic, provided the metric com-
ponents can be extended continuously onto the closure ofeUα . TheCk+1-boundedness ofgper

follows in the same way.
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4 Construction of a periodic manifold

In this chapter we present a class of examples of periodic manifolds with gaps in the spectrum
of the corresponding Laplacian. In the simplest case the periodic manifold is obtained by
glueing togetherZ copies of a fixed compact manifoldX modified in the neighbourhood of two
distinct points such that we have two small cylindrical ends. We obtain gaps in the spectrum if
we shrink the radius of the cylindrical ends.

4.1 Metric estimates

First, we collect some facts about Riemannian manifolds. For details see e.g. [BGM71],
[Cha93], [dC92] or [GHL87].

Let X be a compact Riemannian manifold of dimensiond � 2 (possibly with boundary
∂X 6= /0) and metricg. Let BX(x;ε) be the open geodesic ball atx with radiusε > 0. The
injectivity radiusinjxX in x is the maximal radius such that the exponential map is defined on
BX(x;ε). The(global) injectivity radiusinj X is the infimum of injxX taken over allx2 X. On
a compact manifold we always haveε0 := inj X > 0.

The exponential map defines a chart map

expx0
: Bε0

�! BX(x;ε0)� X

(callednormal coordinates at x0) whereBε0
denotes the centered open ball of radiusε0 in the

tangent spaceTx0
X at x0. We identify this vector space withRd by fixing the basis∂1; : : : ;∂d

of Tx0
X. If we choose polar coordinatesv = sσ 2 Rd with 0 < s< ε0 andσ 2 Sd�1 =: S to

describe pointsBε0
nf0g we obtain a diffeomorphism

ϕ : ]0;ε0[�S�! BX(x;ε0)nfx0g � X:

The Gauss lemma implies that the metric in polar coordinates (the induced metric on]0;ε0[�S
by ϕ) splits into a radial part and a spherical part, i.e.,

(ϕ�g)
(s;σ)

= ds2
s +h

(s;σ)
(4.1)

(see e.g. [GHL87, Lemma 2.93]) whereh
(s;�) denotes a parameter-dependent metric on the

(d�1)-dimensional unit sphereS= Sd�1.
Our glueing procedure requires that we flatten the manifold in the neighbourhood of some

points. We need the following estimate:
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4 Construction of a periodic manifold

4.1.1. Lemma. Suppose the metric is given in polar coordinates at x0 by (4.1). Denote the
standard metric onS bydσ2. Then there exist constants c> 1 and0< s0 < inj X such that

1
c2s2dσ2� h(s;�) � c2s2dσ2 (4.2)

in the sense that
1
c2s2dσ2

σ (uσ ;uσ)� h
(s;σ)

(uσ ;uσ )� c2s2dσ2
σ (uσ ;uσ )

for all uσ 2 TσS, σ 2 S and0< s< s0.

Proof. Denote bygi j (v) := gexpx0
v(∂i ;∂ j) the metric components in normal coordinates. Let

λmin(v) resp.λmax(v) be the smallest resp. greatest eigenvalue of the corresponding matrix.
Since this matrix is strictly positive we have 0< λmin(v). Furthermore the eigenvalues depend
continuously onv (since(gi j (v)) does, see e.g., [Kat66, Theorem II.5.1] or Lemma 1.4.5). Thus
if we restrict ourselves to the smaller chart given byjvj � s0 < inj X for some 0< s0 < inj X
we can choosec> 0 such that

1
c2 � λmin(v)� λmax(v)� c2:

We conclude

1
c2 juj2�

d

∑
i; j=1

gi j u
iuj � c2juj2 (4.3)

for anyu2 Rd . In polar coordinates the standard metric atv= sσ is

juj2 = ds2
s(us;us)+s2dσ2

σ (uσ ;uσ )

with u = us+ uσ , whereus is the vector tangent to the radial direction and whereuσ is the
vector tangent to the sphereS at v= sσ . From (4.1) and (4.3) we conclude

1
c2(ds2+s2dσ2)� (ϕ�g)(s;σ) = ds2+h(s;σ) � c2(ds2+s2dσ2):

Therefore we have proven (4.2).

We need another type of estimates on the metric:

4.1.2. Lemma. Suppose we are given two positive bilinear forms h1 and h2 on a finite di-
mensional Hilbert space V with orthonormal basis e1; : : : ;ed which satisfy h1 � h2, i.e.,
h1(u;u)� h2(u;u) for all u 2V.

1. Denote bydethk the determinant of the matrix(hk(ei;ej))i j . Then we have the inequality
deth1� deth2.

2. Supposeα1;α2 � 0 with α1+α2 = 1. Then the convex combination lies between the
given forms, i. e. h1� α1h1+α2h2� h2. In particular, if h1 is strictly positive so is the
convex combination.

Proof. The first statement is a simple consequence of the Min-max Principle (Corollary 1.3.5):
From the assumption we get 0� λk(h1) � λk(h2) and thus deth1 = λ1(h1) � : : : � λd(h1) �
λ1(h2) � : : : �λd(h2) = deth2.

The second statement is true in any ordered vector space.
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4.2 Construction of the period cell
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Figure 4.1: Graphs of the cut-off functionχε and of the radii functionsrε; rε ; rε.

4.2 Construction of the period cell

As above, letX be a compact Riemannian manifold of dimensiond� 2 (possibly with bound-
ary ∂X 6= /0). Let r be the number of generators of a given abelian groupΓ. We choose 2r
distinct pointsx1; : : : ;x2r . For each pointxi we setBi

ε := B(xi;ε). Suppose that the radius
ε0 > 0 of the geodesic ball aroundxi is smaller than the injectivity radius injX. Suppose fur-
ther thatBi

ε0
are pairwise disjoint and thatBi

ε0
does not intersect the boundary ofX for all

i = 1; : : : ;2r. Denote byBε the union of all these balls. LetXε := X nB2ε for 0< 2ε < ε0 with
metric inherited fromX. Finally, letYi

ε := ∂Bi
2ε be the component of the boundary ofXε near

xi (see Figure 4.2).
We start now with the construction of the modified metric onX. Let χε be a smooth

function with values between 0 and 1,χε(s) = 0 for s� ε andχε(s) = 1 for s� 2ε. Let rε be
a smooth function withrε(s) = ε in a neighbourhood of 0 andrε(s) = s for s� 2ε. Finally, let
rε(s) = ε for s� ε resp. rε(s) = s for s� ε andrε := r2ε. Supposerε andrε encloserε (see
Figure 4.1).

From the orthogonal decomposition in polar coordinates (4.1) we obtain a metrichi
(s;�) on

the sphereS for each pointxi . We replace this metric by a convex combination of the standard
metric on the sphere with radiusrε(s) and the original metrichi

(s;�), i.e., we obtain a metric on
S by

hi
(ε;s;σ) := (1�χε(s)) r2

ε(s)dσ2
σ +χε(s)h

i
(s;σ);

depending on the two parameterss andε. By Lemma 4.1.2,hi
(ε;s;�) is indeed strictly positive,

thus a metric. Lemma 4.1.1 yields

1
c2 rε

2(s)dσ2�
��

1�χε(s)
�
r2

ε(s)+
1
c2 χε(s)s

2
�

dσ2� hi
(ε;s;�) �

�
��

1�χε(s)
�
r2

ε(s)+c2χε(s)s
2
�

dσ2� c2 rε
2(s)dσ2

which implies the existence of another constantc0 (again by Lemma 4.1.2) such that

1
c0

rε
d�1(s)� (dethi

(ε;s;�))
1
2 � c0 rε

d�1(s): (4.4)

We denote the completion ofX nfx1; : : : ;x2rg together with the modified metricsgi
(ε;s;σ) =

ds2
s +h

(ε;s;σ)
nearxi by Mε . Note thatXε is embedded inMε and that the boundary ofMε has
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4 Construction of a periodic manifold
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Figure 4.2: Construction of the periodic manifoldMper
ε . We start with the compact manifoldX, modify

X in a neighbourhood ofx1; : : : ;x2r . Here, the period cellMε has onlyr = 1 pairs of cylindrical ends.
Finally we glue the periodic manifoldMper

ε from copies of the period cell.

2r new disjoint componentsZ1
ε ; : : :Z

2r
ε , each of them isometric to the sphere of radiusε. Let

Ai
ε be the part of the manifoldMε nearxi given in polar coordinates by[0;2ε]�S. Finally, we

setAε = A1
ε [�� �[A2r

ε , Yε =Y1
ε [�� �[Y2r

ε andZε = Z1
ε [�� �[Z2r

ε (see Figure 4.2).
Remember thatΓ is a finitely generated abelian group withr generatorse1; : : : ;er . We

suppose thatΓ has at least one infinite generator. Furthermore letγMε be an isometric copy of
Mε with identificationx 7! γ �x for eachγ 2Γ. We construct a new manifoldMper

ε by identifying
γZ2i�1

ε with eiγZ2i
ε for eachγ 2 Γ andi = 1; : : : ; r (see Figure 4.2). Since in a neighbourhood

of Zi
ε the manifold is isometric to a cylinder of radiusε, we can choose a smooth atlas and

a smooth metric of the glued manifoldMper
ε . We therefore obtain a (non-compact) manifold

which admits a cocompactΓ-action as in Chapter 3, so Floquet theory applies. The manifold
Mε is a period cell forMper

ε .
Note that or ad-dimensional manifoldMper

ε a finitely generated groupΓ with r generators
(e. g. Γ = Zr) exists which acts cocompactly onMper

ε . Thus the dimension of periodicity
is independent of the dimension of the manifold. This is in contrast to the flat periodic case
Mper

ε = Rd where the group action must haver = d generators to obtain a cocompact action.

4.3 Convergence of the eigenvalues

Floquet theory allows us to analyse the spectrum of the periodic manifoldMper
ε by analysing the

spectrum of theθ -periodic Laplacian on the period cellMε . We imposeθ -periodic boundary
conditions betweenZ2i�1

ε andZ2i
ε for eachi = 1; : : : ; r. If ∂Mε contains more components (thus

components of∂X) we leave the boundary conditions onX unchanged.
Now we are able to state our first main result:
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4.3 Convergence of the eigenvalues

4.3.1. Theorem.Let Γ be an abelian group with r generators. Let Mper
ε be constructed as

above by glueing togetherΓ copies of a compact manifold Mε . Here, Mε is obtained by taking
away2r points from X and changing the metric such that the ends look like small cylinders.

Then the k-th Dirichlet as well as the k-th Neumann eigenvalue (denoted byλ D=N
k

(Mε))
converges to the k-th eigenvalueλk(X) of X asε ! 0.

In particular, the k-thθ -periodic eigenvalueλ θ
k (Mε) converges uniformly inθ 2 Γ̂ to the

k-th eigenvalueλk(X) of X asε ! 0.

Applying the Floquet theory we obtain the first example of a periodic manifold with gaps
in its spectrum:

4.3.2. Corollary. For ε small enough the k-th band Bk(∆Mper
ε
) and the (k + 1)-st band

Bk+1(∆Mper
ε
) do not overlap, providedλk(X)< λk+1(X). In particular, for given N2 N there

existsε0 > 0 such that the periodic operator∆Mper
ε

has at least N gaps for0< ε < ε0.

To show the convergence of the Dirichlet resp. Neumann eigenvaluesλ D=N
k

(Mε) onMε for
ε ! 0 we will enclose them by eigenvalues of Laplacians with Dirichlet or Neumann boundary
conditions onXε . Therefore we need the convergence of the spectrum of these operators.
Fortunately, these results are already in the literature, so we will only quote the results.

4.3.3. Theorem.The spectrum of the Dirichlet Laplacian on Xε converges to the spectrum of
the Laplacian on X, i.e.,limε!0λ D

k (Xε) = λk(X).

Proof. (see [CF78])

4.3.4. Theorem.The spectrum of the Neumann Laplacian on Xε converges to the spectrum of
the Laplacian on X, i.e.,limε!0λ N

k (Xε) = λk(X).

Proof. (see [Ann87])

Proof of Theorem 4.3.1.First we give an estimate from above for the Dirichlet eigenvalues
λ D

k (Mε) of the quadratic formqD
Mε

. This is easily done by the embedding

dom(qD
Xε
) =

Æ

H
1(Xε) ,!

Æ

H
1(Mε) = dom(qD

Mε
)

for the domains of the quadratic forms. The Min-max Principle yields

λ D
k (Xε)� λ D

k (Mε): (4.5)

For the estimate from below we need our Main Lemma (formally, the Main Lemma (The-
orem 1.4.2) can also be applied to obtain the estimate from above). We set

Hε := L2(Mε); domqε :=H 1(Mε); qε := qN
Mε

;

H
0

ε := L2(Xε); domq0ε :=H 1(Xε); q0ε := qN
Xε

and the operatorΦε is just the restriction ofuε to Xε , e.g.Φεuε := uε�Xε
.

We have to verify the conditions of Theorem 1.4.2 resp. of Corollary 1.4.4.
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4 Construction of a periodic manifold

Condition 1 resp. (1.15) is satisfied if��kΦεuεk2�kuεk2
��= Z

MεnXε
juε j2 =

Z
Aε
juε j2� ω(ε)kuεk2

qN
Mε

with a positive functionω(ε)! 0 asε ! 0. The existence ofω(ε) will be shown Theo-
rem 4.4.1.

Condition 2 resp. (1.16) is trivially satisfied because of

qN
Mε

(uε) =
Z

Mε
jduε j2�

Z
Xε
jduε j2 = qN

Xε
(Φεuε):

Note the advantage of not having to prove the convergence of the quadratic forms.
Condition 3 is satisfied by Estimate (4.5) and Theorem 4.3.3.
Finally, Theorem 1.4.2 implies

λ N
k (Xε)�δk(ε)� λ N

k (Mε) (4.6)

with δk(ε)! 0 asε ! 0.
Estimates (4.5) and (4.6) together with the Dirichlet-Neumann enclosure (see (3.12)) show

λ N
k (Xε)�δk(ε)� λ N

k (Mε)� λ θ
k (Mε)� λ D

k (Mε)� λ D
k (Xε):

Therefore Theorem 4.3.3 and Theorem 4.3.4 imply the convergence of the Dirichlet, Neumann
andθ -periodick-th eigenvalue onMε to thek-th eigenvalue onX. Note that the convergence
is uniform inθ 2 Γ̂ sinceδk(ε) does not depend onθ .

4.4 Estimate on the cylindrical ends

The following theorem, based on articles by C. Ann´e (cf. [Ann87], [Ann94, Lemme A] and
[Ann99]), gives us two important estimates on the boundaryZε resp. the junctionAε . The
estimate over the boundary is an intermediate result which will be needed in Chapter 5 (when
glueing a long thin cylinder toMε ).

4.4.1. Theorem.There exists a positive functionω(ε) converging to0 asε ! 0 such that
Z

Zε
juε j2;

Z
Aε
juε j2 � ω(ε)

Z
Mε

�juε j2+ jduε j2
�

for all uε 2H 1(Mε).

Note thatω(ε) only depends on the geometry ofX nearxi .

Proof. We prove the result for the componentsZi
ε of Zε resp.Ai

ε of Aε separatly. Suppose
uε 2 C∞(Mε) with uε(ε0;σ) = 0 for all σ 2 S. First we show anL2-estimate overAi

ε;s :=
fsg�S� Ai

ε with its induced metrich(ε;s;�).
Applying the Cauchy-Schwarz Inequality together with Estimate (4.4) yields

juε(s;σ)j2 =
���Z ε0

s
∂tuε(t;σ)dt

���2
� c0

Z ε0

s

� c
rε(t)

�d�1
dt
Z ε0

s
j∂tuε(t;σ)j2�deth

(ε;t;σ)

� 1
2 dt:
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4.4 Estimate on the cylindrical ends

If we integrate overσ 2 S
d�1 we obtain

Z
Ai

ε ;s

juε j2 =
Z
S

juε(s;σ)j2�deth
(ε;s;σ)

�1
2dσ

� c0
�
rε(s)

�d�1
Z ε0

s

� c
rε(t)

�d�1
dt| {z }

=:ωs(ε)

Z
Mε
jduε j2:

We have constructedrε resp.rε such thatrε(t) = ε for 0� t � ε andrε(t) = t for ε � t � ε0
resp.rε(s)� 2ε for 0� s� ε0. Therefore

ωs(ε)� c0(2ε)d�1
�Z ε

0

1
εd�1 dt +

Z ε0

ε

1
td�1 dt

�
=: ω(ε)

whereω(ε) converges to 0 asε ! 0. If we sets= 0 we obtain the statement forZi
ε = Ai

ε;0.
Furthermore,

Z
Ai

ε

juε j2 =
Z 2ε

0

Z
Ai

ε ;s

juε j2� 2εω(ε)
Z

Mε
jduε j2:

If u(ε0;σ) 6= 0 we choose a cut-off function (which is independent ofε!). If u2H 1(Mε)
we apply an approximation argument.
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5 Periodic manifold joined by cylinders

In this chapter we construct another class of periodic manifolds with gaps in the spectrum. This
time, we admit long thin cylinders of fixed length between each modified manifold. Roughly
speaking, we joinΓ copies of a compact manifoldX by long thin cylinders. As before, we
obtain gaps in the spectrum if we let the radius of these cylinders tend to 0.

5.1 Construction of the period cell

Let Γ be an abelian group withr generators. Suppose thatMε is the period cell constructed in
the previous chapter, i.e.,Mε is obtained by taking away 2r pointsxi from X and modifying the
metric in a neighbourhood of each pointxi such that small cylindrical ends of radiusε arise at
each pointxi (see Section 4.2). Suppose thatLi > 0 for i = 1; : : : ; r and setI i := [0;Li]. Now
for eachi = 1; : : : ; r we glue one end of the cylinderCi

ε := I i�S with metric ds2+ ε2dσ2 to
the componentZ2i�1

ε of the boundary ofMε . We call the resulting compact manifoldeMε (see
Figure 5.1). LetCε be the (disjoint) union ofC1

ε ; : : : ;C
r
ε and letI be the (disjoint) union of

I1; : : : ; I r .

eMε

ε
Z2

ε

Mε

L1

C1
ε

Z1
ε

A1
ε A2

ε

Figure 5.1: Here, the period celleMε is obtained from glueing the cylinderC1
ε of lenght L1 > 0 and

radiusε > 0 to the period cellMε constructed in Figure 4.2.

We obtain the periodic manifoldeMper
ε in the same way as in the last chapter by glueing

togetherΓ copies of the period celleMε (see Figure 0.3 on page 5).

5.2 Convergence of the eigenvalues

As before we use Floquet theory to analyse the spectrum of the periodic manifoldeMper
ε by

analysing the spectrum of theθ -periodic Laplacian on the period celleMε . We imposeθ -
periodic boundary conditions betweenZ2i

ε and the free end ofCi
ε for each i = 1; : : : ; r. If

∂X 6= /0 we leave the boundary conditions onX unchanged.
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5 Periodic manifold joined by cylinders

We denote byλ D
k (X[̇I) = λ D

k (X[̇I1[̇ : : : [̇I r) the spectrum of the Dirichlet Laplacian on
X[̇I (note thatX[̇I consists ofr +1 components). The spectrum of this manifold is the union
of the spectra of its components, thusλ D

k (X[̇I) is just a rearrangement in increasing order and
repeated according to multiplicity of all eigenvaluesλm(X);λ D

m1
(I1); : : : ;λ D

mr
(I r).

In the same way, we denote byλ DN
k (X[̇I) the spectrum of the Laplacian onX and the

spectrum of the Dirichlet-Neumann Laplacian onI , i.e., we pose Dirichlet boundary conditions
at 0 and Neumann boundary condions atLi on each intervalI i.

Our second main result is the following:

5.2.1. Theorem.Let Γ be an abelian group with r generators. LeteMper
ε be constructed as

above by glueing togetherΓ copies of a compact manifoldeMε . Here, eMε is obtained by glueing
r cylinders of lenght Li and radiusε to the component Z2i�1

ε of ∂Mε .
Then the k-th Dirichlet resp.θ -periodic eigenvalueλ D

k ( eMε) resp.λ θ
k (
eMε) converges (uni-

formly inθ 2 Γ̂) to the k-th Dirichlet eigenvalueλ D
k (X[̇I) of X[̇I asε ! 0. The k-th Neumann

eigenvalueλ N
k ( eMε) converges to the k-th Dirichlet-Neumann eigenvalueλ ND

k (X[̇I) of X[̇I as
ε ! 0.

Again, applying Floquet theory we obtain:

5.2.2. Corollary. For ε small enough the k-th band Bk(∆ eMper
ε
) and the (k + 1)-st band

Bk+1(∆ eMper
ε
) do not overlap, provided thatλk(X[̇I) < λk+1(X[̇I). In particular, for given

N 2 N there existsε > 0 such that the periodic operator∆
eMper

ε
has at least N gaps.

Note that this result is in some sense less satisfactory than the result of Chapter 4 because
the limit spectrum contains more points. If one is interested in gaps it would be better to have
a limit spectrum with few points.

Nevertheless, this example shows another phenomena. The volume of theε-depending
partCε [Aε is of the orderO(εd�1) in contrast to the example of the preceding chapter. There,
we had vol(Aε) = O(εd). Therefore, the periodic manifoldeMper

ε leads to the conjecture that
the separation procedure producing gaps only needs a surface term (i.e., a submanifold of
dimensiond�1) whose volume converges to 0.

To show the convergence of theθ -periodic resp. Dirichlet eigenvalues we will enclose them
by Laplacians with Dirichlet or Neumann boundary conditions onXε and Dirichlet boundary
condition onCε . We further need the convergence of the spectrum of the cylinders. One would
expect that the spectrum of the cylinderCi

ε converges to the spectrum of the intervalI i asε ! 0
sinceCi

ε collapses toI i. This is indeed the case:

5.2.3. Theorem.The spectrum of the Dirichlet resp. Dirichlet-Neumann Laplacian on Ci
ε con-

verges to the spectrum of the Dirichlet resp. Dirichlet-Neumann Laplacian on Ii = [0;Li ], e.g.,
limε!0λ D

k (Ci
ε) = λ D

k (I i) resp.limε!0 λ DN
k (Ci

ε) = λ DN
k (I i).

Proof. We have

λ D
k1;k2

(Ci
ε) =

1
ε2λk1

(S)+λ D
k2
(I i):

The result follows by rearranging these eigenvalues asε ! 0.
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5.2 Convergence of the eigenvalues

In Chapter 8 we need estimates on the limit spectrum:

5.2.4. Lemma. We haveλ D
k (I i) = π2

(Li)
2k2 and λ DN

k (I i) = π2

(Li)
2(k� 1

2)
2, k 2 N . In partic-

ular, λ D
k (I i) < λ DN

k+1(I
i) and λ D

k (X[̇I) � λ DN
k+1(X[̇I) with strict inequality ifλ D

k (X[̇I) and
λ DN

k+1(X[̇I) are not in the spectrum of∆X.

Now we prove the main result of this chapter.

Proof of Theorem 5.2.1.We callλ DD
k (Xε[̇Cε) resp.λ ND

k (Xε[̇Cε) the eigenvalues, ordered ac-
cording to multiplicity, of the quadratic formqD

Xε
� qD

Cε
resp.qN

Xε
� qD

Cε
corresponding to the

Laplacian onXε[̇Cε . Note that these eigenvalues converge to points of the union of the spectra
of qX andqD

I (see Theorems 4.3.3, 4.3.4 and 5.2.3).
We first give an estimate from above for theθ -periodic and Dirichlet eigenvalues. The

embedding

Æ

H
1(Xε)�

Æ

H
1(Cε) ,!

Æ

H
1( eMε) ,!H 1

θ ( eMε)

for the domains of the quadratic forms with Dirichlet resp.θ -periodic boundary conditions
yields the inequality

λ DD
k (Xε[̇Cε)� λ D

k ( eMε)� λ θ
k ( eMε) (5.1)

via the Min-max Principle.
For the estimate from below we also apply our Main Lemma with

Hε := L2(
eMε); domqε :=H 1

θ ( eMε); qε := qθ
eMε
;

H
0

ε := L2(Xε)�L2(Cε); domq0ε :=H 1(Xε)�
Æ

H
1(Cε); q0ε := qN

Xε
�qD

Cε
:

We further setuε = vε �wε andΦεuε := vε � (wε �Hεuε) wherehε := Hεuε is the harmonic
function (∆Cε

hε = 0) with boundary conditionhε�∂Cε
= uε�∂Cε

. By construction we have

fε = wε �hε 2
Æ

H 1(Cε). Note thathε exists and thathε is unique by Theorem 3.5.3. The idea
of using the harmonic extension on the cylinder is due to [Ann87].

Now, we have to verify the conditions of the Main Lemma (Theorem 1.4.2). In order to
show Condition 1 we estimate��kΦεuεk2�kuεk2

��� Z
Aε
juε j2+

Z
Cε
(jwε �hε j2�jwε j2)

� kuεk2
L2(Aε)

+2kuεkL2(Cε )
khεkL2(Cε)

+khεk2
L2(Cε )

:

Since we already have provenkuεk2
L2(Aε)

! 0 for everyqθ
Mε

-bounded family(uε)ε asε ! 0

in Theorem 4.4.1 it is sufficient to show the convergencekhεk2
L2(Cε )

! 0 uniformly in θ . This
will be done in the next section.

In order to verify Condition 2 we need Lemma 2.3.11 which is one reason why we have
chosen the harmonic extension on the cylinder. In short, it says that Dirichlet functions mini-
mize the energy integral when adding harmonic functions, i.e.,

kdwε �dhεk2
L2(T

�Cε)
� kdwεk2

L2(T
�Cε )

:
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5 Periodic manifold joined by cylinders

This yields a proof of condition 2:

q0ε(Φεuε) = qN
Xε
(vε)+qD

Cε
(wε �hε)� qN

Xε
(vε)+qD

Cε
(wε) = qθ

eMε
(uε) = qε(uε):

Condition 3 is satisfied because of Estimate (5.1) and the convergence of the Dirichlet
eigenvalues (see Theorem 4.3.3 and Theorem 5.2.3). The constant in condition 3 is also inde-
pendent ofθ .

Theorem 1.4.2 yields

λ ND
k (Xε [̇Cε)�δk(ε)� λ θ

k ( eMε) (5.2)

for someδk(ε)! 0 asε ! 0 uniformly inθ .
Estimates (5.1) and (5.2) together with Theorem 4.3.3, Theorem 4.3.4 and Theorem 5.2.3

imply the convergence of thek-th θ -periodic resp. Dirichlet eigenvalue to thek-th eigenvalue
of X[̇I with Dirichlet boundary conditions on the intervalI .

We will not prove the convergenceλ N
k ( eMε)! λ DN

k (X[̇I) since it can be done in essentially
the same way.

5.3 Estimate of the harmonic extension

For the proof of theL2-convergence of the harmonic extension on the cylinders we follow
C. Anné [Ann87] and [Ann99].

In this context it is useful to work in anε-independent Hilbert space. This will be achieved
by the transformation

Tε : L2(Cε) �! L2(C)

u 7�! ε
d�1

2 u

with C = C1 being the cylinderI �S (resp. the disjoint union of the cylindersI i � S) with
standard metric. Denote by∂t and d

S
the derivative with respect tot 2 I andσ 2 S= Sd�1.

The transformed quadratic form of the Laplacian onCε is

T�qCε
(u) = qCε

(T�1
ε u) =

Z
C

�j∂tuj2+
1
ε2 jdSuj2

�
with the same domain domT�qD

Cε
= domqD

Cε
=

Æ

H 1(C) for eachε if we have Dirichlet boundary
conditions (the same statement holds for Dirichlet-Neumann boundary conditions). In the
sequel we will not in general distinguish between the formqCε

on L2(Cε) andT�qCε
onL2(C).

We will prove the following theorem in several steps (see [Ann99]).

5.3.1. Theorem.The integral
R
Cε
jHεuθ

ε j2 converges to0 uniformly in θ for all qθ
Cε

-bounded

families(uθ
ε )ε;θ (also bounded inθ !).

We first show that a limith exists for subsequences of the bounded family.

5.3.2. Lemma. Let (uθ
ε )ε;θ be a qθ

eMε
-bounded family and hθε := Hεuθ

ε . Then the families

(khθ
ε kH 1(C)

)ε;θ and(qCε
(hθ

ε ))ε;θ are bounded (inε andθ ).

In particular, for all sequences(εm)m and (θm)m with εm! 0 we can find subsequences
(εmn)n and(θmn)n such that hn := hθmn

εmn
converges weakly inH 1(C) and strongly in L2(C) to

an element h2H 1(C). We will denote the subsequences also by(εn) and(θn).
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5.3 Estimate of the harmonic extension

Proof. Let (uθ
ε )ε;θ be a family bounded by some constantc> 0. Furthermore, letλ D

1 (C1)> 0

be the first Dirichlet eigenvalue of the quadratic formqD
C1

. Setwθ
ε = uθ

ε �Cε
. By construction of

hθ
ε we havewθ

ε �hθ
ε 2

Æ

H 1(C) and therefore

λ D
1 (C1)kwθ

ε �hθ
ε k2

L2(C) � qD
C1
(wθ

ε �hθ
ε )� qD

Cε
(wθ

ε �hθ
ε ) =

= kdwθ
ε �dhθ

ε k2
L2T�Cε

� kdwθ
ε k2

L2T�Cε
� kduθ

ε k2
L2T�

eMε
= qθ

eMε
(uθ

ε )� c:

where we have used the Min-max Principle in the first, 1� 1=ε2 in the second and
Lemma 2.3.11 in the third inequality. It follows that

khθ
ε kL2(C)

� kwθ
ε �hθ

ε kL2(C)
+kwθ

ε kL2(C)
�
r

c
λ D

1 (C1)
+
p

c:

In the same way we prove

qC1
(hθ

ε )� qCε
(hθ

ε ) = kdhθ
ε k2

L2T�Cε
� kdwθ

ε k2
L2T�Cε

� kduθ
ε k2

L2T� eMε
= qθ

eMε
(uθ

ε )� c:

Again, we have used 1� 1=ε2 in the first and Lemma 2.3.11 in the second inequality. Since
theH 1-norm is equivalent to the quadratic form norm of the Laplacian there exists a constant
c0 > 0 such that

khk2
H 1(C) � c0

�khk2
L2(C)+qC1

(h)
�

for all h2H 1(C). Therefore, the first part of the lemma follows.
Furthermore, the sequence(hθm

εm
)m is bounded for any sequences(εm)m and(θm)m. Thus

the weak sequential compactness of bounded subsets of the Hilbert spaceH 1(C) (see The-
orem 1.1.1) implies the existence of a subsequence(hn)n converging weakly to an element
h2H 1(C). The strong convergence is just a consequence of the Rellich-Kondrachov Theo-
rem 2.2.4.

Note that the elementh in general depends on the sequences(εm)m and(θm)m. We will
show in the next lemmas that this is not the case. First we prove that the limith is constant in
spherical direction, secondly we prove that it is harmonic.

5.3.3. Lemma. The function h: I �S�! C is independent of the second variable.

Proof. Let P be the projection onto the space of functions inL2(C) = L2(I)
L2(S) constant
in the second variable. Note that this is a closed subspace. Furthermore, letP?w := w�Pw be
the projection onto the orthogonal complement. The smallest eigenvalue of the quadratic form
q
S
(w) :=

R
C jdSwj2 in L2(C) is 0. The corresponding eigenspace is the range of the projection

P. The first non-zero eigenvalue ofq
S

is λ2(S)> 0. Therefore

λ2(S)kP?hεk2
L2(C) � q

S
(P?hε) =

Z
C
jd
S
hε �d

S
Phε j2�

� ε2
Z

C

�j∂thε j2+
1
ε2 jdShε j2

�
= ε2qCε

(hε)

where we have used d
S
Phε = 0 since functions in the range ofP are constant inσ 2 S. By

Lemma 5.3.2 we havekP?hεk � ε2c=λ2(S). Finally,P?h= 0 asε = εn! 0, andPh= h since
hn! h strongly.
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5 Periodic manifold joined by cylinders

In the sequel we sometimes do not distinguish between functions onI and functions onC
constant in spherical direction.

5.3.4. Lemma. The function h is harmonic on I, i.e.,∂tth= 0.

Proof. Let w2C∞
c (C) be constant in the second variable (i.e.,w2C∞

c (I)). Then
�∂tth;w
�
=


∂th;∂tw

�
= lim

n!∞



∂thn;∂tw

�
= lim

n!∞
qCεn

(hn;w) = lim
n!∞



∆Cεn

hn;w
�
= 0

due to Lemma 5.3.2 and 5.3.3. Thus∂tth is orthogonal to the space of functions constant
in the second variable but also constant in the second variable by Lemma 5.3.3 so we have
∂tth= 0.

5.3.5. Lemma. We have h= 0.

Proof. It is sufficient to proveh�∂ I = 0 as a result of the maximum principle for harmonic
functions. Here, we could argue even simplier: a harmonic function in one dimension is affine
linear, thereforeh= 0 is equivalent toh�∂ I = 0.

Let f 2C∞(I). By the Gauss-Green Formula (2.18) we have

�

h;∂t f

��
∂ I �

Z
I



h;∂tt f

�
=
Z

I



∂th;∂t f

�
=

= lim
n!∞

Z
C



dhn;d f

�
= lim

n!∞

Z
∂C



hn;∂n f

��Z
I



h;∂tt f

�
due to the weak convergence of(hn) shown in Lemma 5.3.2. Theθ -periodicity implies the
equality of the integrals over∂C andZε . Together with Theorem 4.4.1 we obtain

Z
∂C
jhθ

ε j2 =
Z

Zε
juθ

ε j2� ω(ε)
Z
eMε

�jduθ
ε j2+ juθ

ε j2
�� ω(ε)c:

Therefore we have shown[


h;∂t f

�
]∂ I = 0 for all f 2C∞

c (I), i.e.,h= 0.

Proof of thereom 5.3.1.Let (εl)l be a sequence converging to 0. By Lemmas 5.3.2 to 5.3.5
every subsequence of(hθ

εl
)l has a convergent sub-subsequence converging to 0, i.e.,hθ

εl
! 0 as

l ! ∞ and everyθ .
Suppose this convergence is not uniform inθ . Then we can find a numberη > 0 and

sequences(εm)m and(θm)m with εm! 0 andd(hθm
εm
;0)� η whered denotes a metric defining

the weak topology on a bounded subset ofH 1(C). Lemma 5.3.2 implies the existence of a
subsequence and a limith̃ which must be different from 0. But Lemmas 5.3.3 to 5.3.5 imply
h̃= 0 which is a contradiction.

64



6 Conformal deformation

In this chapter we do in some sense the converse of the work done by now. We start with a
given periodic manifoldMper of dimensiond� 2 and deform the metric by a conformal factor
ρε to obtain spectral gaps in the spectrum of the Laplacian. The idea is to let the conformal
factor converge to the indicator function of a setX with positive distance to the boundary of a
period cellM of Mper. This convergence is of course not uniform because of the discontinuity
of the indicator function.

6.1 Conformal deformation

First, we state some facts about conformal deformations of a given metricg of ad-dimensional
Riemannian manifoldM. Let ρε be a smooth, strictly positve function onM. Then we denote
by Mε the manifoldM with metricgε = ρ2

ε g.
We give some simple formulas how the conformal factor enters in the inner product and

in the quadratic form of the Laplacian. The formulas in the case of differential forms will be
needed in Section 7.4.

6.1.1. Lemma. The spaces L2(A
pTMε) and L2(A

pTM) are identical as vector spaces. Fur-
thermore, for u;v2 L2(A

pTM) we have



u;v

�
L2(A

pTMε )
=
Z

M



u(x);v(x)

�
ApTxM ρd�2p

ε (x)dx: (6.1)

Denote byd� andd�ε the formal adjoint ofd: C∞
c (A

p�1TM)�!C∞
c (A

pTM) with respect to the
inner product of L2(A

�TM) and L2(A
�TMε). Then we have

d�εu= ρ2p�d�2
ε d�(ρd�2p

ε u) (6.2)

for u2C∞
c (A

pTM). Finally the quadratic form of the Laplacian onApTMε is given by

qApTM(u) =
Z

M

���du
��2ρd�2p

ε +
��d�(ρd�2p

ε u)
��2ρ2p�d

ε

�
ρ�2

ε (6.3)

for u2H 1(ApTM).

Proof. The volume form yields a factorρd
ε . We further haveju(x)j2ApTMε

= ρ�2p
ε (x) ju(x)j2ApTM

by (2.1). Note that the minus in the exponent occurs since we are dealing with the inverse
matrix (gi j

ε ) of (gε;i j ). From these remarks we easily conclude the three stated equations.
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6 Conformal deformation

M nX r

Y = ∂X

Iy

ry

M

y
r0X 0

�r0

Figure 6.1: Normal coordinates(r;y) parametrising a neighbourhood ofY = ∂X andM nX.

1

ε
X

ρε(x)

x2M
εd εd

Figure 6.2: The conformal factorρε leavingX undeformed.

Now we deform a periodic manifold conformally. LetMper be a periodic Riemannian
manifold with metricgper and cocompact abelianΓ-action (for details see Section 3.2). Let
X � Mper be a compact subset with smooth boundary such thatγX \X 6= /0 impliesγ = 1.
Then a period cellM with dist(∂X;∂M)> 0 exists (see Figure 0.4 on page 6 or Figure 6.1).

We introducenormal or Fermi coordinates(r;y) with respect toY := ∂X (for details
cf. [Cha93, Section 3.6]). Here,r 2 ]� r0; r0[ parametrises the normal direction andy 2 Y
parametrises the tangential direction;r < 0 corresponds to the interior ofX andr = 0 corre-
sponds toY (see Figure 6.1).

Furthermore, we assume that normal coordinates also exist onM nX, i.e., we suppose
that M nX can be parametrised by(r;y) with r 2 Iy andy 2 Y. Here,Iy is a compact subset
of R containing[0; r0] (see Figure 6.1). The existence of normal coordinates onM nX is a
geometrical restriction onX. For example, this condition is satisfied for a centered ball in a
cube.

Suppose that, for eachε > 0, ρε : Mper�! ]0;1] is a smoothΓ-periodic function with the
following properties (see Figure 6.2):

ρε(x) = 1 for all x2 X, (6.4)

ρε(x) = ε for all x2M with dist(x;X)� εd. (6.5)

Note that the functionρε converges pointwise to the indicator function of the setX. We define

gper
ε := ρ2

ε gper resp. gε := gper�M (6.6)
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6.2 Lower bounds for the eigenvalues

and call the resulting Riemannian manifoldsMper
ε resp.Mε . We therefore obtain a conformally

deformedΓ-periodic manifoldMper
ε with periodic metricgper

ε and periodic Laplace operator
∆Mper

ε
. The spectrum of this operator will be analysed by applying Floquet theory. We only have

to analyse the behaviour of theθ -periodic eigenvaluesλ θ
k (Mε) of the corresponding Laplacian

onMε .
In the rest of this chapter we show that the Dirichlet and Neumann eigenvalues onMε

(denoted byλ D=N
k

(Mε)) converge to the eigenvalues of the Neumann boundary problem onX,
provided the dimensiond of the manifoldMper is greater than 2. The two dimensional case
will be treated later.

6.1.2. Theorem.Suppose Mper is of dimension d� 3. Suppose further that X is a subset of
a periodic cell M with smooth boundary∂X and withdist(∂X;∂M) > 0 such that normal
coordinates onM nX exist (see Figure 6.1). We assume that(ρε : M �! ]0;1])ε is a family of
conformal factors satisfying Conditions(6.4)and (6.5). Then

lim
ε!0

λ D=N
k

(Mε) = λ N
k (X) (6.7)

where Mε denotes the conformally deformed period cell with metric given by(6.6). In partic-
ular, the k-thθ -periodic eigenvalueλ θ

k (Mε) on Mε converges toλ N
k (X).

Again, applying Floquet theory we obtain:

6.1.3. Corollary. For ε small enough the k-th band Bk(∆Mper
ε
) and the (k + 1)-st band

Bk+1(∆Mper
ε
) do not overlap, provided thatλk(X) < λk+1(X). In particular, for given N2 N

there existsε > 0 such that the periodic operator∆Mper
ε

on the conformally deformed manifold

M has at least N gaps.

We split the proof of the theorem in two parts: a lower bound forλ N
k (Mε) and an upper

bound forλ D
k (Mε).

6.2 Lower bounds for the eigenvalues

We first prove lower bounds for the Neumann eigenvaluesλ N
k (Mε). We need the following

estimate onMε nX. Note that the next theorem is also true in dimensiond = 2. The idea is
motivated by articles of C. Ann´e (cf. [Ann87], [Ann94, Lemme A] and [Ann99]).

6.2.1. Theorem.Suppose that normal coordinates exist onM nX. Let ρε(x) = ρε(r) be a
function satisfying conditions(6.4)and(6.5), i.e.,ρε(r) = 1 for all r < 0 andρε(r) = ε for all
r � εd.

Then we can find a functionω(ε)! 0 asε ! 0 such that

Z
MεnX

juε j2� ω(ε)
�Z

Mε
juε j2+

Z
Mε
jduε j2

�
(6.8)

for all uε 2H 1(Mε).
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6 Conformal deformation

Proof. We proceed in the same way as in the proof of Theorem 4.4.1. We introduce normal
coordinates as in Figure 6.1. For notational simplicity only, we assume thatIy = [0; ry] for
some numberr0 � ry. Suppose thatuε 2C∞(Mε) with uε(r;y) = 0 for all y2Y andr � �r0.
As in (4.1) we have the orthogonal splitting

gε = ρ2
ε (dr2+h

(r;y))

in normal coordinates whereh
(r;�) is a parameter-dependent metric onY. From (6.1) and (6.3)

we obtain Z
Mε
juε j2 =

Z
M
juε j2ρd

ε and
Z

Mε
jduε j2T�Mε

=
Z

M
juε j2T�Mρd�2

ε :

By the Cauchy-Schwarz Inequality we have

juε(s;y)j2 =
���Z s

�r0

∂ruε(r;y)dr
���2

�
Z s

�r0

�
detg(r;y)

�� 1
2 dr �

Z s

�r0

�j∂ruε j2(detg)
1
2
�
(r;y)dr

for 0� s� ry. SinceY is compact we can estimate the first integral byc > 0. Therefore
integrating overs2 Iy andy2Y yields

Z
MεnX

juε j2 =
Z

y2Y

Z ry

s=0

�juε j2(detg)
1
2 ρd

ε
�
(s;y) dsdy

� c
Z

y2Y

Z ry

s=0
(detg)

1
2(s;y)ρd

ε (s)
Z s

r=�r0

�j∂ruε j2(detg)
1
2
�
(r;y) dr dsdy:

We can estimate thes-dependent terms as follows: for 0� s� εd we haveρε(s) = ε by
Assumption (6.5). Furthermore, there exists a constantc0 > 0 such that(detg)

1
2(s;y)� c0 for

all y2 Y and 0� s� ry sinceM nX is compact. Therefore the integral over 0� s� εd and
εd � s� ry can be estimated byc0εd. We conclude

Z
MεnX

juε j2� cc0εd
Z

y2Y

Z ry

r=�r0

�j∂ruε j2(detg)
1
2
�
(r;y) dr dy

� cc0ε2
Z

y2Y

Z ry

r=�r0

�j∂ruε j2(detg)
1
2 ρd�2

ε
�
(r;y) dr dy

� cc0ε2
Z

Mε
jduε j2

where we have usedρε � ε in the second line.
If uε(r;y) 6= 0 for somey2 Y andr < �r0 we multiply uε with a cut-off functionχ such

thatχ(r) = 1 for r ��r0=2 andχ(r) = 0 for r � �r0. Note that suppχ � X, i.e., on suppχ,
there is no conformal deformation. Ifuε 2H 1(Mε) we apply an approximation argument.

We emphasize that the functionω(ε) only depends on the geometry ofX andM. Again we
apply the Main Lemma to prove a lower bound on the Neumann eigenvalueλ N

k (Mε), this time
with

Hε := L2(Mε); domqε :=H 1(Mε); qε := qN
Mε

;

H
0 := L2(X); domq0 :=H 1(X); q0 := qN

X:
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6.3 Upper bounds for the eigenvalues

Here the operatorΦε is just the restriction ofuε to X, i.e.,Φεuε := uε�X. We verify the con-
ditions of Corollary 1.4.4. Condition 1 resp. (1.15) is satisfied by Theorem 6.2.1. Condition 2
resp. (1.16) is trivially satisfied because of

qε(uε) =
Z

Mε
jduε j2�

Z
X
jduε j2 = q0(Φεuε):

Condition 3 is satisfied by the embedding
Æ

H 1(X) � H 1
θ (Mε) which implies λ N

k (Mε) �
λ D

k (X) := ck by the Min-max Principle. Therefore Theorem 1.4.2 yields

λ N
k (X)�δk(ε)� λ N

k (Mε) (6.9)

with δ k(ε)! 0 asε ! 0.

6.3 Upper bounds for the eigenvalues

Here we use our assumption that the dimension satisfiesd � 3. We apply our Main Lemma
with

H := L2(X); domq :=H 1(X); q := qN
X;

Hε
0 := L2(Mε); domq0ε :=H 1(Mε); q0ε := qD

Mε
:

Let Φu be an extension ofu which lies in
Æ

H 1(Mε).
Again we have to verify the conditions of Theorem 1.4.2. Condition 1 is satisfied because

of

kuk2 =
Z

X
juj2�

Z
Mε
jΦuj2 = kΦuk2:

In the cased� 3 Condition 2 is satisfied because of��q0ε(Φu)�q(u)
��= Z

MεnX
jdΦuj2T�Mε

=
Z

MnX
jdΦuj2T�M ρd�2

ε ! 0 (6.10)

by the Lebesgue convergence theorem and the requirement (6.5) which implies thatρε(x)! 0
for all x2M nX. Note that the convergence depends onu (see Remark 1.4.3). Condition 3 is
not necessary becauseH is independent ofε. Theorem 1.4.2 yields

λ D
k (Mε)� λ N

k (X)+δk(ε) (6.11)

with δ k(ε)! 0 asε ! 0. From (6.9), (6.11) and the Dirichlet-Neumann enclosure (3.12) we
obtain

λ N
k (X)�δk(ε)� λ N

k (Mε)� λ θ
k (Mε)� λ D

k (Mε)� λ N
k (X)+δk(ε):

We therefore have proven Theorem 6.1.2.
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7 The two-dimensional case

In dimension 2, the special form of the Raleigh quotient of the Laplacian on the conformally
perturbed manifoldMper

ε causes a different behaviour. Theθ -periodic eigenvalues of the Lapla-
cian on a period cellMε still converge but the limit depends onθ . Since the corresponding limit
operator is quite complicated, we are only able to construct a simple example of a conformally
perturbed 2-dimensional manifold with an arbitrary number of gaps in the spectrum of its
Laplacian.

7.1 What is different in the two-dimensional case?

In the preceding chapter we have shown that thek-th bandBk(M
per
ε ) of ∆Mper

ε
converges to the

k-th Neumann eigenvalueλ N
k (X) provided thatX satisfies certain geometrical conditions, that

the conformal factorsρε (ε > 0) satisfy Conditons (6.4) and (6.5), and that the dimension is at
least 3. The following lemma shows that in dimension 2, the behaviour is completely different:

7.1.1. Lemma. Suppose that Mper is connected. Suppose further that the conformal factorsρε
satisfy Conditons(6.4)and (6.5). Suppose in addition thatρε are monotonically decreasing if
ε & 0. Then we always have the inclusion

B1(M
per
ε0

)� B1(M
per
ε ); 0< ε � ε0;

for the first band of the periodic Laplacian∆Mper
ε0

, where B1(M
per
ε0

) has non-empty interior.

In particular, the first band cannot collapse to the point0, the first Neumann eigenvalue, as
in the higher dimensional case.

Proof. As a result of the Min-max Principle (Theorem 1.3.3), the first eigenvalue is given by

λ θ
1 (Mε) = inf

u2H 1
θ (Mε )

R
M jduj2R

M juj2ρ2
ε
; (7.1)

and therefore monotonically increasing asε & 0. Note thatH 1
θ (Mε) is independent ofε as

vector space. We further haveλ θ=1
1 (Mε) = 0 since in the periodic case the constant function is

an eigenfunction. By the continuous dependence of the eigenvalues onθ (see Theorem 3.4.3)
we have[0;λ θ0

1
(Mε0

)] = B1(M
per
ε0

) for someθ0. Therefore

B1(M
per
ε0

) = [0;λ θ0
1
(Mε0

)]� [0;λ θ0
1
(Mε)]� B1(M

per
ε ):

By Lemma 3.4.5,B1(M
per
ε0

) has non-empty interior.
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7 The two-dimensional case

In arbitrary dimension the Raleigh quotient is of the form

λ θ
1 (Mε) = inf

u2H 1
θ (Mε )

R
M jduj2ρd�2

εR
M juj2ρd

ε
: (7.2)

As before, the spaceH 1
θ (Mε) is independent ofε as vector space which we denote byH 1

θ (M).
But for dimensiond � 3 this quotient can be minimized by functions constant onX. These
functions can still beθ -periodic since their behaviour onMε nX is not important because of
the smallness ofρε there.

7.2 Limit form in two dimensions

To motivate which is the right candidate for the limit quadratic form in two dimensions, we use
the special structure here. The quadratic form does not depend any more onε, only the norm
does. By interchanging their rˆoles we can prove a monotonicity result for the eigenvalues and
specify the limit operator. The abstract background is given in Section 1.5.

We apply Lemma 1.5.1 to the nonperiodic case since then we have 0=2 spec∆θ
Mε

: any
eigenfunction with eigenvalue 0 would have to be constant but the nonperiodicity forces the
constant to be 0. In particular, we set

Hε = L2(Mε); Qε = ∆θ
Mε

and q(u) =
Z

M
jduj2 = kuk2

fH
:

With the notation of Section 1.5 we obtain

fH = domq=H 1
θ (M); λk(ε) = λ θ

k (Mε) and eqε(u) =
Z

M
juj2ρ2

ε = kuk2
Hε

:

We suppose the conformal factorρε to be monotone. Therefore

eqε(u) =
Z

M
juj2ρ2

ε &
Z

X
juj2 =: eq0(u):

The limit formeq0 corresponds to an operatoreQ0 wich is also compact (by the monotonicity and
the Min-max Principle for example). Since the eigenvalues ofeQε , the operator corresponding
to the quadratic formeqε , are exactly the reciprocals ofλ θ

k (Mε) by Lemma 1.5.1, all we have to

do is to analyse the eigenvalueseλk of eQ0 (denoted in decreasing ordereλ1� eλ2� �� � � eλk� 0).
The eigenvaluesλ θ

k (Mε) are dominated by the Dirichlet eigenvaluesλ D
k (X), therefore we have

the minoration

eλk = 1=λ θ
k (Mε)� 1=λ D

k (X)> 0:

Therefore we are only interested in strictly positive eigenvalueseλk > 0. We compute the or-

thogonal complement (infH ) of

ker eQ0 =
n

u2H 1
θ (M)

���u�X = 0
o
=:

Æ

H
1
θ (M nX):
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7.2 Limit form in two dimensions

In Lemma 3.5.2 we have shown that

(ker eQ)? =
n

h2H 1
θ (M)

���∆h�MnX = 0; dh is θ -periodic onM nX
o
:

Since we do not really want to analyse the limit operatoreQ0�
fH0

in the inversed situation

we try to bring it back in the usual context, i.e., we try to construct a quadratic formqθ
0 in the

Hilbert spaceL2(X). In Theorem 3.5.3 we have shown that everyu2H 1(X) can be extended

in a unique way to an elementh= Φu2 fH0 (even in the periodic case).
Therefore we can define the limit quadratic form in the Hilbert spaceL2(X). For u 2

domqθ
0 :=H 1(X) we set

qθ
0(u) :=

Z
M
jdΦuj2;

i.e., we extendu harmonically ontoM nX. Since we have

qN
X � qθ

0 � qD
X

in the sense of quadratic forms (see Definition 1.3.4),qθ
0 has also purely discrete spectrum

denoted byλk(q
θ
0) satisfying

λ N
k (X)� λk(q

θ
0)� λ D

k (X):

7.2.1. Theorem.Suppose Mper is of dimension d= 2. Suppose further that X is a subset of
a periodic cell M with smooth boundary∂X and withdist(∂X;∂M) > 0 such that normal
coordinates onM nX exist (see Figure 6.1). We assume that(ρε : M �! ]0;1])ε is a family
of conformal factors satisfying conditions(6.4), (6.5)and which is, in addition, monotonically
decreasing asε & 0. Then

lim
ε!0

λ θ
k (Mε) = λk(q

θ
0): (7.3)

uniformly in θ 2 Γ̂ where Mε denotes the conformally deformed period cell M with metric
given by(6.6).

Proof. Again we apply our Main Lemma (Theorem 1.4.2) with

Hε := L2(Mε); domqε :=H 1
θ (Mε); qε := qθ

Mε

H
0 := L2(X); domq0 :=H 1(X); q0 := qθ

0

whereΦε := uε�X. Condition 1 is satisfied because��kΦεuεk2�kuεk2
��= Z

MεnX
juε j2� ω(ε)

�Z
Mε
juε j2+

Z
Mε
jduε j2

�
converges to 0 for everyqθ

Mε
-bounded family(uε)ε by Theorem 6.2.1. Sinceω does not depend

onθ this convergence is even uniform inθ . Condition 2 is satisfied as a result of Lemma 2.3.11
which says that harmonic functions minimize the energy integral:

qε(uε) =
Z

Mε
jduε j2 =

Z
X
jduε j2+

Z
MnX

jduε j2

�
Z

X
jduε j2+

Z
MnX

jdhε j2 = qθ
0(Φεuε):
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7 The two-dimensional case

Here,hε is the harmonic extension ofuε restricted toM nX. It is important to note that this
estimate only works in dimension 2 since then there is noρε -factor in the energy integral. As
usual, condition 3 is satisfied by the embedding

Æ

H 1(X)�H 1
θ (Mε) which impliesλ θ

k (Mε)�
λ D

k (X) := ck via the Min-max Principle. Therefore, the Main Lemma yields

λk(q
θ
0)�δk(ε)� λ θ

k (Mε) (7.4)

with δk(ε)! 0 asε ! 0 uniformly inθ .
For the other inequality we apply the Main Lemma with

H := L2(X); domq :=H 1(X); q := qθ
0

Hε
0 := L2(Mε); domq0ε :=H 1

θ (Mε); q0ε := qθ
Mε

whereΦu is the harmonic extension as in Theorem 3.5.3. Again we have to verify the condi-
tions of Theorem 1.4.2. Condition 1 is satisfied because of

kuk2 =
Z

X
juj2�

Z
Mε
jΦuj2 = kΦuk2:

Condition 2 is trivially satisfied because of

qθ
0(u) =

Z
X
jduj2+

Z
MnX

jdΦuj2 =
Z

M
jdΦuj2 = q0ε(Φu):

Condition 3 is not necessary becauseH is independent ofε. Therefore, by Theorem 1.4.2 we
obtain

λ θ
k (Mε)� λk(q

θ
0): (7.5)

Note that we do not have an error term since in both conditions we have used the inequalities
in Theorem 1.4.2.

7.2.2. Remark.In the same way we can show the convergenceλ D=N
k

(Mε)! λ D=N
k

(0) where

the limit form qD=N
0

is defined similarly (here we use the harmonic extension with Dirichlet
resp. Neumann boundary conditions on∂M).

We want to prove the existence of gaps forε small enough at least in the special situation
given in the next section. By Theorem 7.2.1 we only need to calculate theθ -dependent eigen-
valuesλ θ

k (0) of the limit operatorQθ
0 . If we can find bounds 0< λ k < λ k+1 independent ofθ

with

λ θ
k (0)� λ k < λ k+1 � λ θ

k+1(0) (7.6)

for all θ 2 Γ̂, we have established the existence of a gap between thek-th and the(k+1)-st
band.

For the concrete example in the next section we need some information about the domain
of the operator corresponding to the quadratic formqθ

0 via (1.4). Again,Φθ u denotes the (θ -
periodic) harmonic extension ofu ontoM nX. Furthermore,∂n denotes the normal derivative
on ∂X.
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7.3 Example

0 a b 1

L
r

X M

Figure 7.1: The period cellM of the cylinderMper= R�S1.

7.2.3. Lemma. The domain of the operator Qθ0 corresponding to the limit quadratic form qθ
0

is given by

domQθ
0 =

n
u2H 2(X)

���∂nu= ∂nΦθ u on∂X
o
: (7.7)

Furthermore, Qθ
0u= ∆Xu for u2 domQθ

0 .

Proof. The lemma follows from the Gauss-Green formula (2.18) and Theorem 1.2.2. Note that
the integral over∂M vanishes by Lemma 3.5.1. Furthermore,u;∆u2 L2(X) imply u2H 2(X)
by Theorem 2.4.10.

7.3 Example

We give an example of a two-dimensional periodic manifold which can be conformally de-
formed in such a way that spectral gaps occur. LetMper := R�S

1 be a cylinder withΓ = Z

acting onMper by γ � (x;σ) = (γ + x;σ). The periodic metric is given bygper = dx2+ r2dσ2

for some fixedr > 0. We chooseM = [0;1]�S1 as period cell.
Let 0< a< b< 1 and letX = [a;b]�S1 be the undisturbed region ofM. Note that normal

coordinates exist onM nX (see Section 6.1). (see Figure 7.1). Suppose that the conformal
factorsρε (ε > 0) are monotonically decreasing asε & 0, and thatρε satisfy Conditions (6.4)
and (6.5).

Let θ 2 Γ̂. In this context we prefer to viewθ as eiθ 2 S
1. Furthermore we identify

functionsw(σ) on σ 2 S
1 with 2π-periodic functions onR which will be denoted again by

w(σ).
We first calculate theθ -periodic harmonic extensionh = Φθ u of a functionu 2 C∞(X)

given byu(x;σ) = v(x)einσ for somen2 Z, i.e., we have to solve the boundary value problem

∆MnXh=�∂xxh� 1
r2∂σσ h= 0; with

h(a; �) = u(a; �)
h(b; �) = u(b; �)
h(1; �) = eiθ h(0; �)

∂xh(1; �) = eiθ ∂xh(0; �)

(7.8)

which has a unique solution by Theorem 3.5.3. Separating the variablesh(x;σ) = f (x)g(σ)
yields the two ODEs

f 00(x) = c f(x) and g00(σ) =�cr2g(σ):
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7 The two-dimensional case

Sinceg has period 2π we havec= n2=r2 with n2 Z andg(σ) = e�inσ . Furthermore we have
two fundamental solutions for the ODE inf given by

f1(x) =

(
enx=r if n 6= 0,

x if n= 0
and f2(x) =

(
e�nx=r if n 6= 0,

1 if n= 0.

Sincex varies over two disjoint intervals we have four independent constants in the general
solution:

f (x) =

(
c1 f1(x)+c2 f2(x) if 0 � x� a,

d1 f1(x)+d2 f2(x) if b� x� 1.
(7.9)

The boundary conditions in (7.8) now require thatg(σ) = einσ and

f1(a)c1 + f2(a)c2 = v(a)
f1(b)d1 + f2(b)d2 = v(b)

eiθ f1(0)c1 + eiθ f2(0)c2 � f1(1)d1 � f2(1)d2 = 0
eiθ f 01(0)c1 + eiθ f 02(0)c2 � f 01(1)d1 � f 02(1)d2 = 0:

(7.10)

We obtain the solution

c1 = γ
�
+ e(1�b)β v(a) � e�iθ�aβ v(b)

�
c2 = γ

�� e�(1�b)β v(a) + e�iθ+aβ v(b)
�

d1 = γ
�
+ eiθ�bβ v(a) � e�(1+a)β v(b)

�
d2 = γ

�� eiθ+bβ v(a) + e(1+a)β v(b)
� (7.11)

if n 6= 0 where we have set

L = b�a> 0; l = 1�L > 0;

β =
n
r

and γ =
1

elβ �e�lβ =
1

2sinh(lβ )
;

resp.

c1 = 1
l

�
v(a)�e�iθ v(b)

�
c2 = v(a)� a

l

�
v(a)�e�iθ v(b)

�
d1 = 1

l

�
eiθ v(a)�v(b)

�
d2 = v(b)� b

l

�
eiθ v(a)�v(b)

� (7.12)

for n= 0. Note thatci = ci(v) anddi = di(v) depend lineary onv.
Now we search for eigenvaluesλ = λk(q

θ
0)� 0 and eigenfunctionsu= uθ 6= 0 of Qθ

0 . By
Lemma 7.2.3u satisfies

∆Xu=�∂xxu� 1
r2∂σσ u= λu:

Again, by separating the variablesu(x;σ) = v(x)w(σ) we obtain the formal solutions

v(x) = A1v1(x)+A2v2(x) and w(σ) = einσ
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7.3 Example

with A1;A2 2 R wherev1;v2 are fundamental solutions of�v00 = µv, i.e.,

v1(x) =

8><>:
eiωx if µ > 0,

x if µ = 0,

eωx if µ < 0

and v2(x) =

8><>:
e�iωx if µ > 0,

1 if µ = 0,

e�ωx if µ < 0

(7.13)

with ω =
pjµj. Therefore the eigenvalue of the full problem is given byλ = µ +n2=r2� 0 for

n2Z andµ ��n2=r2. The eigenfunction lies in the domain ofQθ
0, i.e., the normal derivatives

of u andh agree on∂X. Therefore we require

v0(a) = f 0(a) and v0(b) = f 0(b): (7.14)

This becomes a linear system for the unknownA1 andA2 with the coefficient matrix

A=

�
v01(a)�c1(v1) f 01(a)�c2(v1) f 02(a) v02(a)�c1(v2) f 01(a)�c2(v2) f 02(a)
v01(b)�d1(v1) f 01(b)�d2(v1) f 02(b) v02(b)�d1(v2) f 01(b)�d2(v2) f 02(b)

�
:

A non-trivial solutionv exists if the determinant ofA vanishes. This condition determines our
possible values ofλ in dependence uponθ (andn).

We have to distinguish five cases:
Case A: n= 0 andµ = 0. A simple calculation shows that

detA=
2
l
(1�cosθ): (7.15)

The only solution of detA = 0 is θ = 0. The corresponding eigenfunction is the constant
function (i.e.,A1 = 0).

Case B: n= 0 andµ > 0. A longer but straightforward calculation yields

detA= 2iω
�2

l
(cos(Lω)�cosθ)�ω sin(Lω)

�
: (7.16)

The solutions of detA= 0 are analysed later on.
Case C: n6= 0 and�n2=r2� µ =�ω2 < 0 i.e.,β 2� ω2 > 0. We obtain

detA= 2
�
(β 2+ω2)sinh(Lω)+2βω

cosh(lβ )cosh(Lω)�cosθ
sinh(lβ )

�
: (7.17)

Here we have no solution sinceω > 0 and therefore detA> 0.
Case D: n6= 0 andµ = 0. Here, we have

detA= Lβ 2+2β
cosh(lβ )�cosθ

sinh(lβ )
> 0 (7.18)

sinceβ 6= 0. Again, we have no solution.
Case E: n6= 0 andω2 = µ > 0. We obtain

detA= 2i
�
(β 2�ω2)sin(Lω)+2βω

cosh(lβ )cos(Lω)�cosθ
sinh(lβ )

�
: (7.19)
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7 The two-dimensional case

θ
0 π 2π

ω4

ω0

p
λ

ω2

ω3

η1;1

η1;2

η1;3

η1;4

η2;1

η2;2

η1;5

η1;6

η2;5

η2;4

ω1

ω6

π
L

3π
L

4π
L

5π
L

6π
L

η2;3
ω5

2π
L

1
r

B1(Q0)

B2(Q0)
B3(Q0)

Figure 7.2: The square root of the eigenvalues of the limit operatorQθ
0 in Case A, B (thick line) and E

(dotted and dashed line) plotted forL = 0:5 andr = 1=13. Here, at leastm= 2 gaps occur.

The equation detA= 0 has solutions.
From Case A and Case B we obtain smooth functionsθ 7! ωm(θ) for eachm2 N0 solv-

ing the equation detA = 0. Note thatωm(θ) is the square root of an eigenvalueλ = λk(q
θ
0)

of the limit operator (see Figure 7.2). Furthermore, note that the compact intervalsBm :=
fω2

m(θ) j0� θ � 2π g are all disjoint: One can prove that

](mπ=L)2� ε0;(mπ=L)2[ \Bm0 = /0

for all m;m0 2 N0 if ε0 = ε0(L) is small enough. Finally note that(mπ=L)2 are the Neumann
eigenvalues of the interval[0;L].

In Case E we denote the square root of the eigenvalue byη, i.e., η =
p

λ =
p

ω2+β 2.
We always have

η � β = βn =
n
r
� 1

r
:

If we replaceω by
p

η2�β 2
n in (7.19) we obtain solutionsθ 7! ηn;p(θ) of detA= 0 for n; p2

N (see Figure 7.2). Note that we do not expect that the intervalsBn;p := fη2
n;p(θ) j0� θ � 2π g

are disjoint, we rather expect that the intervalsBn;p cover the gaps between the intervalsBm

when m;n or p are large. But we still haveBn;p � β1 = 1=r, i.e., if r � L
mπ , the intervals

B0; : : : ;Bm remain disjoint. Therefore we have proven the following:

7.3.1. Theorem.Let Qθ
0 be the limit operator on the cylinder M= [0;1]� S1 with radius

r > 0, with X = [a;b]�S
1 such that0 < a< b < 1 and with eigenvalues denoted byλk(q

θ
0).
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7.4 Mid-degree forms

Set L= b�a. Then we have at least m gaps between the intervals

Bk(Q0) :=
n

λk(q
θ
0)
���0� θ � 2π

o
for 1� k�m+1, provided r� L

mπ .
In particular, if we denote the conformally perturbed periodic Laplacian on Mper

ε = R�
S1 with metric gper

ε = ρ2
ε (dx2 + r2dσ2) and conformal factorρε satisfying the conditons of

Theorem 7.2.1 by∆Mper
ε

then the spectrum of∆Mper
ε

has at least m gaps if r� L
mπ and ifε > 0 is

small enough.

7.4 Mid-degree forms

In this section we consider how the Laplacian on differential forms behaves in some special
cases under conformal deformation. Again, denote byM a period cell of a periodic manifold
Mper. Let X be a subset ofM with smooth boundary and with strictly positive distance from
the boundary ofM (see Section 6.1). Suppose thatρε (ε > 0) are conformal factors satisfying
Conditons (6.4) and (6.5). Suppose in addition thatρε are monotonically decreasing ifε & 0.

First, we note that for mid-degree forms, i.e.,p-forms on a manifold of dimensiond = 2p,
we have

kukL2(A
pTMε)

= kukL2(A
pTM)

by (6.1), i.e., the norm is independent of the conformal factorρε . By the assumptions made on
ρε , the quadratic form

qApTMε
(u) =

Z
M

�jduj2+ jd�uj2�ρ�2
ε

is monotonically increasing foru2H 1(ApTM) and converges to the quadratic form

qθ
0(u) =

Z
X

�jduj2+ jd�uj2�
for all

u2 domqθ
0 =

n
u2H 1

θ (ApTM)
���du�MnX = 0; d�u�MnX = 0

o
:

By the monotone convergence of quadratic forms (see [RS80, Theorem S.14]), the operator
∆θ

ApTMε
converges toQθ

0 in strong resolvent sense, i.e.,

(∆θ
ApTMε

+1)�1u! ((Qθ
0 +1)�1�0)u

asε ! 0 for all u 2 L2(A
pTM). Here,Qθ

0 denotes the operator corresponding to the form
qθ

0 in L2(A
pTX) and the direct sum refers to the splitting intoL2-sections onX andM nX.

Since the spectrum of∆θ
ApTMε

is discrete we conclude from Theorem VII.24 of [RS80] that the

λ θ
k (A

pTMε) converge to some pointλ 2 specQθ
0 asε ! 0 for everyk 2 N . But we do not

know anything about the limit operatorQθ
0 . Note that not all elementsu2H 1(ApTX) can be
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7 The two-dimensional case

extended to an elementeu2 domqθ
0 . Furthermore, the boundary condition satisfied by elements

of domqθ
0 still depends on the behaviour of the “harmonic” extensioneu on M nX.

In dimension 2, it is much easier to apply Theorem 3.4.8: the spectrum of∆ApTMper
ε

is the

same forp= 0, p= 1 andp= 2. Therefore, if∆Mper
ε

has a gap in the essential spectrum, then

this is true for∆A1TMper
ε

and∆A2TMper
ε

.
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8 Eigenvalues in spectral gaps

In the sequel, we follow the ideas of [AADH94] and [HB00]. LetMper be one of the peri-
odic manifolds with gaps in the spectrum constructed in the previous chapters. We first anal-
yse an approximating problem, i.e., we consider the Dirichlet Laplacian on a compact subset
Mn %Mper. Then the spectrum is purely discrete and we can count eigenvalues arising from
a perturbation on a fixed subsetMn0 of Mn. The main difficulty is to prove that eigenfunc-
tions corresponding to a fixed eigenvalueλ in a gap converge to eigenfunctions of the whole
problem asn!∞.

Note that the Dirichlet boundary condition onMn produces no eigenvalues in the gap]a;b[
since the boundary ofMn is small in some sense. This fact simplifies our proof and we do not
need the more complicated construction in [AADH94].

Furthermore, note that by Theorem 2.3.8 the following results on eigenvalues in gaps of
the Laplacian on functions remain true for the Laplacian ond-forms whered denotes the
dimension of the manifold. Furthermore, ifd = 2 then we can even prove the existence of
eigenvalues for the Laplacian on 1- and 2-forms by Corollary 2.3.10.

8.1 Approximating problem

Here we consider one of theΓ-periodic manifoldsMper
ε resp. eMper

ε constructed in Chap-
ters 4, 5, 6 and 7. To avoid problems arising from regularity theory we assume that there
exists a period cellMε of Mper

ε with smooth boundary, i.e.,∂Mε splits into 2r disjoint smooth
manifoldsZi if r denotes the number of generators ofΓ (see Figure 8.1). Hence, we exclude
the cases in whichMε has singularities like corners etc.

Let Γ0 be a subset of the groupΓ. Then we set

Γ0Mε :=
[

γ2Γ0
γMε :

Mε

Figure 8.1: A period cellMε with smooth boundary∂Mε . The corresponding periodic manifoldMper
ε

is periodic with respect to a group withr = 2 generators.
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8 Eigenvalues in spectral gaps

Note that by our smoothness assumption,∂Γ0Mε is also smooth.
For a subsetΓn of Γ with n elements we denote by∆D=N

ΓnMε
either the Laplacian with Dirichlet

or Neumann or mixed boundary conditions on∂ΓnMε and byλ D=N
k

(ΓnMε) its eigenvalues.

The following theorem and its corollary ensure that the spectrum of∆Mper
ε

and∆D=N
ΓnMε

have
common gaps:

8.1.1. Theorem.Let k2 N . Suppose thatλ N
k (Mε)! λ k andλ D

k (Mε)! λ k asε ! 0 for some
positive numbers0� λ k � λ k.

Then bothλ θ
k (Mε) andλ D=N

m (ΓnMε) have the same error estimates for all m= (k�1)n+
1; : : : ;kn, i.e., there exist positive functionsδ k(ε) andδ k(ε) converging to0 asε ! 0 such that

λ k�δ k(ε)� λ θ
k (Mε);λ D=N

m (ΓnMε)� λ k+δ k(ε):

Proof. Denote byΣnMε the disjoint union ofn copies ofMε . Thenλ D
m(ΣnMε) = λ D

k (Mε)
andλ N

m(ΣnMε) = λ N
k (Mε) for all m= (k�1)n+1; : : : ;kn since every eigenvalue on the dis-

joint union has multiplicityjn if the corresponding eigenvalue onMε has multiplicity j. By
Dirichlet-Neumann bracketing (see (2.16)) we obtain

λ N
k (Mε) = λ N

m(ΣnMε)� λ D=N
m (ΓnMε)� λ D

m(ΣnMε) = λ D
k (Mε);

while the Dirichlet-Neumann enclosure (see (3.12)) implies

λ N
k (Mε)� λ θ

k (Mε)� λ D
k (Mε):

Thus the assumption onλ D
k (Mε) andλ N

k (Mε) implies the existence ofδ k(ε) andδ k(ε).

8.1.2. Corollary. If λ k < λ k+1 then there exist numbers a;b independent of n such thatλ k <
a< b< λ k+1, and the interval I:= ]a;b[ is a common gap in the spectrum of the Laplacians,
providedε is small enough, i.e.,

I \spec∆Mper
ε

= /0 and I\spec∆D=N
ΓnMε

= /0:

The next corollary will be used in Section 8.2. For the definition of the eigenvalue counting
function dimλ (∆

D=N
ΓnMε

) see Definition 1.3.6.

8.1.3. Corollary. Suppose that the assumptions of the previous corollary are fulfilled. Ifλ 2 I
lies in the gap between the k-th and the(k+1)-st band, thendimλ (∆

D=N
ΓnMε

) = kn independently

of the boundary conditions on∂ΓnMε .

For the rest of this chapter, we fixk 2 N such thatλ k < a < b < λ k+1 andλ 2 I =]a;b[.
Furthermore, we fixε > 0 such thatI is a common gap as in Corollary 8.1.2 and therefore omit
ε in the notation, e.g.,M = Mε .

Let Γn% Γ be an exhaustive sequence, i.e., a monotone sequence with
S

nΓn = Γ. Suppose
further thatMn := ΓnM, Rn := (ΓnΓn)M andRn0;n := (ΓnnΓn0)M for n0 < n are all connected
(see Figure 8.2). Note thatMn%Mper andRn0;n%Rn0 asn!∞ and thatMper= Mn[Rn and
Mn = Mn0[Rn0;n.
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8.1 Approximating problem

Mn

Rn0;n

Mn0

1 84

3 2

n= 16

M

5 6 7 Mn

Figure 8.2: The approximating manifoldMn on the right hand side and the manifoldsMn0, Mn and
Rn0;n on the left hand side (n0 = 4 andn= 16).

Now we consider perturbations of the periodic metricgper onMper. Let (g(τ))τ be a family
of Riemannian metrics onMper. The Riemannian manifold(Mper;g(τ)) will be written briefly
asM(τ). It is quite obvious how to understand notations likeMn(τ), Rn(τ) and so on.

Now we make our assumptions on the family of metrics(g(τ))τ:

g(0) = gper (8.1)

kg(τ)�g(τ0)kC1(Mper)
! 0 as τ ! τ0 (8.2)

sup
τ�0

kg(τ)�g(0)k
C1(Rn0)

! 0 as n0! ∞ (8.3)

for all τ0� 0.
The first assumption assures that we start with the periodic manifold. The second one is a

kind of continuity and the third one tells us, roughly speaking, that outside of a bounded region
there is more or less no perturbation.

Next we need some arguments used in Theorem 8.1.6 to prove that the limits of the eigen-
functions are still lineary independent.

8.1.4. Lemma. Let τ0 > 0. Then there exists c= c(τ0)> 1 such that

1
c
kukL2(M

n(τ 0)) � kukL2(M
n(τ)) � ckukL2(M

n(τ 0)) (8.4)

for all u 2 L2(M
n) and n2 N and0� τ;τ 0 � τ0.

Proof. We apply Lemma 2.4.6 twice withg = g(τ) and eg = g(τ 0) and vice versa. By As-
sumption (8.2),g(τ) depends continuously onτ. Therefore there existsc0 > 0 such that
η(kg(τ)�g(τ 0)k

C1(Mn)
) � c0 for all 0 � τ;τ 0 � τ0 andn 2 N . Estimate (8.4) now follows

from (2.24) withc := (1+c0)1=2.

Let n+(n) be the smallest integer such thatMn� Æ

Mn+(n). Similarly, letn�(n) be the greatest
integer such thatMn�(n) � Æ

Mn (see Figure 8.3). Note thatn�(n)< n< n+(n) andn�(n)! ∞
asn!∞.

8.1.5. Lemma. Let n+ := n+(n0) and n� := n�(n0). Suppose thatτn ! τ. Then there exists
c> 0 such that

k∆D
Mnunk2

L2(M
n0) � c2 � �kunk2

L2(M
n+ (τ))+k∆D

Mn(τn)
unk2

L2(M
n+ (τ))

�
(8.5)
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Mn

Mn�(n)

Mn+(n)

Figure 8.3: Definition of the integersn+(n) andn
�

(n).

for all n > n++(n0) := n+(n+(n0)) and all un 2H 2(Mn)\ Æ

H 1(Mn). Furthermore, there
existsδn! 0 as n! ∞ such that

k(∆D
Mn�∆D

Mn(τn)
)unk2

L2(R
n0;n) � δ 2

n�
� �kunk2

L2(M
n(τn))

+k∆D
Mn(τn)

unk2
L2(M

n(τn))

�
(8.6)

for all n > n0 and all u2H 2(Mn)\ Æ

H 1(Mn).

Proof. We choose a functionχ 2 C∞
c (M

n+) such thatχ�Mn0
= 1. Applying Lemma 2.4.7,

Theorem 2.4.10 and Lemma 2.4.9 we obtain

k∆D
Mnunk2

L2(M
n0) � k∆D

Mnχunk2
L2(M

n+ )

� c1 �c3 �
�kχunk2

L2(M
n+ (τn))

+k∆D
Mn(τn)

χunk2
L2(M

n+ (τn))

�
� c1 �c3 �

�
1+c2kχk

C1(Mper)

��kunk2
L2(M

n+(τn))
+k∆D

Mn(τn)
unk2

L2(M
n+ (τn))

�
:

We apply Lemma 8.1.4 to obtain an estimate in which theL2-norm overM(τ) occurs. By the
periodicity ofgper and by Assumption (8.2) we can estimate

c(τ0)c1

�kgperk
C1

�
c3

�kg(τn)kC1

��
1+c2

�kg(τn)kC1

�kχk
C1

�� c2

for some constantc> 0.
To prove the second estimate useχ 2 C∞

c (R
n�) such thatχ�Rn0;n = 1. The proof is es-

sentially the same if we replacec1(kgperk
C1) by the expressionη1(kgper�g(τn)kC1) which

converges to 0 uniformly inn asn0!∞ by Assumption (8.3). Note that it is important here to
apply regularity theory up to the boundary∂Mn.

The following theorem now shows that the eigenfunctions of the approximating problem
converge to eigenfunctions of the original problem without loss of multiplicity.

8.1.6. Theorem.Suppose thatτn! τ andλn;i !λ 2 I = ]a;b[ for i = 1; : : : ;k. Suppose further
thatϕn;i 2 L2(M

n(τn)) =:Hn, i = 1; : : : ;k, are orthonormal for all n and

∆D
Mn(τn)

ϕn;i = λn;i ϕn;i : (8.7)
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8.1 Approximating problem

Then for every i there exists a subsequence(ϕnm;i)m converging weakly toϕ0;i 2 dom∆M(τ) in

H 1(M(τ)) and strongly in L2;loc(M(τ)). Furthermore,

∆M(τ)ϕ0;i = λ ϕ0;i (8.8)

for i = 1; : : : ;k, and(ϕ0;i)i=1;:::;k are orthogonal.

Proof. For every i we apply Lemma 2.4.6 withg = g(τn) and eg = g(τ). By Assump-
tion (8.2) the conditions of Lemma 1.4.7 and therefore the conditions of Theorem 1.4.6 of
Chapter 1 (withH := L2(M(τ)), qn := qD

Mn(τn)
, q := qM(τ) andD := C∞

c (M
per)) are sat-

isfied. Note that we really need Dirichlet boundary conditions onMn(τn) here since then
domqn =

Æ

H 1(Mn(τn))�H 1(M(τ)) = domq.
Therefore (by passing to a subsequence)ϕn;i ! ϕ0;i weakly inH 1(M(τ)) and strongly in

L2;loc(M(τ)) by the Rellich-Kondrachov compactness Theorem asn!∞ andϕ0;i 2 dom∆M(τ).
Furthermore, (8.8) is satisfied.

The main difficulty is to prove thatϕ0;i are lineary independent. Suppose that there exist
α1; : : : ;αk, not all equal to 0, such thatun :=∑i αiϕn;i converges to∑i αiϕ0;i = 0 inL2;loc(M(τ)).
Since(τn) is bounded there existsc1 > 1 such that

kunkL2(M
n)
� 1

c1
kunkL2(M

n(τn))
=

1
c1

∑
i
jαij2 =: c2 > 0

for all n 2 N by Lemma 8.1.4. By Corollary 8.1.2,I is a spectral gap of∆D
Mn. The spectral

theorem implies

k(∆D
Mn�λ )unkL2(M

n)
� (b�a)kunkL2(M

n)
� b�a

c2
=: c3 > 0 (8.9)

for all n2 N . On the other side we have

k(∆D
Mn�λ )unkL2(M

n)
�

�  k

∑
j=1

(∆D
Mn�λn; j)α jϕn; j


L2(M

n)
+

k

∑
j=1
jα j j � jλn; j�λ j � kϕn; jkL2(M

n):

The last term converges to 0 sincekϕn; jkL2(M
n)
� c by Lemma 8.1.4. The first term can be split

into an integral overMn0 andRn0;n. By using (8.6) and (8.7) we can estimate the integral over
Rn0;n by

k(∆D
Mn�∆D

Mn(τn)
)unkL2(R

n0;n)

� δn� �
�kunk2

L2(M
n(τn))

+k∆D
Mn(τn)

unk2
L2(M

n(τn))

� 1
2

� δn�(n0)
�� k

∑
j=1
jα j j2(1+max

j
λ 2

n; j

�1
2

tending to 0 asn0! ∞. The integral overMn0 can be estimated by

k∆D
MnunkL2(M

n0)
+max

j
λn; jkunkL2(M

n0)
:
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8 Eigenvalues in spectral gaps

Furthermore, applying (8.5) yields the estimate

k∆D
MnunkL2(M

n0)
� c� �kunk2

L2(M
n+(τ))+k∆D

Mn(τn)
unk2

L2(M
n+(τ))

�1
2

� c� �(1+λ )kunk2
L2(M

n+(τ))+k(∆D
Mn(τn)

�λ )unk2
L2(M

n+ (τ))
� 1

2

for all n> n++(n0). The first term under the square root converges to 0 sinceun! 0 in L2;loc.
The second term can be estimated by

max
j
jλn; j �λ j2kϕn; jk2

L2(M
n(τ0))

k

∑
j=1
jα j j2

which also converges to 0. This contradicts (8.9).

Finally, we prove that the essential spectrum of the periodic and the perturbed Laplacian are
the same. For the definition of the essential spectrum and singular sequences see Section 1.3.

8.1.7. Theorem.We haveess spec∆Mper = ess spec∆M(τ) for all τ > 0.

Proof. Let λ 2 ess spec∆Mper and letε > 0. By Lemma 2.4.7, Theorem 2.4.10 and Assump-
tion (8.3) there existsn0 2 N such that

k(∆M(τ)�∆Mper)uk2
L2(R

n0) �
ε
c1

�kuk2
L2(R

n0)+k∆Mperuk2
L2(R

n0)

�
(8.10)

for all u2H 2(Rn0)\ Æ

H 1(Rn0). Here,c1 > 0 is some constant specified later on.
Let (un) be a singular sequence forλ and∆Mper, i.e.,un! 0 weakly inL2(M

per), kunk = 1
andk(∆Mper�λ )unk ! 0 asn! ∞. By the Decomposition Principle (Theorem 2.5.1) we can
assume thatun has support away fromMn0. By Lemma 8.1.4 there existsc> 0 such that

kunkL2(M(τ)) �
1
c
kunkL2(M

per)
=

1
c
> 0 (8.11)

for all n.
Now we want to show thatvn := un=kunkL2(M(τ)) is a singular sequence forλ and∆M(τ).

Since the norm topology inL2(M
per) andL2(M(τ)) are the same, this is also true for the weak

topology (see Lemma 1.2.1). By (8.11) we conclude thatvn ! 0 weakly inL2(M(τ)). Since
un�Mn0

= 0 we have

k(∆M(τ)�λ )vnk2
L2(M(τ))

� 2c4�k(∆M(τ)�∆Mper)unk2
L2(R

n0)+k(∆Mper�λ )unk2
L2(R

n0)

�
� 2c4 ε

c1

�kunk2
L2(R

n0)+k∆Mperunk2
L2(R

n0)

�
+2c4k(∆Mper�λ )unk2

L2(R
n0)

� 2c4 ε
c1
(1+2λ )+2c4

�
1+

2ε
c1

�
k(∆Mper�λ )unk2

L2(R
n0)

by (8.10), Lemma 8.1.4 and (8.11). Finally setc1 := 4c4(1+ 2λ ). Then the first summand
in the last line isε=2 and the second converges to 0 asn! ∞. Therefore we have proven
ess spec∆Mper� ess spec∆M(τ). The opposite inclusion can be shown in the same way.

From the preceding Theorem and Corollary 8.1.2 we conclude:

8.1.8. Corollary. The interval I= ]a;b[ is an essential spectral gap for∆M(τ) for all τ � 0.
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8.2 Eigenvalue counting functions

8.2 Eigenvalue counting functions

Here we give a lower bound on the number of eigenvalues in the gap of the unperturbed opera-
tor. Again, we fixk2 N andλ such thatλ k < a< λ < b< λ k+1. Here,I := ]a;b[ is a common
gap as in Corollary 8.1.2.

First, we show that the boundary conditions onRn0;n(τ) are not important for the eigenvalue
counting function.

8.2.1. Lemma. Denote by∆D=N
Rn0;n(τ)

the Laplacian on Rn0;n(τ) either with Dirichlet or Neumann

or mixed boundary conditions. Then there exists n0 2 N such that

dimλ (∆
D=N
Rn0;n(τ)

) = k(n�n0)

for all τ � 0 and n� n0.

Proof. Chooseη > 0 so small such that

λ k < λ k+8η < a< b< λ k+1�8η < λ k+1:

We use Lemma 1.4.5 withH = L2(R
n0;n(τ)) andH 0 = L2(R

n0;n). The assumptions of
Lemma 1.4.5 are fulfilled by Lemma 2.4.6 if

η
�
sup
τ�0

kg(τ)�g(0)k
C1(Rn0)

�� η:

This can be achieved by Assumption (8.3), providedn0 is large enough. Then we have��λ D=N
m (Rn0;n)�λ D=N

m (Rn0;n(τ))
��� 4η

for all τ � 0. Thereforeλ D=N
m (Rn0;n(τ)) is so close toλ D=N

m (Rn0;n) such that no eigenvalue of
∆D=N

Rn0;n(τ)
lies in I = ]a;b[ and the eigenvalue counting functions agree forλ 2 I . The result

follows by Corollary 8.1.3. Remember thatRn0;n consists ofn�n0 copies of the period cell
M.

Next, we give lower bounds on the eigenvalue counting function of the approximating
problem independent ofn:

8.2.2. Lemma. We have

dimλ (∆
D
Mn(τ))�dimλ (∆

D
Mn)� dimλ (∆

D
Mn0(τ))�dimλ (∆

D
Mn0) (8.12)

dimλ (∆
D
Mn)�dimλ (∆

D
Mn(τ))� dimλ (∆

N
Mn0)�dimλ (∆

N
Mn0(τ)) (8.13)

for all τ � 0 and n� n0.

Proof. By ∆ND
Rn0;n we denote the Laplacian with Dirichlet boundary conditions on∂Mn and

Neumann boundary conditions on∂Rn0;nn ∂Mn. Furthermore, as a result of Lemma 1.3.7 we
have the following estimate

dimλ (∆
D
Mn(τ))�dimλ (∆

D
Mn)

� dimλ (∆
D
Mn0(τ))+dimλ (∆

D
Rn0;n(τ))�

�
dimλ (∆

N
Mn0)+dimλ (∆

ND
Rn0;n)

�
= dimλ (∆

D
Mn0(τ))�kn0:

Here, we have used Corollary 8.1.3 and Lemma 8.2.1 to show the equality. Estimate (8.12)
follows by applying Corollary 8.1.3 once more. Estimate (8.13) can be shown similarly.
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λ D
k (Mn(τ))

τ�δ τ +δ k= j +1
k= j
k= j�1

λ
ττ̂

τ

λ + η̂(δ )

λ � η̂(δ )

Figure 8.4: The number of eigenvalue branchesλ D
k (Mn(�)) crossing theλ -level in [τ � δ ;τ + δ ] can

be estimated by the number of eigenvalue branches in the interval[λ � η̂(δ );λ + η̂(δ )] at the fixed
parameterτ .

Now we show the continuity of the eigenvalue branches (for a more general result concern-
ing the continuity of the eigenvalue branches of the Laplacian on forms see [BD97]):

8.2.3. Lemma. The functionτ 7! λ D
k (Mn0(τ)) is continuous, in particular��λ D

m(Mn0(τ0))�λ D
m(Mn0(τ))

��� 4η
�kg(τ)�g(τ0)kC1(Mn0)

�
: (8.14)

Proof. Again, we use Lemma 1.4.5, now withH = L2(M
n0(τ)),H 0 = L2(M

n0(τ0)) andη =
η(kg(τ)�g(0)kC1(Mn0)

).

The next result allows us to estimate the eigenvalue counting functions for different param-
etersτ and fixedλ by the eigenvalue counting function for a fixedτ and an interval containing
λ (see [HB00, Section 4]). We need this lemma since we do not know whether eigenfunctions
corresponding to different parametersτ are orthogonal. We do not even know that they are dif-
ferent! But since we want to show that the multiplicity of eigenvalues is conserved asn!∞ we
need the orthogonality of the approximating eigenfunctions (see the proof of Theorem 8.2.6).

8.2.4. Lemma. For all τ0 > 0 there exists a monotone increasing functionη̂(δ )! 0 asδ ! 0
such that

jdimλ (∆
D
Mn(τ+δ ))�dimλ (∆

D
Mn(τ�δ ))j � dim[λ�η̂(δ );λ+η̂(δ )](∆

D
Mn(τ))

for all λ � 0, δ > 0 and allτ +δ � τ0.

Proof. Since every eigenvalue brancheλ D
j (M

n(�)) is continuous by the preceding lemma, there
exists a parameter̂τ 2 [τ�δ ;τ +δ ] such thatλ = λ D

j (M
n(τ̂)) by the intermediate value theo-

rem (see Figure 8.4). Again, Lemma 8.2.3 yields��λ �λ D
j (M

n(τ))
��= ��λ D

j (M
n(τ̂))�λ D

j (M
n(τ))

��� 4η
�kg(τ̂)�g(τ)k

C1(Mn)

�
=: R(τ; τ̂):

By Assumption (8.2),R is uniformly continuous on[0;τ0]
2. By Lemma 2.4.3 there exists a

monotone increasing function̂η(δ )! 0 asδ ! 0 such that��λ �λ D
j (M

n(τ))
��� η̂(jτ� τ̂j)� η̂(δ );

i.e.,∆D
Mn(τ) has an eigenvalue in[λ � η̂(δ );λ + η̂(δ )]
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τ2τ10

λ

specQ(τ)

τ

τ3

Figure 8.5: Two Eigenvalue branches in a gap of the operatorQ(0). Here, the eigenvalue counting
function of (Q(τ))τ satisfiesNτ1

(Q(�);λ ) = 1,Nτ2
(Q(�);λ ) = 4 andNτ3

(Q(�);λ ) = ∞. Note that the
eigenvalue counting function does not count eigenvalue branches but the number of intersection points
of the branches with the levelλ .

8.2.5. Definition. For a parameter-dependent operatorQ(τ) we define

Nτ(Q(�);λ ) := ∑
0�τ 0�τ

dimker(Q(τ 0)�λ );

the eigenvalue counting function of(Q(τ))τ . The functionNτ(�;λ ) counts the number of
eigenvaluesλ (with multiplicity) of the family (Q(τ))τ (see Figure 8.5).

Note the difference to the eigenvalue counting function of a single operatorQ (see Defini-
tion 1.3.6), i.e.,

dimλ (Q) = ∑
0�λ 0�λ

ker(Q�λ 0):

Finally, we prove the main result of this section (see [HB00, Section 4]):

8.2.6. Theorem.We have

Nτ(∆M(�);λ )� limsup
n!∞

��dimλ (∆
D
Mn(τ))�dimλ (∆

D
Mn)

��: (8.15)

Proof. Denote by

Tn := Tn(λ ) :=
n

τ 0 2 [0;τ0]
���λ 2 spec∆D

Mn(τ)

o
;

the set of parametersτ 0 that produce an eigenvalueλ . Let T∞ be the set of limit points, i.e.,
τ̂ 2 T∞ if and only if τ̂ 2 [0;τ0] and if there exist sequences(nm)m� N andτ 0m2 Tnm such that
τ 0m! τ̂.

We have to distinguish two cases. If the cardinality ofT∞ is greater or equal toNλ , the
right hand side of (8.15), then we apply Theorem 8.1.6 with fixed eigenvalueλ = λn = λ0 and
with multiplicity k= 1 for each limit pointτ̂ 2 T∞. As a consequence, there are at least cardT∞
parameterŝτ such thatλ is an eigenvalue of∆M(τ̂). This proves (8.15).
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8 Eigenvalues in spectral gaps

If cardT∞ <Nλ thenT∞ consists in a finite number of pointsτ̂1; : : : ; τ̂l , andTn!fτ̂1; : : : ; τ̂lg.
Furthermore, there exists a sequenceδn! 0 such that

Tn�
k[

j=1

]τ̂ j �δn; τ̂ j +δn[=: T̂n

for all n2 N . If n is large enough, all these intervals are mutually disjoint. As a consequence,
dλ ;n(τ

0) := dimλ (∆
D
Mn(τ 0)) is constant on each component of[0;τ]n T̂n. Therefore

��dλ ;n(τ)�dλ ;n(0)
��� l

∑
j=1

��dλ ;n(τ̂ j �δn)�dλ ;n(τ̂ j +δn)
��:

By Lemma 8.2.4 there exist̂η(δ )! 0 asδ ! 0 such that

��dλ ;n(τ)�dλ ;n(0)
��� l

∑
j=1

dim[λ�η̂(δn);λ+η̂(δn)]
(∆D

Mn(τ̂ j)
):

By passing to a subsequence we can assume thatjdλ ;n(τ)� dλ ;n(0)j ! Nλ . We have even
equality if n is large enough since the sequence consists of integers. Now we select a subse-
quence(nm)m such that

kj := dim
[λ�η̂(δn);λ+η̂(δn)]

(∆D
Mn(τ 0j)

)

is independent ofm. This is possible by choosing a convergent subsequence. Again, a converg-
ing sequence consisting of integers is constant up to finitely many exceptions. Therefore, for
eachn2 N , we havekj orthonormal eigenfunctionsϕn;1; : : : ;ϕn;kj

with eigenvaluesλn;i ! λ .

Hence we can apply Theorem 8.1.6 with fixedτ̂ j = τn = τ0 and conclude that the limit problem
∆M(τ) hasλ as eigenvalue of multiplicitykj . This proves the theorem sinceλ hat multiplicity

at least∑l
j=1kj � Nλ .

8.2.7. Remark.Note that the same result for the approximating problem is quite obvious to see:
By Lemma 8.2.3, the eigenvalue branches are continuous. Therefore the eigenvalue counting
function of∆D

Mn(�) has as a lower bound the number of eigenvalue branches passing the levelλ ,
i.e.,

Nτ(∆D
Mn(�);λ )� ��dimλ (∆

D
Mn(τ))�dimλ (∆

D
Mn)

��:
8.3 Examples

In this section we construct a perturbation of the metric such that eigenvalues in the gap of
the periodic problem occur. Suppose thatI = ]a;b[ is a common gap of∆D

Mn and∆Mper as in
Corollary 8.1.2. Finally, suppose thatλ 2 I . Combining Lemma 8.2.2 and Theorem 8.2.6 we
obtain

Nτ(∆M(�);λ )� dimλ (∆
D
Mn0(τ))�dimλ (∆

D
Mn0) (8.16)

Nτ(∆M(�)
;λ )� dimλ (∆

N
Mn0)�dimλ (∆

N
Mn0(τ)): (8.17)
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By the Weyl asymptotics (Theorem 2.3.13) we have

dimλ (∆
D=N
Mn0(τ)

)�dimλ (∆
D=N
Mn0

)� vol(B d)

(2π)d

�
vol(Mn0(τ))�vol(Mn0)

�
λ

d
2

if λ is large enough. This means geometrically that the number of eigenvalues in a gap has an
asymptotic lower bound controlled by the volume difference of the perturbed and the unper-
turbed manifold.

Note that we do not know whether the counting functionNτ(∆M(�);λ ) is finite or not. For

example, ifg(τ) is equal to a metricg(τ3) for τ nearτ3 and ifλ is an eigenvalue of∆M(τ3)
then

Nτ(∆M(�)
;λ ) = ∞ if τ � τ3 (see Figure 8.5). Furthermore, the counting functionNτ(∆M(�)

;λ )

could be much larger than the differences in the right hand side of (8.16) and (8.17): think of
one eigenvalue branch passing the levelλ from above (or from below)andoszillating around
λ several times both in the approximating problem onMn(τ) and in the full problem onM(τ)
(again see Figure 8.5).

Finally we consider conformal deformations of the periodic metricgper, i.e., g(τ) =
ρ2(τ)gper. Here,ρ(τ) is a smooth function onMper for everyτ � 0 with the following proper-
ties:

ρ(0) = 1 (8.18)

kρ(τ)�ρ(τ0)kC1(Mper)
! 0 as τ ! τ0 (8.19)

sup
τ�0

kρ(τ)�1k
C1(Rn0)

! 0 as n0! ∞: (8.20)

Clearly, the family(g(τ))τ of metrics satisfies Conditions (8.1) to (8.3).

8.3.1. Eigenvalues from above.Let K � Æ

Mn0 be a compact set with non-empty interior. Sup-
pose further thatρ(τ) is constant onK with constantcτ tending to∞ as τ ! ∞. Then we
have

0� λ D
k (Mn0(τ))� λ D

k (K(τ)) =
1
c2

τ
λ D

k (K)

by (2.15). Here,K(τ) denotesK with metricg(τ) = c2
τgper. Therefore,λ D

k (Mn0(τ))! 0 as
τ ! ∞ for all k 2 N and dimλ (∆

D
Mn0(τ))! ∞ as τ ! ∞. This means that arbitrarily many

eigenvalue branches cross the levelλ from above asτ ! ∞.
Therefore, by Theorem 8.2.6 and Lemma 8.2.2 we have

Nτ(∆M(�)
;λ )� dimλ (∆

D
Mn0(τ))�dimλ (∆

D
Mn0)!∞

asτ !∞. Geometrically, we blow up the manifold in all directions with the same factorcτ on
K.

8.3.2. Eigenvalues from below.Again, letK � Æ

Mn0 be a compact set with non-empty interior.
Furthermore, letK0 be the closure ofMn0 nK. Suppose thatρ(τ) is constant onK with constant
cτ ! 0 asτ ! ∞. Then we have

0� λ N
k (K(τ)[̇K0(τ))� λ N

k (Mn0(τ))
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by the Dirichlet-Neumann bracketing (2.16). Furthermore,

λ N
k (K(τ)) =

1
c2

τ
λ N

k (K)! ∞

asτ ! ∞ for all k� 2 and therefore dimλ (∆
N
Mn0(τ))! 1 asτ ! ∞ since 0 is always an eigen-

value of the Neumann problem.
By Lemma 1.3.7 we have

dimλ (∆
N
Mn0(τ))� dimλ (∆

N
K(τ)[̇K0(τ)) = dimλ (∆

N
K(τ))+dimλ (∆

N
K0(τ)):

Again, by Theorem 8.2.6 and Lemma 8.2.2 we conclude

Nτ(∆M(�);λ )� dimλ (∆
N
Mn0)�dimλ (∆

N
Mn0(τ))! kn0�1� lim inf

τ!∞
dimλ (∆

N
K0(τ)) (8.21)

Here, λ lies in the gap between thek-th and the(k+ 1)-st band. By the Weyl asymptotic
(Theorem 2.3.13) we have

dimλ (∆
N
K0(τ))�

vol(B d)

(2π)d vol(K0(τ))λ
d
2 :

Now we have to choosen0, K0 andρ(τ)�K0 such that limτ!∞ vol(K0(τ)) exists and such that
the right hand side of (8.21) is strictly positive. Note thatK andK0 also depend onn0. If
such a choice is possible, we have shown that a finite number of eigenvalues occur in the gap.
Geometrically, we shrink the manifold in all directions with the same factorcτ on K.

Note that we have not only constructed spectral gaps for the Laplacian on a periodic mani-
fold (see Chapters 6 and 7) but also eigenvalues in a gaponlyby perturbing the metric confor-
mally.
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[BS92] J. Brüning and T. Sunada,On the spectrum of periodic elliptic operators, Nagoya
Math. J.126(1992), 159–171.

[Bye70] W. P. Byers,On a theorem of Preissmann, Proc. Am. Math. Soc.24(1970), 50–51.

[CF78] I. Chavel and E. A. Feldman,Spectra of domains in compact manifolds, Journal
of Functional Analysis30 (1978), 198 – 222.

[CF81] I. Chavel and E.A. Feldman,Spectra of manifolds with small handles, Comment.
Math. Helvetici56 (1981), 83–102.

93



Bibliography

[CFKS87] H.L. Cycon, R.G. Froese, W. Kirsch, and B. Simon,Schroedinger operators, with
application to quantum mechanics and global geometry, Springer-Verlag, Berlin,
1987.

[Cha84] I. Chavel,Eigenvalues in Riemannian geometry, Academic Press, Orlando, 1984.

[Cha93] I. Chavel,Riemannian geometry, Cambridge University Press, Cambridge, 1993.

[Dav96] E.B. Davies,Spectral theory and differential operators, Cambridge Univerity
Press, Cambridge, 1996.

[dC92] M. P. do Carmo,Riemannian geometry, Birkhäuser, Boston, 1992.
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Zusammenfassung

Die vorliegende Arbeit befasst sich mit spektralen Eigenschaften des Laplace-Operators auf
nichtkompakten, periodischen Mannigfaltigkeiten der Dimensiond � 2. Unter einer periodi-
schen MannigfaltigkeitMper verstehen wir eine Riemannsche Mannigfaltigkeit, auf der eine
abelsche GruppeΓ eigentlich diskontinuierlich und isometrisch operiert. Außerdem nehmen
wir an, dass der QuotientenraumMper=Γ kompakt ist. Unter Zuhilfenahme der Floquet-Theorie
kann man zeigen, dass das Spektrum des Laplace-Operators∆Mper Bandstruktur besitzt, d. h.
das Spektrum ist lokal endliche Vereinigung abz¨ahlbar vieler kompakter Intervalle. Sind zwei
benachbarte Intervalle disjunkt, so sprechen wir von einer L¨ucke im Spektrum. Unser Interes-
se richtet sich auf die Frage, ob es Beispiele von periodischen Mannigfaltigkeiten mit L¨ucken
im Spektrum gibt. Im Falle von Schr¨odinger-Operatoren imRd sind solche Fragen bereits
vielfach untersucht worden.

Wir geben zwei Beispielklassen von periodischen Mannigfaltigkeiten an, bei denen L¨ucken
im Spektrum entstehen. In beiden F¨allen betrachten wir eine Familie von periodischen Man-
nigfaltigkeiten(Mper

ε )ε , die in einem gewissen Sinn im Limesε ! 0 entkoppeln, d. h., bei der
die Verbindung zwischen den Periodenzellen im geometrischen Sinn klein wird (z. B. konver-
giert das Volumen dieser Verbindung gegen 0). Unser Hauptergebnis besteht im Nachweis,
dass zu jedemN 2 N mindestensN Lücken im Spektrum von∆Mper

ε
in beiden Beispielklassen

existieren, wennε klein genug gew¨ahlt wird.
Abschließend st¨oren wir die Mannigfaltigkeit lokal und zeigen die Existenz von Eigenwer-

ten in einer solchen L¨ucke im Spektrum.
Der Effekt, der zur Entkopplung f¨uhrt, ist hier viel subtiler und technisch schwerer zu

beherrschen als bei Schr¨odinger-Operatoren. Da wir mit parameterabh¨angigen Mannigfaltig-
keiten arbeiten, h¨angt insbesondere der zugrundeliegende Hilbertraum ¨uber die Metrik von
diesem Parameter ab. Ein Teil der Arbeit widmet sich diesem Problem.

Die vorliegende Arbeit zeigt, dass bereits bekannte spektrale Aussagen ¨uber Divergenztyp-
und Schrödinger-Operatoren auch f¨ur Laplace-(Beltrami)-Operatoren auf gewissen Mannig-
faltigkeit gelten, und verbindet somit Spektraltheorie und Differentialgeometrie.
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